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Abstract

This thesis develops an approach to addressing the coupled navigatiaromtnol problem for
wheeled mobile robots. Instead of using a top-down decoupled appifeaatioes not respect low-
level constraints, or a bottom-up approach that cannot guaranteastbisfof high-level goals,
our approach is middle-out. We develop local feedback control policeséispect the low-level
constraints. The approach then uses a collection of these policies with gXistinal discrete
planning methods to either produce a hybrid feedback control policy tizaagtees high-level goals
are satis ed, or in the worst case, veri es that the high-level spetiarais not realizable. Our
approach enables existing formal symbolic planning methods to be appliedhly banstrained
systems.

We extend the sequential composition of local feedback control policiesheeld mobile
robots in a way that enables the automated synthesis of hybrid control polidie thesis de nes
four basic “composability” requirements that guide our design of local ieslicWe develop two
families of generic feedback policies that induce low-level behaviors iraya that enables their
formal composition. The thesis also develops a novel approach foauggeaing that a given control
policy is collision free. By design, the policies respect multiple interacting tcaings including
large non-circular body shapes, nonholonomic constraints, and inpuidbo Given a collection
of the local policies and a task speci cation, our approach uses existimgdic planning meth-
ods to automatically synthesize a switching strategy among the policies. Exethdiswitching
strategy induces continuous motion that satis es the high-level behagjoeal cation. This thesis
demonstrates the approach on real mobile robots.

While wheeled mobile robot navigation is the chosen domain in this thesis, oue fwirk
will develop composable policies that extend these formal methods to othetraioed dynamical
systems.
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Chapter 1

Introduction

One of the most basic problems in robotics is moving around an environmeanttt®wa designated
goal while avoiding obstacles. Determining how to avoid obstacles and teadesignated goal is
anavigation problemmoving is acontrols problem In other words, for a real system to avoid ob-
stacles and reach its goal, it must determine the control inputs that inducetimedemotion. Thus,
at its most basic, this is eouplednavigation and control problem. Designing a single, globally-
convergent, feedback control policy that addresses this couplétepnas generally intractable due
to the complexity of non-linear system modeling and satisfying multiple interactinsfi@onts.
Conventionally, this coupled navigation and control problem is addrdssading a decoupled
approach. Firstthe goal is de ned, then tractable planning technigueesy a safe path through the
environment, and a control law that causes the system to follow the desitiedsplesigned. This
decoupled approach can be problematic as constraints on the inputdéeid egnamics may make
following a given path unrealizable; that is, there are no inputs that rebkzgesired velocity. This
can render the goals unreachable without replanning. This thesisadamobot control paradigm
that integrates planning and control by considering the constraints op ffbe low-level system
behavior is guaranteed by local feedback control policies, and theléwghbehavior is guaran-
teed by formally composing these simple behaviors. This method, tesetpeential compositign
is shown to be robust to disturbances and perturbations [21]. This thersiss to extend basic
sequential composition to nonholonomic systems and incorporate additionaingaechniques.

1.1 Motivation

This thesis focuses on the domain of wheeled mobile robots navigating amsitaglels in a planar
workspace, as shown in Figure 1.1. We use this navigation problem to déaenthe policy
composition approach. Although navigation and control appears to basesty addressed in
the literature [22, 70, 75, 118], further inspection reveals that thisl@nolemonstrates a variety
of nonholonomic velocity constraints, input bounds, and con guration limits tb body shape
and obstacles, that are often ignored or simpli ed. While each of thesgreamts is challenging
in and of themselves, the combination and interaction of the constraints makespihitcularly
dif cult challenge. Where previous research has simpli ed this problgralbminating one or more
of these constraints, this thesis treats the constraints holistically. Thus, gedaedhmobile robot
navigation and control problem provides an excellent contrast beteestimg planning and control
approaches, and the paradigm advocated here.

Existing approaches to addressing the coupled navigation and cordldépr can be broadly
classi ed as either “bottom-up” or “top-down” approaches [14]. Tattom-upapproach depends



Figure 1.1: Navigation problem: control a mobile robot so that it moves thrdisgenvironment
and reaches its goal without colliding with any obstacd®s,

on emergent behaviors that are induced by applying low-level primitiseedbon reactions to sen-
sor inputs [19]. Thidehavior-basedpproach is generally easy to implement, and has been used
to demonstrate moderately complex behaviors. The low-level behavigmactebe low-level con-
straints by construction. This bottom-up approach attempts to avoid highelenstraints such as
obstacles and satisfy high level goals by switching among the low-levelizeba The approach
is fundamentally not veri able, and is not capable of guaranteeing thaptax behaviors are cor-
rectly performed. A contrasting approach used in mobile robots is the ‘weamtdapproach. Here,
a reasoning system de nes and schedules intermediate goals or tadksnang system de nes
a path to goal, and a feedback control policy attempts to follow the path [22 Prévided each
subtask is satisfactorily executed, the overall behavior is realizabldafezisarlier, this decoupled
approach can be problematic because the high-level reasoning typicahgfgthe low-level sys-
tem constraints in order for the planning problem to be tractable. This malf iegoals that are
unreachable, or plans that are not robust to disturbances along yheawsider the illustrations in
Figure 1.2.

This thesis seeks to enable a “middle-out” [14] approach that combinegshefithe “bottom-
up” and “top-down” approaches. The low-level behaviors are impléetensing feedback control
policies that are designed to satisfy all of the system constraints over a linutedinl. The key
difference with respect to conventional bottom-up approaches is thaemence guarantees are
required for these behaviors. Instead of identifying sub-tasks egeals from the top down, this
middle-out approach uses the available local policies to de ne what slkis-tae realizable. These
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(a) Curvature constraint violation (b) Signi cant disturbance

Figure 1.2: Decoupled planning and control can lead to dif culties forst@ined systems. a) The
implemented control law cannot follow the planned path due to a curvatusdraon, shown by
darker line. b) Trying to reacquire a valid workspace path after a dstudo may lead to collision
because the control law is ignorant of obstacles. The question thes,drise much error can be
tolerated without requiring replanning?

sub-tasks are then composed to address the overall goal. This techagjoeen called “behavioral
programming” [14]. It then becomes more natural to plan symbolically ovés@ete collection
of realizable behaviors than by specifying sub-goals in the continuotlspace. One goal of this
thesis is to extend the types of planning available, while preserving the syatsiibg to react to
changing environmental conditions.

1.2 Approach

The middle-out approach requires lodakdback control policiethat map vehicle states to valid
control inputs. Thelomainof the policy is the region over which the mapping is valid. To be valid,
the feedback control policy must respect the interacting system cortstmier its domain, and

DO

Figure 1.3: The policy has a domaid( ) , over which it is valid, and a designated goal G¢t) .
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Figure 1.4: The funnel metaphor for a feedback policy can be viewethadealized version of

a Lyapunov function. The funnel “mouth”, represented by the largéigise at the maximum
Lyapunov value, speci es the policy domai() ; the planar ellipses represent level sets of the
Lyapunov value. The system ow induced by the closed loop dynamicsefabkdback policy
moves the system to ever lower Lyapunov valiéstoward the goal seG() , represented by the
projection of the funnel's small end.

guarantee convergence to its goal set. Figure 1.3 shows a schemat®ergption of the domain
and goal set of a policy over a planar region. Throughout this thesisis& the “funnel” metaphor
to represent the closed-loop action of a policy over its domain [21, 86]. \&fidénence to Figure 1.4,
the heightV, of the simple funnel represents the value of an idealized LyapunovidandJnder
the in uence of the policy, the closed-loop system dynamics act to dextbasheight (Lyapunov
value) while bringing the system towards the goal set. Given certain girep®f the feedback
control policy, the closed loop behavior ows from the policy domain to itoaised goal set [21].

Ideally, the coupled navigation and control problem could be addresgbd single global
feedback control policy that respects the system constraints. In thes ttesideal global control
policy would have a Lyapunov function whose level sets resemble thdSgwfe 1.5. Instead of a
“thin” path de ned through the workspace, the global policy has a “thidkinain that covers the
workspace. This approach is robust to disturbances, and mitigateseatidaresome re-planning.
For unconstrained systems navigating in open spaces, the global qoolicyl design is simple.
Unfortunately, designing a single, provably correct, globally conugrgentrol policy for realistic
constrained systems navigating in cluttered environments is thus far intractable

To get around the dif culty of designing a global feedback control polibis thesis advocates
addressing the coupled navigation and control problem by decomposirgjairal problem into a
series of intermediate tasks, or behaviors, where each intermediate talskidesby a memoryleés
state feedback control policy with a local domain. Each intermediate behakies the system
safely to its intermediate goal, and brings the system state éltisére nal goal. Put simply, the
policies are sequentially composed to approximate the global policy; hencathesequential
composition The bene t is that local policies are easier to de ne in a way that satithessystem
constraints.

Memoryless policies depend only on the current state, and not on psestates.
2Here we de ne “closer” in the sense of remaining actions, and notsseciy closer in the Euclidean sense.
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Figure 1.5: The ideal solution is a global control policy that induces thieedkelsehavior. Here, the
contours represent an iconic view of level sets for some idealized pdtemtcdion.

The feedback control policies de ned in this thesis are speci cally de=igto satisfy the
low-level constraints of the system over its local domain, while retainingopednce and safety
guarantees. Consider the two-dimensional iconic policies representegliie B.6. The small fun-
nels are ordered so that the goal set of one empties into the domain ofranati¢éhe nal funnel's
goal set corresponds to the overall goal.

By examining the relationship among domains for a collection of policies, thétirgstran-
sitions between policy domains can be represented as a graph. As thiéldogdehavior of the
policy moves the system from its domain to its associated goal set, if the gal@at policy is
contained in the domain of another, the rst policy induces a transition fronotsain to the next.
Figure 1.7 shows a trivial example of this transition relation. Given the loeh&%ors encoded
by the local policies, planning becomes a problem of ordering the disar@pé.gThus, while the
low-level behaviors are encoded “bottom up” using policies that réshbesystem constraints, the
planning and reasoning steps can be applied “top down” on the discegik.gFhe discrete transi-
tions are realizable by the system because of the guarantees provitlesllbgal feedback control
policies. Planning in this discrete space of policies is easier than plannimghm/e€ontinuous
con guration space, and much more exible with respect to high-level sgsci cations.

This approach leverages the strengths of symbolic planning methods aitddé&econtrol ap-
proaches, while preserving the guarantees of both. The resuiylsra control system that exhibits
both continuous dynamics and discrete events and/or logic. The key defi@red by this thesis
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Figure 1.6: Policy composition gives a formal method of approximating theszgance of a global
policy. The two-dimensional iconic funnels represent policies that indweever the robot con g-
uration space. As shown in the lower left funnel, the close loop action @dwev from the larger
domain into the narrow portion that serves as the goal set. Note, the crddislzelp differentiate
different policy domains; they have no special meaning.

in developing these hybrid control systems is to de ne control policies #sgact the system con-
straints and are “composable.”

The bene t of developing suitable policies, and the real power in sd@ieomposition, is
the exibility of planning in the space of control policies. Because the plajpmocurs on the
discrete graph, it becomes tractable to plan for multiple goals that depentbomation gathered
at run time [24]. The aim is to move beyond simple navigation from point "A tafp®', towards a
higher level symbolic speci cation of tasks and goals, while retaining theswiess and guarantees
of feedback control. Instead of requiring each small detail to be spa&oive would like to describe
the task at a high level, and have the system autonomously execute in a rtiaairsatis es that
desired task. This thesis develops techniques that enable expresdivexéle planning with
real systems, operating under real world constraints. We seek to @dggmbolicbehavioral
programmingtechniques, and extend their application to highly constrained systems0E}, 1

1.3 Thesis Contributions

The rst contribution of this thesis is to re ne the idea of “composability” aseitates to the policy
design. In order to realize the bene ts of sequential composition, theré emist a collection of
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Figure 1.7: A more complex behavior can be induced by the composition tifestimple policies:
a) policy composition, b) discrete transitions between policy domains reyieesas a graph.

local policies that respect the local constraints of the system, while geaiag performance over
the local domain. To that end, we enumerate four necessary propeatiéscid policies must satisfy
to be composable. These properties are generally applicable to any dysyesteio, and extend the
basic convergence and invariance properties de ned in [21]. Thissleatends the types of policies
allowed under sequential composition to include “ ow-through” policies iditidn to conventional
convergent policies, and develops minor extensions to the allowed relapamong the policies.

Second, we demonstrate a policy design approach that satis es thesagcesoperties for
wheeled-mobile robots moving in cluttered environments. Two parameterizieg designs are
presented; one based on level sets and one based on path-followiagheRis de nes tractable
techniques for testing that the de ned policies satisfy the necessargnpiegp This includes a new
technique for testing that a given continuous feedback policy is collisamdver its domain. Other
policy designs are certainly possible, and may be readily incorporated mmotlty composition
framework provided they satisfy the four necessary properties deiméhis thesis.

Third, a strategy for partially automating the policy deployment is presentederaging in-
variance properties of the robot model, a limited number of basic maneuvgrsenastantiated at
various locations in the environment via rigid body transformation. As thisogah only approxi-
mates the ideal global policy, the approach is not necessarily completefaifeerthe thesis de nes
a sampling-based approach to assess the relative completeness of thelgoloyment. That is,
determine what fraction of the free space is captured by the hybrid ¢egs@m.

Fourth, the thesis demonstrates a variety of planning approaches owhschete graph. This
thesis puts several existing approaches to discrete planning into the tcohwequential com-
position, and discusses their relative strengths and weaknessespfioaches range from sim-
ple graph-based Dijkstra's search, to reactive automata-basedaappsothat satisfy high level
temporal speci cations [68]. Thus, we extend sequential composition t@ nexiible planning
techniques, while enabling these advance planning techniques to be appiiede complex and
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realistic systems. While the discrete planning approaches are not contrifyutienthesis allows
these discrete planning approaches to be applied to more complex systenpdariing techniques
are demonstrated via simulations of several robot models and experimemteammobile robot.

Finally, the thesis concludes with a discussion of some open problems thit altmw even
more expressive and exible planning over the policies.

1.4 Thesis Overview

Before presenting the extensions to the sequential composition apptbadhgsis addresses the
existing literature on the subject. First, to put this work in context, we provioléed description
of contrasting approaches that address the navigation and contbdéipro Next, we provide an
overview of the work that inspires this approach. The related workladas with a discussion of
some discrete planning techniques that may leverage our approach.

Chapter 3 provides an overview of our technical approach. This ieslad enumeration of the
generic policy requirements, as well as our extensions to the basic sie¢joemposition approach.
The chapter concludes with a discussion of several approaches torglan the space of control
policies.

Chapter 4 describes work on fully actuated idealized systems. This derselidify the ideas,
and highlight some of the issues. From there, Chapter 5 extends the paiaeh to single bodied
nonholonomically constrained mobile robots. This chapter discusses pebkaydand deployment
approaches, as well has the approach to measure the completenesdeyiltyenent. Chapter 5
makes reference to several appendices that provide details abopetiie policy designs.

Chapter 6 presents several advanced demonstrations of planning jpatieecs control policies.
These demonstrations serve to show the exibility of the approach, and aefiurther research.
Chapter 7 concludes with an overview of some open problems that remdungimg some pos-
sible approaches to discrete planning that seek to combine the strengtlesdi$ctete planning
approaches described in the thesis.
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Chapter 2

Related Work

The work related to this thesis comes in three general areas: contragiiogelpes, sequential com-
position, and discrete planning. The rst section provides contrasth®mapproach advocated by
this thesis by giving a broad overview of other approaches to addgetb&mavigation and control
problem for wheeled mobile robots. As our approach is motivated by theeséigl composition
technique advocated in [21], the second section provides an overmiéyrasents work directly
related to sequential composition. The nal section describes existing imadiscrete planning
that can be used to plan in the space of control policies; leveraging thiswatows us to expand
the type of planning used with policy composition,

2.1 Conventional Approaches

Numerous techniques have been developed over the years in an attemigtassahe problem of
moving a robot or other dynamical system from one point to another in am@dteEnvironment;

see [22, 70, 71, 75, 118] for details. Researchers have typicalkebrie problem into different
parts, only focusing on one part, and leaving the rest to others. Sormedeek work only in ideal

conditions; while others solve local problems, but not global problemss Séction provides an
overview of three approaches: path planning approaches that eomsidholonomic constraints,
control approaches that attempt to follow paths, and attempts to couple gamdrcontrol.

Nonholonomic Motion Planning and control This thesis speci cally addresses single-bodied,
wheeled mobile robots subject to nonholonomic constraints, which limit the inatoua velocity
of a system and complicate the coupled navigation and control problem. di¥gsion provides
an overview of approaches that speci cally address nonholonomisti@nts.

To recognize the complexity introduced by nonholonomic constraints, aantid “simple”
problem of stabilizing a system about a given equilibrium point. Brocketstm provides nec-
essary conditions for the existence of a smooth, time-invariant feedioatiotlaw that stabilizes
the system about the given point [18]. It is well known that most nonmf@litc systems, although
small-time locally controllable, fail Brockett's test [65, 94]. Several clasdestabilizing feedback
control policies have been developed: discontinuous time invariant, timmgaand hybrid control
policies [65]. Given the complexity of this “simple” control task, it is no siserthat the coupled
navigation and control task for nonholonomic systems is more complex thamkomomicd sys-
tems.

lWe yield to common usage and refer to systems subject to nonholononstraiots as “nonholonomic systems.”
Systems without nonholonomic constraints are called “holonomic syst&mbe technically correct, it is the constraints
that are classi ed as holonomic and nonholonomic, not the systems.



Ignoring obstacles for the moment, there are several methods — includungpslal inputs,
piecewise constant inputs, optimal control, and differentially at inputs + slodve the point-to-
point steering problem between two positions using open-loop control®f]3 These methods,
which are sometimes incorporated into the discrete planning systems, afegpenntrol methods
that do not respect obstacles [65, 72, 94]. Collision detection must tierped by simulating
the system response to determine feasibility in a cluttered environment [B8keTpoint-to-point
steering methods are strictly open-loop, and not suitable for feedbatiotorhe inevitable errors
that arise during execution necessitate repeated applications of the afgoigtinduce convergence
to the goal point.

For a cluttered environment, there are numerous planning technigueslémolmic systems,
but fewer that simultaneously address nonholonomic constraints andlesq22, 75]. A common
planning approach is to pretend the system is holonomic and use a staladtanicig system such as
grid-based planning or Voronoi diagrams. If a nonholonomic system if-tmea locally control-
lable, any continuous path can be approximated arbitrarily well [73]. ttinfately, the methods
used to control the system along arbitrary paths often lead to highly osg/liatations that require
great control effort. If the path does not respect the system camtstréhe resulting motions may
require an inordinate number of control reversals to follow the desirdd paother approach is to
perturb the planned path to respect nonholonomic constraints [111].

Techniques that consider the nonholonomic constraints during planniigaitypuse only a
discrete set of feasible motions. The shortest feasible path (SFP) metseddaiplan paths that
approximate a holonomic path using a nite number of motions [89]. The appraaes the SFP
metric to de ne the largest ball around the current con guration, and gedects the shortest fea-
sible path to the point on the holonomic path that intersects the ball [120]. Kiethased on
dynamic programming determine an optimal path for a discrete set of contrglsh@d left, soft
left, straight, soft right, hard right) [5, 39, 76]. Probabilistic roadmapRI) and rapidly-exploring
random trees (RRT) are other discrete approaches to determiningléeaaibs for nonholonomi-
cally constrained systems [78, 115]. The approaches look for sagibfe paths between the current
point and a chosen sample point. With the exception of dynamic programming disesete meth-
ods are not feedback based, and require re-planning if the systeatedefrom the desired path.

Path Following Control Laws Given a path through the cluttered environment, the system re-
quires a control policy that causes the system to follow the designated pagath following
control policy is used to determine the control inputs that cause the systemverge to a desired
path if the initial condition is off the path, and to follow the path in spite of distuckan

The presence of nonholonomic constraints renders the design ofgiativihg control law a
non-linear controls problem. Most path-following algorithms assume contswamation, with a
non-stationary path de ned for all time. This temporarily avoids Brocketisofem with stabiliza-
tion to a point [29]. The design of the control laws is often based on Lyap@analysis [32] or
feedback linearization [33, 110].

There are two basic formulations to path-following. In the rst, a designptedt on the robot
traces a given path in the workspace, without concern for orientat@jn This may fail in cluttered
environments as the designated point may exactly follow a safe path, yeli@tleaother point on
the robot to collide with an obstacle. The second formulation attempts to havebtbietrack posi-
tion and orientation of a path in the free con guration space [32]. The-fadlkbwing control policy
asymptotically brings the error between the desired path and the actual g&ttotdrypically, the
control policy is constructed for a speci ¢ vehicle and class of path82329, 116].

10 ¢ 2007 David C. Conner



In addition to path-planning, trajectories that specify when the systemnearait points along
the path may be planned [32, 110]. Trajectory-tracking problems candiéematic if the system
is subject to a constraint that delays the tracking [32]. In this case, theradated error may
make the system unstable or require unreasonably high inputs. Anotssblgoproblem is that
trajectory-tracking controls may require reverse motions along the path ti tiegspeci c time
and position [110]. Unless the time matching along the trajectory is crucial fpldlving is often
a better formulation [32, 110].

The path-following control laws are unaware of environmental obstatlesefore, for a nonzero
initial error or perturbation during motion, the system may collide with an obstesc#own in Fig-
ure 1.2-b. Path-following may be coupled with local obstacle avoidanceg[960, 69, 113], but
this may invalidate the convergence guarantees. Thus, if the errorsggestaough, the paths must
be re-planned, starting from the current location.

Coupled Planning and Control Some attempts have been made to integrate planning and control,
most notably potential methods and optimal control techniques [93, 104].

Potential functions, which are used despite the well known local minima pmlalddress the
coupled navigation and control problem by using the potential functicetmtive gradient vector
eld to determine control inputs [64]. For idealized, holonomic, kinematic systethe negative
gradient vector, or any positive scalar multiple thereof, may be usedlgliseccontrol inputs. For
nonholonomic systems, most potential functions do not have gradientsep#at the nonholo-
nomic constraints, which makes direct usage of the gradient infeasible.

For idealized holonomic second-order dynamical systems, the additionissipative term in
the control law results in convergence to a local minimum for any systememMubal energy is
less than or equal to the potential on the boundaries of the free con gurspiace [64, 63]. Most
potential methods used in control do not account for control inputé®ohsecond-order dynamical
systems. Many of these methods have unbounded potential at the obsiactiaty [104]. Even
with bounded potentials, the control laws may not respect arbitrary dyr@mstraints on control
inputs if the potential function does not account for the total energy. [Bdf example, a system
near a boundary moving towards the boundary may not stop before aoligth the boundary
under gradient control if the total energy is not respected. The magnitithe potential gradient
may also vary greatly, and therefore, be unsuitable for direct control.

Optimal control techniques are closely related to potential-based navigatfonidees. Locally,
by following the negative gradient, a system maximally reduces the potentiain&ontrol tech-
niques build a special potential function, calledadue functionsuch that a local decision induces
the optimal trajectory for a given cost function. Given running and terheiost functions, the value
function is the solution to the Hamilton-Jacobi-Bellman (HJB) partial differeetlation [35].

A de ned cost structure is fundamental to the use of optimal control teclesi¢d7]. If this cost
structure is not givea priori, the cost structure must be designed to generate the desired behavior,
while guaranteeing some measure of safety and robustness. The desigh a cost/reward struc-
ture is dif cult because the induced behavior is only known after thelrésoalculated. Therefore,
the design of a suitable cost function is an iterative process — de netdwugion, compute the
controller, run experiments, evaluate the results, and modify the cosidnras necessary. Given
the value function, the optimal control formulation results in a global contwbty that speci es
the optimal control action for a given state.

Solving this global control problem is one of nding the appropriate valugction for a given
cost function by solution of the HIB; however, several problems drisgeneral, globaC* smooth
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solutions to the HJB do not exist [35, 92]. A well known consequendeefack of globalC* con-
tinuity is that the optimal solutions afegile, and may be unstable for minor perturbations [57]. As
HJB equations do not generally have a closed form solution, they araliypsolved numerically
using nite element, nite difference, or dynamic programming methods [3%, 92

Dynamic programming (DP) can be used to solve the HIB numerically using-¢éoegs itera-
tion scheme by discretizing the state and control action space [6]. Thetdisation space can be
used to model the impact of nonholonomic constraints. Although DP is extreroefgrful, it suf-
fers from the well knowrcurse of dimensionalityand is limited to low dimensional state spaces or
coarse approximations. Numeric solutions to the HIB equation often reglaipéize discretization
to yield an acceptable solution [92].

There have been a few attempts to address the coupled navigation andl pooliem for
nonholonomic systems. A method based on potential elds uses resistiverkstt® approximate
the nonholonomic constraints [27]. This approach requires a discretizatithe con guration
space, and is therefore subject to numerical dif culties when calculagmyatives necessary for
feedback control.

Other approaches de ne invariant sub-manifolds in con guration sjplaat contain the goal [50,
56, 85]. While the nonholonomic constraints are generally not integratestr@ints can be added
that render the system integrable on a con guration space sub-manif@dthis sub-manifold,
the control naturally respects the constraints and it is possible to steedwatesignated goal
contained in the sub-manifold. The hybrid control approach drivesyteis to some point on
the sub-manifold, and then along the sub-manifold to the goal. While these mah®duitable
for feedback control implementations, determination of a suitable sub-man#althe intractable;
particularly for systems where the invariant sub-manifold is not given isecdldorm, but must be
approximated through an iterative process. The approaches alsodmadigning several functions
that require insight into the speci ¢ problem and system constraints. Whitalde for feedback
over local domains, they are generally not applicable to cluttered envirgsrdee to the dif cultly
of de ning the sub-manifold that avoids obstacles.

2.2 Policy Composition Approaches

Due to the limitations of existing approaches to addressing the coupled gkbghtion and con-
trol problem, this thesis advocates ussegjuential compositioof local control policies, which are
easier to de ne in a way that satisfy system constraints [21]. Sequeptiapasition enables the
construction of switched control policies with guaranteed behavior am@pte convergence prop-
erties. Since this thesis uses sequential composition as a tool to constotict dgntrol policies,
this section begins by describing the basic sequential composition appmeandd in [21]. This
enables a better understanding of how our work extends and complimgnengial composition.
The section provides examples of applications of sequential compositionstmgxsystems, and
concludes with a discussion of some related approaches.

2.2.1 Basic Sequential Composition

The idea behind sequential composition is to compose multiple control policies &y ahat en-
larges the overall domain of attraction, while preserving the underlyingetgance guarantees.
Burridgeet al. [21] build on this simple idea by formally de ned what composition means, and
de ning an algorithm for constructing a hybrid control policy using this id&a later chapters will
extend the basic approach, this section presents a formal overviewiroiitirk.
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Sequential composition is based on a formal notiompEparesde ned among policy do-
mains [21]. The prepares concept is built upon the idea of “pre-imagle ¢fzaining” [86]. For
a given control policy, de ne theafe domain of attractioas the largest region of state space that
does not intersect an obstacle and where the closed-loop behavsanatcglow the state to exit the
region, and induces convergence to the policy's goal. In other witdssafe domain of attraction
is positive invarian that is, for any initial condition within the safe domain of attraction, the state
does not exit the domain under the in uence of the policy. Henceforth, thedemainis synony-
mous withsafe domain of attractiarFor a given policy, the domain is the pre-image of the goal set
in the sense that any state in the domain is mapped to the goal set by the actiepaliti.

Sequential composition de nes a formal relationship between policy domiétsa nite col-
lection of control policies,= f 1;:::; wmg, de ned over the free state space of a given system
be given, and assume at least one policy's goal corresponds to ¢nallayoal. Given two con-
trol policies from , with domainsD( ;) and goal set&( i), » is said toprepare 1, denoted

2 1,ifG( 2) D( 1)

By properly prioritizing the collection of policies, and switching to a higher figolicy once
the state enters the domain of the higher priority policy, it is possible to cohatswgtching control
policy with a larger domain of attraction than any single policy [21]. The dom&attoaction of
the switched policy is equal to the union of the domains of the component poligeshown in
Figure 2.1; the domain over which a given policy is active is determined byilielsng strategy.
It is easier to de ne policies that respect the system constraints over a litoitatidomain; by
composing local policies that respect constraints, the hybrid controlypdémed by the local
policies and switching strategy also respects the constraints. By addirgtdicées that capture
additional regions of the free state space, an almost global control palicipe de ned.

Prioritizing the policies is done in relation to an overall goal and the prepatasonship be-
tween policy domains. The prepares relationship between any two policieg icotlection
induces a directed graph, , over the collection of instantiated control policies. A directed edge

Figure 2.1: Burridge-Rizzi-Koditschek de ned a switching strategy dasea total ordering of the
policies.
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connecting two nodes in corresponds to a transition that may occur when the state of the system
enters the domain of the other policy; this transition is guaranteed by theresaptationship. The
graph , which we term theprepares graphde nes atransition relationbetween control poli-

cies [23]. The prepares graph approximates the continuous transisi@rsea of discrete transitions
between nodes that represent the local policy domains. The act afiagsagpriority to each policy

is a form of discrete planning using the prepares graph.

In general, the prepares graph is cyclic, which can lead to limit cycles that do not reach the
goal policy; however, a directed acyclic grapl, , may be generated over the collection of
policies. Figure 2.2 shows a simple example. In [21] this is accomplished byhéeg  breadth
rst, beginning at the node corresponding to the policy that stabilizes theathgoal, and adding
only those links and nodes that connect back to previously visited notlies.directed acyclic
graph 9 can be viewed as an ordering over the collection of control policies. Bgtoaction,
the directed acyclic graph is a connected graph containing a nodemamdisg to the policy that
stabilizes the overall goal. Switching between policies this guaranteed to bring the system to
the overall goal. Under the transition map induced by the prepares relipon8 represents a
nite state automata [48].

Given the collection of policies , the switching strategy de ned by® induces an overall
switching control policy . The union of the domains of the policies included iy gives the
domain of the overall policy; that is

[
D()= D(j): (2.1)
i2°

The collection of policies in and the switching strategy de ned by the ordering) is called a
deployment

The overall control policy induced by sequential composition is fundartigataybrid control
policy [12, 14, 48]. The composition of these local policies in a hybrid sgsttamework enables
analysis on the discrete representation of the transitions between policynddiié, 21]. Given
knowledge of policy domains containing the current state, one may anahatb&r another policy's
goal is reachable using®, without the need to re-analyze the underlying continuous system [48].
This gives a simple discrete approach to deciding if a given navigatiorigenois solvable with
a particular collection of policies. This ‘reachability’ analysis may be done oprior to plan-
ning, or implicitly during construction of the acyclic grapfi. That is, starting from the overall

(D43
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(a) Simple prepares graph with 3 cycles (b) © tree

Figure 2.2: The graph on the left has 3 cycles; the tree on the right dbeysample prepares
relationship while protecting against limit cycles. In this case, the goal nodg.is
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goal, any policy added to the orderin§ can drive the con gurations in its domain to the goal by
construction.

The stability of the underlying control policies guarantees the stability of tkeeativswitched
policy because the ordering results in monotonic switching [21]. That igydhieies switch from
lower priority to higher priority policies. This obviates the need for compldxiuystability analysis
of the form given in [11, 13, 30, 79]. Disturbances, which may careydtate to the domain of a
lower priority policy, are robustly handled provided their magnitude andafadecurrence is small
compared to the convergence of the individual policies [21]. The dvewatrol policy resulting
from the partial order covers the largest region of the free state $pa@given collection of control
policies, while guaranteeing that any state in the union of the individual demsialtimately
brought to the goal.

Burridgeet al. [21] demonstrate sequential composition on a robot that juggles a pirg-pon
ball by repeatedly batting the ball with a paddle. The robot is tasked with matimdpall by
juggling through its environment while avoiding obstacles. In this case, thadbs are sensor
limits (camera eld of view) and a physical obstacle in the workspace. Bger&t al. de ne a
policy with free parameters; changing the parameter values changes uheirmp ball's steady
state horizontal position and apex height above the horizontal planelidy path free parameters
is called ageneric policy assigning speci ¢ parameters values results iniretantiation of the
generic policy. By making slight modi cations to the basic policy, they de n@bection of generic
policies termed palette[21] .

Burridge et al. [21] use a manual approach to ordering the policies. Starting with a single
policy that stabilizes the overall goal, multiple policies are instantiated in the sysheya'space by
specifying a collection of set-points and other control policy gains foegemolicies chosen from
the palette. These instantiated policies form the collectionThe instantiation of the policies is
performed manually.

The policies are added in sequence to create a total ofdef the policies while the collection

is being de ned; the prepares test is performed against the compositiat ligher priority
policies. Given the current state estimate, the complete list of policies is seaftm highest
priority to lowest priority for a policy that contains the current state; thdicpas then executed.
The experimental results demonstrate that the sequential composition texhepeatedly brought
the ball to the overall goal in spite of perturbations, thus demonstrating tleeeintrobustness of
the technique [21].

2.2.2 Applications of Sequential Composition

The idea of sequential composition has been used for several robstigsy, In this sub-section,
we provide an overview of these related works.

Rizzi [105] uses sequential composition to simplify motion programming for tise c& an
idealized holonomic second-order dynamical rolsot, u with both the control inputsi and con-
guration g in R". The robot is subject to velocity and acceleration constraints in the form of
Euclidean norm bounds. Sequential composition guarantees the owdrallior of the system by
using control calculations speci ed over a convex polytope in the coragan space. Rizzi spec-
i es the global motion by specifying a goal point for a single policy to lie within@mrlapping
convex polytope.

By specifying a goal point within the boundary of an overlapping polyjdipe control policies
over each polytope can be composed to move the idealized system thraoghisio the domain
of another switched policy de ned over the adjacent polytope [105]cé&the goal point of one
polytope is at rest, the policy of the rst polytope trivially prepares the potitthe next polytope,
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provided the goal point is included in the interior of the next polytope. Bsirihg a series of
overlapping polytopes, with appropriate goal points, the system is indiocetve to an overall
goal based on the sequential composition of the individual policies. Thtig initial state lies
within the savable set of any policy in the deployment, the system is guarawtéedbrought to
rest at the overall goal.

Quaid and Rizzi [103] extend this basic approach to more complicated baumacceleration
and velocity found with planar motors. Safety is enforced in a dynamic multitrelnaronment
by only activating policies whose domain does not overlap with a polytopesmonding to a valid
policy of another robot.

Yang and Lavalle [123] develop a similar approach to Rizzi [105], extegr version is re-
stricted to kinematic systems and does not consider input bounds. Theg deotential function
over a ball in con guration space. The balls are then distributed thrautgbmn guration space
using a graph-based sampling technique. The overlapping balls sergartfes function as the
overlapping polytopes in Rizzi's approach. In parallel work, BrocH &avraki [17] use balls in
workspace to de ne a connected tunnel through workspace, andude=a potential-based control
policy to drive the system through the tunnel. Pathak and Agrawal [98yd&rock and Kavraki's
method to circular wheeled mobile robots by de ning convergent switchimgrobpolicies over
circular regions of obstacle free space.

Sequential composition has also been used to control wheeled mobile rokatgor and
Rizzi [55] de ne visual servoing control policies for a nonholonomidaycle with a limited eld of
view. Their approach uses variable constraint control to de ne anahpeterize individual control
policies. Patekt al. [97] use sequential composition to de ne switching policies for a nonholo-
nomic wheelchair that navigates through a doorway using visual servathga limited eld of
view. In both cases, the control policies are designed based on lcanallysis of the system, its
constraints, and the problem at hand; the deployment is carefully cotestrioy hand to enforce the
prepares relationship.

Both Kantor's and Patel's approaches have the key feature that mahg ofdividual policies
are not designed to converge to a single point. In the later example, thé 6§tdzae highest priority
policy is to drive through a doorway [97]. It is assumed that anothetrabpolicy will become ac-
tive after the vehicle passes through the doorway. This thesis exppodshis idea ofow-through
policies, and formalizes some extensions to the basic sequential compositiniytex[25].

Lindemann and LaValle [83, 82, 84] follow our approach [25], andrae ow-through vector
elds over disjoint regions of free space. Their approach uses ardift vector eld generation
technique, and is extended to cylindrical algebraic decompositions. THeisvapplied to point
nonholonomic systems with bounded steering, but unbounded contrabifgl]. Their work is
fundamentally an application of the sequential composition techniques ddsdoga this thesis.
Their approach differs from this work in that their focus is on theoretioatpleteness and smooth-
ness for simpler systems, while this thesis explicitly considers the interactiaibof body shape
and input bounds, and discusses the planning aspects of the work irdataile

Related Approaches There has been other work in control policy composition techniques that
are not directly derived from sequential composition, even though theaphes are similar or in
some cases an extension of the basic idea.

Branicky [14, 15] describeslaehavioral programmingechnique in a hybrid systems formalism
that is congruous with the sequential composition approach advocated ihdbis. Fast marching
methods were used to de ne local policies for fully actuated systems. Tbeakpolicies obey a
prepares relationship, which allow them to be composed. Branicky fe@rséhe high-level view
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of the approach, and its application as a “middle-out” approach to planiriagead of a top-down
conventional planning approach, or a bottom-up reactive approade ffapers advocate a “middle-
out” approach where there is a systematic way of predictably translatingosigrtdsk descriptions
into feedback control policies.

The “ ow-through” policy design approach has been applied to piecafse systems using
policies de ned over simplices, which are triangles in the plane or pyrami&s’ifiz, 44, 45, 107].
Habetset al. [44, 45, 46] de ne necessary and suf cient conditions for piecewas ne control
policies that drive the system to a designated facet or set of facetsantoraddress the reachability
problem for a hybrid system de ned over a collection of simplices. Thisddadhe synthesis of
switching control policies that ow from simplex to simplex toward an overaklg®Vhile typically
described in a hybrid systems formalism, these approaches are instheegs@ntial composition
of local policies. Roszak and Broucke [107] provide new necesaadysuf cient conditions for
n-dimensional linear af ne systems with 1inputs. These conditions reduce the general problem
to a set of at most linear programming problems.

Beltaet al. [7] use piecewise af ne control policies de ned over simplices to synttees
hybrid control policy. In their work, the focus is on planning in the discidtstraction and not
de ning a global policy. Their approach de nes a sequence of simplicasriust be navigated,
and then de nes policies over each simplex that induces the desired dtagednotion. These
methods were originally developed for idealized holonomic systems, but mapgdied to point
nonholonomic systems using feedback linearization [7]. However, thgseaches do not apply to
systems with non-trivial body shapes, and cannot guarantee that tagdeeksystem does not “cut
a corner” between polytopes and collide with an obstacle.

Frazzoliet al. [41] uses language similar to sequential composition to descmeeuver au-
tomaton There the focus is on de ning the relationship between open-loop motiamtjwes, and
specifying which motion primitives may be concatenated based on a pregiglieselationship;
this contrasts with conventional dynamic programming methods which implicitly asthwahell
motions in the discrete set are always feasible. The maneuver automated ig @ open-loop
motion planning strategy that uses optimal control over the nite set of motimnitpres to deter-
mine the values of certain free parameters. The previously selected neameownstraint the set
of admissible maneuvers for the next step. By obeying the relationshipsespim the maneuver
automaton, aggressive maneuvers can be incorporated into the plaramreyork. The maneuver
automaton is fundamentally an open-loop planning method, and does nalydsggecify domains
or feedback control policies.

Several existing control paradigms use a more general form of poliopasition. One example
is variable structure control [31]. More closely related to sequential ositipn is work on “patchy
vector elds” [2]. These approaches generally consider stabilizatforonlinear systems, and are
not concerned with the planning across the composed policies, nor tiamigeoblems.

2.3 Discrete Planning Methods

The works described in the previous section have been applied to solyiagieular navigation
problem, that is de ning a global control policy that brings the system tosigdated goal point.
This does not not fully exploit the power of sequential composition. In #isien, several discrete
planning approaches are described at a high level; these appradicwesexible symbolic plan-
ning on the prepares graph de ned by policy composition. Chapter Jidescthe approaches in
more detail, and discusses their pros and cons as they relate to spedi@atipps of sequential
composition.
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The most basic approach, as followed by [21], is to de ne a total orflémeopolicies. Here,
each policy is assigned a priority ordering based on the prepares retd@pohe ordering may be
searched from highest priority to lowest, with the highest priority policy sehdomain contains the
current state being executed. This ordering may be constructed witkjolidiy constructing the
entire prepares graph [21]. This approach is useful for bringingyktem to a single overall goal.

Given the explicit prepares graph, which may very well be cyclic, thplgmaay be converted to
a tree using basic graph search algorithms such as Dijkstra's algoritdm©08]. Variants ofA
such a®d , D -lite, andDD -lite are used to rapidly reorder policies when some policies become
invalid due to additional information gathered during execution [114, 8]L, B8e D algorithm,
originally developed for grid based path planning, facilitates fast reAphgnbased on changes in
the graph cost structure [114]. A similar, but algorithmically differentsiar, calledD -lite has
been applied to Markov Decision Processes, which are similar to gragtusts but support non-
deterministic outcomes [81]. The approach uses a Mini-max planning algawtptan for the best
action considering the worst outcome of each transition.

Given an appropriate transition relation, like the prepares graph, tre@@k has focused on
symbolic planning that satis es high-level speci cations, and tasks withgadls that temporally
depend on each other. Model checking tools [23] have been usedédoage sequences of policies
whose invocation induce behaviors that satisfy high-level speci catgivsn in linear temporal
logic [36, 37, 61]. Linear temporal logic (LTL) [34] combines the standagic operators "NOT,
"AND', and "OR' with temporal connectives such as 'NEXT', 'ALWAYSEVENTUALLY', and
"UNTIL. This allows speci cations such as “visit region A after region But never region C."
Using the prepares graph, a sequence of policies is de ned that isdioeeorrect behavior. This
model checking-based planning produces a sequence of policieoaadylobal policy; the plan-
ning step must be rerun in the face of disturbances [36].

As a step toward a feedback-based temporal planning, Kress-&atit[68] use the automata
synthesis algorithm of [102] to generate an automaton from the prepagls. dJsing the policies
described in Chapter 4, [68] generates an automaton that executefemtizdick control policies in
order to satisfy temporal speci cations. As the system is an automaton,@rdsh an open loop
sequence of policies, the system is able to respond to environmental itifomrgathered during
run time. The closed-loop behavior satis es the high-level speci catiorded in a subset of
LTL.
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Chapter 3

Overview of Technical Approach

This chapter presents extensions to the basic sequential composition tecdeigribed in [21].
These extensions allow for more general policy types and preparéemeldps, thereby increasing
the exibility of the approach. General de nitions that help formalize the d&sion are given;
model speci ¢ details are withheld until Chapters 4 and 5. This chapteredetine requirements for
“composable” policies that later guide the development of the feedbackgmlic

The chapter's rst section gives general de nitions and notation ukedughout the thesis.
The second section brie y describes the usea¥-through policies. The chapter's third section
describes four policy requirements that are necessary for compgsaldies. The focus is on the
high-level requirements; later chapters deal with the speci ¢ requirensémisrious robot models
and speci c policy designs. The fourth section discusses the basioagms to planning in the
space of control policies. This section serves to highlight the issues adé-tffs involved in
several approaches by focusing on a simple example.

3.1 Basic De nitions

In order to develop our approach in a formal sense, we preseniea séde nitions. The robot is a
single rigid body that moves on a bounded planar workspdce R?. The workspace is cluttered
with a nite number of obstacles, which are represented as unions ofegomgionsO;. The
robotcon guration, denoted, is the minimum size set of variables required to specify the position
of every point on the robot [22]. The number and type of variablesdhatrequired varies with
different systems. The con guration spaQas the space of all possible con gurations. [R{q)

W denote the workspace area occuplied by the robot at con gurgtiércon guration is said to be
collision free if, for all obstacleR () O; = ;. Thus, the obstacles in the environment constrain
the set of admissible collision free robot con gurations; the set of collifiea con gurations, or
free con guration spacgis denotesee Q , Where

( ’ )

Qree= 02Qj R(Q) Oi =,
I
For a more in depth presentation of these de nitions, refer to Appendix A.
The stateof the system is the minimum information necessary to specify the motion of the sys-
tem. Forkinematic or rst-order systems, the state is simply the con guratmrBy de nition, the
state of second-order systemd t§,qg. Denote the state space of the system, whether kinematic
or second-order, a& . For kinematic systems, the free state space is Sitdpl¢ = Qfree. FOr



second-order systems, the naive de nitionXigee = T Qfee, the tangent bundle of the free con-
guration space. However, for systems with bounded acceleration® #re velocities at points in
the free con guration space that make collision unavoidable; tese T Qree, With regions of
inevitable collisionexcluded [40, 77].

The focus in this thesis is on de ning memoryless state feedback controlgmlid feedback
policy, denoted: X U ,is a mapping between the system state and its allowable control inputs,
whereU denotes the bounded input space. The policy generally has a limited dbrgain X .
We consider the general nonlinear equation of mokon f (x;u) wheref : X U ! TX for
x 2 X andu 2 U. Therefore, the closed loop system dynamics are giver by f (x; ( X)),
which de nes avector eldX : D() ! T X over the policy domain witiX = f

De ne the closed-loopow, X (X), of the vector eld, where the parametespeci es motion
along integral curves of the vector eld from initial condition that is, how the system moves as
time evolves. Figure 3.1 provides a schematic picture of this de nition. Thehaw the following
properties: X (x) = x and %Xt (X) = X (X¢(x)) = f (Xe(X); ( X¢(x))). Implicit in this
de nition is the assumption that composition of the policy and the equations of msditisfy the
requirements for the existence of a solution to the ordinary differentishtesyuencoded in the
vector eld [8, 117]. Forconvergent policieghere is a designated goal §&t) D() suchthat
forallx 2 D() ,there exist$ 2 [0;1 ) such thafX; (x) 2 G() . First, unlike the prior work that
considered only point goals, this de nition allows for full dimensional geetls. That is, the goal
can be a neighborhood and not just a single goal point. Second, nothithde nition does not
require the state to remain in the goal set, which opens the doawtthrough policies.

3.2 Flow-through Policies

Where conventional sequential composition techniques [21, 105] wsedptotically stable state
feedback control policies, this thesis allows what we ternoasthrough policies.

De nition: Flow-through policy: A ow-through policyis a policy whose goal set is on the bound-
ary of the domain. Invoking the policy will cause any initial state in the policy donmexit
the domain by passing through the goal set. The system does not stop oatlseg

AN
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N

Figure 3.1: The vector eld ow for an initial poinixg is shown by the dotted line. The point
indicated byX 1.0 (Xg) indicates the point obtained by owing along the vector eld from the initial
point for one unit of time.
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In other words, the policy eventually brings all states within its domain to thesgpabut the state
does not necessarily remain in the goal set.

Flow through policies have several bene ts. First, ow-through policiaturally encode certain
high-level behaviors such as “leave this room via the doorway” [9€t08d, ow-through policies
allow the policy designer to put off the implications of Brockett's theorem, wpidvides necessary
conditions for the existence of smooth stabilizing control laws [18]. Thiegjitie control designer
more exibility by allowing the local control policies to be smooth and time invariartil@relying
on the switching strategy of the overarching hybrid control policy to reib@rthe constraints of
Brockett's theorem. Finally, ow-through policies give the control desigthe freedom to match
vector elds at policy boundaries.

The major drawback to ow-through policies is the more complicated prepgasts Whereas
asymptotically stable policies have atrivial prepares test based on a singleication at rest [105],
ow-through policies require a prepares test based on the full statekifematic systems the test
remains a con guration-based test; however, for second ordenmsgdtee test is based on con gu-
ration and con guration velocity.

3.3 Composability Requirements for Local Policies

As this thesis seeks to compose local feedback control policies as illustratédure 3.2, the
guestion arises, “what are the necessary properties of policies that @lmposition within the
sequential composition framework?” In this section, four necessapepties are de ned that make
the feedback control policies composable. Here the focus is on basicaeents; Chapters 4 and 5
specialize these general requirements to the speci ¢ system models anal poticies developed
therein. To satisfy the requirements, a policy must be realizable on a gig&ansg that is, a given
policy may satisfy the requirements for one system but not another.

3.3.1 Collision Free

For a policy to be valid within the sequential composition framework, it must fee $&at is, over
its entire domain it must be collision free. Consider Figure 3.3, the same polwgida@an be safe

AN
\
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Figure 3.2: Composition of multiple policies. The two-dimensional iconic funregtsesent the
boundaries of multiple control policies; the goal set and domain boundary @re labeled.
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Collision! - Policy Not Valid

N
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Figure 3.3: The policy domain must lie within the free state space of the vehic#.i, all states

in the domain must be free of collision for a specic vehicle size and shapere,Hhe iconic
funnels represerthe workspace projection of a slia# a idealized policy domain. The policy is
de ned for the(x;y; ) reference on a rigid body; the slice is taken at a xed body orientation.
Three different vehicle body sizes are shown as dark polygons; thiegigy polygons shown in
the gures represent the convolution of each vehicle body along the iddmandary. The vehicles
shown at (a) and (b) are collision free at this orientation; vehicle (c) wllide for some states in
this domain.

or unsafe based on the size and shape of the vehicle. It is thereforeatimpehat any proposed
policy design approach have a tractable method of verifying the safety ofstantiated policy;
that is, a policy whose free parameters are assigned speci ¢ valuegitbahe policy domain a
particular shape. Chapter 5 presents a method that maps points on the polaindoundary to the
full body extent in workspace. This allows for direct intersection tests thigtworkspace obstacles.
This approach greatly simpli es the collision tests, relative to the alternatigeemstructing the free
state space boundary by enlarging the obstacles, and excluding thesrefiioevitable collision,
and then testing for intersection with the policy domain.

3.3.2 Convergentin Finite Time

For each policy deployed within the sequential composition framework, it brishown that the
policy induces convergence to its goal set in nite time. In order to do disqu&anning on the
graph, it is necessary to guarantee that the desired discrete transiti@nisaly enabled. If the
system does reach its goal set, and the two policies have a preparesisbigtiohen the transition
is enabled. This contrasts with a system that stops inside the policy domamgages in a limit
cycle, and thus never enters the goal set. In these cases, the systemtmeach the domain of the
next policy. Note that the behavior within the goal set is unrestricted; stgpythin the goal set is
allowed, as is limit cycle behavior.

Formally, this requirement is for all states2 D () , there exists a nite timél 2 [0;1 ) at
which X+t (x) 2 G() forX = f . Obviously, for good performance, the maximum elapsed
time taken for any point in the policy domain to reach the goal set should rmetdteely large.
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3.3.3 Conditionally Invariant

To guarantee that a policy is safe to invoke, the system must remain in thel@afdn of the
policy until the time at which the state enters the goal set. This property, tecoretitional in-
variance[56], requires that once a policy becomes active for any state in the dpthaisystem
state does not exit the domain of a policy except via the designated g@a ketg as that policy
remains active. Formally, the domdn() is conditionally-positive invarianunder the in uence
of policy with goal setG() ,ifforallstatesx 2 D() ,T 2 [0;1 ) is the smallest time such that
X1(X)2 G() ,andX{(x) 2 D() forallt 2 [0;T]. For ow-through policies, once the system
state exits the domain via the goal set, the overall safety of the approagbeisdiat on switching
to another safe policy. By composing only safe policies according to thmpe relationship, the
overall hybrid control strategy is safe.

To enforce conditional invariance, the policy is subject to the necesssirjction that for each
state on the domain boundary there exists a control input that induces ardipwinting velocity
along the domain boundary, excluding the goal set for ow-through fEsicFor a state on the
domain boundary, and outward pointing normédk), the induced velocity is constrained such that
n(x) x < 0; as shown in Figure 3.4. Given the equations of maotion, this requirementecan b
rewrittenn (x) f (x;u) < 0. Therefore, the minimal necessary condition for conditional positive
invariance is that for all boundary points2 @ () the sefu2 U jn(x) f (x;u) < Ogis not
empty. Given a bounded input set, this constraint has the effect of limitingizeeand shape of
the policy domain boundary. Chapter 5 shows how to map this boundary hoonsraint for each
state into a half-space constraint on the bounded input space; this ®aatiiaple test for validity
across the policy domain boundary.

Figure 3.4: The integral curves of the closed-loop system can crodsihan boundary only at the
goal set. Thus, for points along the domain boundary, the induced veloagybe inward pointing.
That isx (t) n(x(t)) < O, wheren (x) is an outward pointing surface normabxatt) on the
boundary and (t) is the system velocity under the in uence of the policy.
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3.3.4 EfcientInclusion Tests

As this hybrid control scheme is to be executed in real time, and the methoceis dasesting for
transition from one domain to another, the system must have ef cient testiofoain inclusion.

The need for ef cient tests, which may be calculated over many policiesglar given control
calculation, guides the choice of policy representation. Consider the Bhasésted in Figure 3.5.
Statex, is in the domain of 5o butnot g, statex; is in the domain of both, and state is outside

the domain of both o and g. There are several possible domain representations for a given
policy. Chapters 4 and 5 describe simple geometric shapes used to de paittyedomains in this
thesis.

In summary, policies that respect the system constraints, have simple inclests, are com-
pletely contained in the free state space, are conditionally invariant, aechhaactor eld ow that
converges to a well de ned goal set in nite time may be deployed in this sgitplecomposition
framework. Given a speci ¢ system model, workspace obstacles, andded input set), these
conditions limit the size and shape of the policy domains. Chapters 4 andénptke design of
severalgenericpolicies that satisfy these requirements for a variety of system modelse pbés
cies serve as examples; any policy that satis es the requirements givemmag be incorporated
into the hybrid planning and control framework described in this thesis.

X3

o

Figure 3.5: Successful operations depends on simple and ef cientidontéusion tests. Point
is in the domain of iconic policy A only, point, is the domain of both policies A and B, and point
X3 is outside of both domains.
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3.4 Extended Prepares De nition

Sequential composition, as de ned by [21], speci es a relationship antbagpolicies. Finite
time convergence coupled with conditional positive invariance inducessiticn relation between
a given policy domain and the domain of another policy which contains thesgoaif the rst
policy. Recall from Section 2.2.1, that this pairwise relation between policiesllsd aprepares
relationship, denoted,; i [21]. In order to induce a prepares relationship with the size of
the goal set of ; is necessarily limited because the goal set must be contained in the domain of
which is a bounded region.

To provide more exibility in planning, it is useful to consider larger goaksaot covered by a
single policy domain. Therefore, we extend the conventional de nitiopreparesfrom a relation
between two policies, to a relation between a policy and a set of policies.

De nition: Prepares: A selected policy, ;, preparesa set of policies if the goal set of the selected
policy, G( i), is contaé'ped in the union of the domains of the policies in the set. That is,
i £ o59ifG( i) D( ).
An example is shown in Figure 3.6-a.

This added exibility in the de nition of prepares introduces added completatyhe discrete
transition relation encoded in the prepares graph. Thus, the ability to darger goal sets via
the extended prepares de nition bears a cost that is borne by thetdigpta@aning. The ow along
a vector eld is mathematically determinate; therefore, from any initial conditighimthe sin-
gle policy the ow will result in a transition speci c policies in the union. On the etthand,
the discrete transition relation encoded by the extended prepares rdigiicman approximation.
From the point of view of the discrete relationship, the transition is non-uétéstic, and can-
not be represented by a simple graph. The nondeterminacy can beemfect as aaction with
multiple outcomesas shown in Figure 3.6-b. This representation is common with Markov Dacisio
Processes (MDP) [81, 122]. From the perspective of the discretaiptasystem, the choice of out-
come isexternallyimposed on the discrete transition relation by the closed-loop system dynamics.

(@ (b)

Figure 3.6: Example of the extended prgpares de nition using iconic fanagPolicy p prepares
neither A nor g, but does preparea g and ¢. b) Transition relation. From the discrete
planning perspective, the choice of transition from to a or g is non-deterministic; that is,

it is imposedexternallyby the closed-loop system dynamics. The discrete planning method must
account for either possibility.
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So long as the planning system takes each possible outcome into accourgnsigotm relation is
valid for planning. We will abuse notation and continue to refer to the transiélation as a “pre-
pares graph”, even for the case of non-deterministic outcomes indyctt lextended prepares
relationship.

3.5 Policy Space Planning

This section highlights several issues involved in planning over a collectiaomifol policies
that satisfy the above requirements. Several approaches to de nitghsw strategies among the
policies are discussed; these approaches make use of existing disargtig techniques. The
discussion extends the basic partial order approach presented.ifT[#4 thesis work enables ad-
vanced planning techniques to be applied to systems with more complex dynauhiosrestraints.

The planning takes place in the space of instantiated local feedbacklgmiicges. Recall from
Section 2.2.1, that thealetteis a collection of generic policies; that is policies with free parameters.
Policies arenstantiatedby assigning speci ¢ parameter values to a generic policy chosen from the
palette. Given a collection of instantiated policies, which we cadude of policies, planning
involves de ning a switching strategy among those policies to address a tag. The suite of
policies and the switching strategy is calledeployment

To illustrate the types of planning that are possible on the discrete prepamds consider the
“toy” example shown in Figure 3.7. Here 26 policies are instantiated over dhleswace with three
obstacles; these policies make up the suite f A;:::; z0. The policy domains are shown in
Figure 3.7-a, and the associated prepares graphis shown in Figure 3.7-b. The gure shows one
example of the extended prepares de nition with f x; wg. Two policies, y and 2z, do
not prepare any others. As is generally the case, the preparesigayalic.

In the discussion that follows, some planning methods use a cost assaiitedch transition
to facilitate policy ordering. In this example, a heuristic cost has been &sktgreach edge in the
graph shown in Figure 3.7-b. This section does not address how tteazesassigned.

In the subsequent discussion, the switching strategies are often mogeahée automata, with
nodes and transitions between nodes. For each node there is antasispely that is executed
upon transition into the node. Initially, there is a one-to-one correspaedestween nodes and
policies; later, as temporal dependencies are incorporated, the autoithdtave multiple nodes
that map to a single policy. For this reason, this discussion will enforce adistinbetween a
node in the automata representation and its associated control policyitibrengepresent switches
between policies governed by the continuous state evolution into the domajobéw associated
with a child node; that is, the transitions are enabled with the state enters théndafragpolicy
associated with a child node.

For transitions based on the extended prepares de nition, the transitiobhendlsociated with
a non-deterministic outcome, and the nite automata may more properly be modetetflarkov
Decision process. Here the transition is an action, with multiple outcomes. Tiba agpresents
a desired transition to a set of nodes associated with the set of policies irtémeled prepares.
The transition is enables as soon as the system state enters the domainaf@rgssociated with
an outcome node. This thesis will use the term nite automata to encompass ttuetesministic
outcomes.

For simple navigation to an overall goal, we assume the existence of a sirglzistg policy,
which will be referred to as the “goal policy.” The node in the automatonisretsociated with the
goal policy will be the termed the “goal node.” In some cases, where 8tersyhas a known initial
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(b)

Figure 3.7: Given the collection of iconic policiesshown in (a), the discrete transition relation
shown in (b) encodes the “prepares” relationship between policiess thieucontinuous behavior
of the system is abstracted as a discrete set of transitions between palieyndo Each transition
shows an associated heuristic cost that may be used in planning.

condition, references to the “initial policy” and “initial node” are made agrapriate, where the
initial state is contained in the domain of the initial policy.
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3.5.1 Sequence-based Planning

The most basic type of planning in the space of policies is to de ne a sequépolicies that drive

the system to the goal. This is accomplished by determining a sequence &f atstecalled a
“walk”® , through graph that connects the goal node with the initial node. In the toy example
shown in Figure 3.8, ¢ is designated as the goal policy, whilg is the initial policy; thatis, g's
domain contains the initial state. The path induced by invoking policies alongrtiesenl walk

IMany modern texts refer to this as a “path.” We chose to reserve the pertin™to refer to the sequence of con gu-
rations of the system, and use the alternate term “walk” instead [121]

(b)

Figure 3.8: Given a goal;, corresponding to the goal set of policy: in Figure 3.7, and an initial
condition contained in the domain ofg, the discrete planning system can specify a sequence of
policies to invoke by searching the prepares graph. Figure 3.8-a shpath through the workspace
that may be induced by executing the policies according to the sequenee shd). The numbers
below each node denote the cumulative cost based on the edge costsen3Figu
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Q! R ! = g ! ¢ ows from the initial state to the goal set ofc. The workspace
path is never explicitly de ned, but is induced by the closed loop dynamidhefsystem. We
note that the choice of g over p was made based on the heuristic costs; other criteria, such as
robustness, might lead top being chosen.

Sequential planning has several advantages over conventional |patiing. Instead of the
“thin” path through con guration space de ned by many path planning masheohis graph walk
corresponds to a “thick” path that corresponds to the policy domains. Misturbances do not
require replanning provided the perturbation remains in the current fsotloynain. As the safe
domains are explicitly de ned, the system can readily test to see if replamimgcessary.

Numerous graph planning tools, such as Dijkstra's algoritAm,andD variants, are avail-
able for determining a valid walk [108]. The planning methods can determiaoptanal graph walk
based on heuristic costs assigned to the edges connecting nodes. Udealipeth will not necessar-
ily be the optimal path as the heuristic costs assigned to the prepares greggere some average
cost of activating a policy over its entire domain, and not a cost speci cgartluced trajectory.
For large perturbations, or if additional information received duringcetien invalidates certain
policies, approaches such s allow for rapid replanning on the discrete graph [114, 81, 88]. As
replanning occurs on the discrete graph it has the potential to be muchtfastdor conventional
grid-based approaches.

In addition to basic graph walks, temporal speci cations can be satis eddnling discrete
states to an automaton that speci es the allowable transitions in the prepapbg88, 37, 61]. The
search problem in the automaton becomes exponential in the number of tespecatations,
therefore model checking approaches are commonly used. Mostaaconsidering temporal
speci cations in use at this time do not consider heuristic costs, and onlsidemthe discrete
transitions. The sequence must be re-planned if the temporal speci ciitzmyes [36].

Sequence-based approaches have two fundamental drawbacks. th&roverall domain is
smaller than for the order-based approaches described next. Asstgsences are open loop
walks, the walk must be re-planned if signi cant disturbances take themsysut of the domains
of policies in the sequence; thus, the sequence-based hybrid systsrstoae robustness to dis-
turbance. While the policy domains represent a “thicker” path, the domaitilisat “global”
because not all policies are used. Second, as the policies must béeekiecsequence, the system
cannot take advantage of opportunistic jumps to higher priority policiess,Tthe sequences re-
strict the system to invoking the policies according to discrete transitions, \ahécht best a coarse
approximation of the closed loop behavior.

3.5.2 Order-based Planning

For navigation to a single goal, order-based approaches offer a tpleg, execute many times”
strategy. The decision regarding which speci ¢ policy is executed isrdafauntil run time; poli-
cies whose domains contain the current state are executed accordingpifeeléoned ordering.
Given any initial state in the domain of any policy within the ordering, the hyboigty will bring
the system to the designated goal; that is, hybrid policy approximates thedlgsibal policy.
Fundamentally, order-based approaches have a larger domain thaai a pplicy sequence that
solves a single navigation problem.

With order-based approaches the entire collection of policies is condjdbezefore, the order-
based approach is more robust than the sequence-based appheaelonly some policies are used
in the deployment. In the face of a disturbance, as long as the system staiasén the domain of
at least one policy in the ordering, the execution continues.
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In this subsection three types of orderings are considered: totallyentdists, nite automata,
and partial orders. We begin with the more concrete examples of ordetedrid nite automata,
and then describe the more abstract partial order.

By considering heuristic costs assigned to the prepares graph, atelipener can order of
all the policies in the suite based on the cumulative cost to goal. In generabrtliersion from a
generally cyclic transition relation encoded by the prepares graph, toyaticatransition relation
with a single goal is not unique. While the choice between some transitions maynrarbitrary,
the cost-based ordering provides a systematic approach de ning a pulitishing strategy.

Dijkstra's algorithm,A , D , and other variants may be used to convert the cyclic prepares
graph into an acyclic directed transition relation with cumulative costs assigrestth node. Each
node in this tree-like structure maps to a node in the prepares graph,r@eltbe particular policy.
Each transition maps to one edge in the prepares graph, such that thigotmgraEnts to a node,
or nodes in case of extended prepares, with the minimum cost to goal. Tis#itnas between
associated nodes must have an associated edge in the preparedrgsyphbolic planning terms,
the transitions in this tree-like structure encode a “policy” for each nodeciptbpares graph; that
is, at a given node with associated policy, the transition points to a nodei@ssbwith a prepared
policy that represents the best choice to minimize cost. This thesis resesvesthpolicy to mean
“continuous feedback control policy”, and will use the term “action” taate the desired transition.

D and its variants allow for rapid reordering of the tree-like structure asinfasmation is
obtained that changes the cost structure of the graph. For examplepiicg pecomes invalid
based on a newly discovered obstacle, D* allows the relevant nodes ofdkring to be rearranged
without required a complete re-plan.

Figure 3.9 shows the tree-like representation with cumulative node cogisedsthe acyclic
transition relation © is constructed from the prepares graph from Figure 3Jis the goal node.
Note that in constructing the transition relation in Figure 3.9, is at lower priority than either

x Or w. This is required because of the external choice imposed upon the edtpnepares
relationship. Also, note that the designated goal cannot be reachad ffoand 7; therefore,
these policies are removed fronY and the domains of these policies are not included in the over
all hybrid policy domain.

Given the assigned costs to each node in the tree-like structure, thengrdan be executed as
a hite automata model that corresponds to the tree-like structure, or adlg twtdered list based
on the assigned costs. We begin with the discussion of the list-based taal ord

One execution strategy is to convert the tree-like structure to an orderetipislicies based on
the cumulative costs assigned to each node. While there may be some adbitiey involved if
nodes have the same cumulative costs, the list results in a total order oflitieqpdf the domain
inclusion tests are relatively fast, and the number of policies relatively smafl,iths possible to
search an ordered list of policies from highest to lowest priority at eactroller time stefy and
execute the rst policy whose domain contains the current state.

Consider the following examples shown in Figure 3.10. S&tés contained in the domains
of both g and t; o is executed based on the total ordering induced by the costs shown in
Figure 3.9. g is assigned higher priority thanp 3. During execution, a disturbance causes the
trajectory to exit the domain of ¢ as shown in Figure 3.10. Asp is also a valid policy, a search
over the total order chooses, and continues execution on its way to the overall goal. Thus, the
system can automatically react to disturbances using the total order. Asdotig disturbances

2The policies are designed as continuous policies, but execution of thiel fegimtroller on a computer introduces a
discrete time step.

3Graphs are often drawn with the root node at the top, therefore, latieitp policies are on lower layers. Here, the
graphs are drawn horizontally with the root on the left to save space. ilMetain the higher/lower terminology.
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Figure 3.9: The prepares graph is converted from a cyclic graph to an acyclic tree-like structure
0. This structure is not a true tree due to the non-deterministic transitionsehbgdhe extended
prepares relation. The cumulative path cost is shown at each node.

are infrequent relative to the overall convergence rate, this methotdeas proven robust [21].
The state$, andSz demonstrate the non-determinism inherent in the extended prepares dg nitio
the induced trajectories from both states pass through but take different routes through the
graph and workspace because of different policies that are invexskéte induced trajectories enter
different domains.

The bene t of the list-based total order approach is that it allows oppistic switching; if a
disturbance or induced trajectory takes the system state into the domain biea pigrity policy,
then that policy can be executed immediately, without waiting for transitionsghroiermediate
child nodes. For example, consider the paths startir§yah Figure 3.10. The policies ¢ and

n overlap and are both prepared by. In Figure 3.9, | is assigned to transition toy based
on the higher cost of the edge from to . The path labeled "a' illustrates the path induced
by following the this policy switching strategy. On the other hand, a list-baseduion strategy
allows the opportunistic switch to node; as soon as the state enters the domaingfthis switch
is based on the lower cumulative node cost at Path "b' represents the path taken by using
opportunistic switching. In the case of opportunistic switchinydoes not represent a guaranteed
transition relation. The list-based method cannot guarantee that a nodewllérskipped, only
that the system will inevitably transition to some higher priority policy.
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Disturbance

Figure 3.10: Given the ordering from Figure 3.9, this gure shows tlezetion for several different
initial conditions, labeleds;. The thick lines represent the integral curves induced by the local
policies. The lines labeled "a' and "b' represent two different owsuoed by different policy
switching strategies. The line froi®, suffers a disturbance, that is captured by another policy
domain. The ow lines terminate at the overall goal €et

The ordering encoded in the tree-like transition relation can also be egexsite nite automa-
ton. In this mode, the software governing policy execution monitors the run@de, which is
stored as an additional internal state variable. The inclusion tests onlytmegéck the children
and current policy during runtime. The transitions to a new policy domain mayr@s soon as the
state enters the domain of a policy associated with a child node.

The chief bene t of the nite automaton-based execution strategy is fastecution time, be-
cause fewer inclusion tests are required. This is because the testinkicgfdmnains is limited to
the current node and its children in the nite automaton. The approach iseatlif the inclusion
tests are relatively slow, or the number of policies relatively high. If a distuce takes the state
outside the domain of both the current policy and its children, then the sy$teatdsrevert to a
search over the entire tree to preserve robustness. In this caseduhgpen required search time,
it may be prudent to pause the vehicle motion while conducting the total ordexhse

The nite automata approach does not allow opportunistic switching as reaslilye list-based
total order. Trajectory "a' owing from stat§, represents the trajectory induced by following the
actions speci ed by the nite automaton execution strategy. A limited form ofymistic switching
can be allowed by checking nodes associated with policies that are @ddpathe current policy,
but do not represent the “best” action. The opportunistic switch camakeled for any “prepared
node” that has a lower cumulative cost assigned.

Another possible approach to allow opportunistic switching is run an “anytseatch algo-
rithm in parallel with the automaton-based execution strategy; the anytime aigocidh seek
opportunistic switches in the spare computing cycles between control sg@afe The anytime
algorithm should restart the search process when its cumulative c@ds ¢lgat of the current node.
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This approach combines the bene ts of the nite automata-based exectitaagy with the bene t
of opportunistic switching.

One potential downside to opportunistic switching is due to the lumped approxmdtite
discrete transitions. While the node cost may be lower, the state may entellityedoonain in a
region that requires higher than average costs; therefore, it mayuerngrto evaluate a transition
cost based on current state before allowing opportunistic switchingcdifteol designer may also
wish to guarantee transitions in a predictable manner. The choice of whetakow this limited
opportunistic switching could be made on a node-by-node basis.

The nal order-based approach ipartial order. In theory, all that is needed for an order-based
approach is a function that prioritizes the set of policies whose domainiosrgayiven state and
are valid for a given navigation task. This function is callegaatial order. Consider stat&; in
Figure 3.10 again; stat®; is contained in the domains of bothy and 1. A partial order will
chose one over the other. Using a partial order in place of a total cdaires knowledge that the
overall goal is reachable via a given policy, otherwise the policy is invalidHe task. Thus, while
the partial order itself requires only knowledge of the collection of policyndims containing the
current state, evaluating that the goal is reachable from a particularreqdires global knowledge
of the prepares graph.

One drawback to the order-based approaches are that they are limitddréssing a single
navigation task. That is, order-based approaches are best suitedvigation to a speci c goal,
governed by a speci c policy. Order-based approaches by thenssabeeill suited for tasks that
require visiting multiple points, or whose ultimate goal depends on informatioreigatha run
time. A higher-level executive can re-order the policies to induce clsimgeavigation behavior,
or switch between multiple orderings if needed. Another alternative is expinite automata
more fully, to generate hybrid policies that satisfy the high level speci catautomatically.

3.5.3 Automata-based Planning

In order to plan for higher-level task speci cation, including those withrtbed to respond to events
or respect temporal restrictions, a more exible planning approach idatkeSequence-based ap-
proaches require replanning if the system needs to react to an evdrirder-based approaches
by themselves are only suitable for single tasks. To address this isseet vaark has focused on
automatically synthesizing automata from a prepares graph [61, 68].

Combining policy composition with automata synthesis leverages the strengtbstasldhe-
oretic and computer science approaches. Control theoretic appsoaffbeprovable guarantees
over local domains; unfortunately, the control design requires a loal-gpeci cation of the task.
In contrast, discrete planning advances from computer science adfabtlity to specify more gen-
eral behaviors, which may react to environmental changes, andagemnveri able solutions at the
discrete level; discrete planning lacks the continuous guarantees arstitess offered by feedback.
Synthesizing an automaton that governs the execution of the local fdedbbgies provides the
bene ts of both feedback and discrete planning, while mitigating the drakgbathese automata
synthesis tools specify behaviors in terms of linear temporal logic (LT L)aijmans on the prepares
graph nodes. LTL combines the standard Boolean logic operatorsasudhD’,"OR’, and "NOT",
with temporal operators such as 'ALWAYS' and 'NEXT' [34].

Kress-Gaziet al. [68] have developed an automaton synthesis tool that use speci catiens e
coded in a subset of the full LTL that describe behaviors on the pesggiaph generated by the
work in this thesis. The approach allows both discrete inputs and discrgtet®to be speci ed.
The discrete inputs are sensed by the robot, and the discrete outputsaddtigrs, such as sound an
alarm. This allows the system to change high-level behavior-based optdisvents, which allows
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the system to react to environmental changes in a guaranteed mannen &s$peci cation and

prepares graph, the synthesis process either extracts an automatsatithas the speci cation,

or shows that the speci cation is not realizable on the prepares gragpimsitions in the automa-
ton are governed by the transitions between policy domains and the diseeats sensed by the
robot [24]. Thus, the combination of automata and continuous feedlatkot policies allows

high-level speci cations to be satis ed by executing the continuous faekllzontrol policies. The
work in this thesis has enabled these approaches to be applied to more copgiers.

Returning to the example of Figure 3.7, we wish to specify that the robotlgh&dower left
obstacle until an event is seen, and then goes to a particular station. Skipart, “patrol the lower
left obstacle by visiting areas "F' and A, until an event 'EV' at 'A isen.” After seeing the event,
“goto'O’, sound an and stay put.” Figure 3.11 shows an example of eomaaton whose execution
satis es this behavior.

Event "EV'

(@)

(b)

Figure 3.11: Automata-based planning allows for the system to react to doaditions while
satisfying a given speci cation. Figure (a) shows portions of the pathrtaihile satisfying the
automaton shown in (b).
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There are several down sides to the current automata synthesis @mso&irst, these current
approaches do not consider transition costs. Thus, a heuristic sosiated with invoking a more
complex policy is not taken into consideration by the current synthesis t8elsond, because the
automaton does not use all of the policies in the collection, some robustnéstsitbahce is lost. In
Chapter 6, we present one approach to combining the automata synthesisdsitibased planning
to improve the robustness of the automaton.

3.6 Summary

This chapter has introduced two extensions to the basic sequential composdimique. First,
ow-through policies are introduced, which allow the system to encoderalhehaviors for non-
holonomic systems. Second, the prepares de nition is extended to allow & poficepare a set of
policies. This extension provides more exibility in instantiating the local policies,complicates
the discrete planning. The impact of this change on the planning is discussed

The chapter discusses the properties that are necessary for cofegosaties. In addition to
policies that that respect the system constraints, the policy domains musinipéetely contained
in the free state space and conditionally invariant. The vector eld ow iretlby the closed-loop
policy must converge to a well de ned goal setin nite time. Additionally, thdigies should have
simple and ef cient inclusion tests to allow the approach to be executed irimg&l Any policy
with these properties can be deployed in our hybrid control framework.

The chapter discusses approaches to planning in the space of instanbiliters. Three basic
approaches are presented: sequence-based, order-bagealjtamata-based. A “toy” example
highlights the differences between the approaches. Section 3.5 disthsselative strengths and
weaknesses of each approach. In general, order-based anthtatioased approaches are preferred
over the sequence-based approaches for reasons of robiestdesgibility.

3.7 Glossary
As a convenience, this section reiterates several de nitions given inxheftearlier chapters.

De nition: Policy: A policy is a mapping from state to the bounded input space; that is !
U. In this thesis, the termolicy is shorthand focontinuous feedback control policy

De nition: Domain: The domain of a policy, denotdd( ) , is the region over which the state to
input mapping isvalidD() X .

De nition: Flow: The ow of the system under the in uence of a given policy, denoXad is
the family of integral curves induced by the closed loop dynamics of theraysteereX =
f . Assigning a speci c initial condition identi es a speci ¢ integral curve, ow line.
Specifying an initial state and elapsed tifridenti es a speci ¢ point in the state space. That
is, starting fronx (0) and owing along the integral curve passing throug(®) for t seconds
brings the system tr (t) = X1 (Xo).

De nition: Goal Set: The goal set of a policy, denotd8l() , is a subset of the domain, that is
G() D () , whereby invoking the policy over the domain will induce motion that ows
to the goal set. Thus,

8xp2D() 9tst:Xi(xg) 2 G(CP):
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De nition: Generic Policy: A generic policyis a policy de ned by free parameters. The parameter
values determine the size, shape, and location of the policy domain, as wiedl state-to-
input mapping of the policy.

De nition: Palette: A paletteis a collection of available generic policies.

De nition: Instantiated Policy: An instantiated policys a policy with assigned parameter values.
That is, it is a generic policy whose free parameter values have begnesstherefore, the
policy domain and mapping is determined.

De nition: Suite: A suiteis a collection of instantiated policies available for planning.

De nition: Prepares Graph: Theprepares graplencodes the prepares relationships between poli-
cies in the suite.

De nition: Deployment: A deployments a suite of policies and a de ned switching strategy for
executing the policies. Given a suite of policies and the prepares grapplatning system
generates a deployment.
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Chapter 4

Application of Policy Composition to Fully Actuated
Systems

This chapter demonstrates the approach to policy composition and plannfaotiyoactuated dy-
namical systems. Since the system is an idealized point with fully actuated dyatrtias no
orientation and is free of nonholonomic constraints. For these idealizéshsysthe con guration
and workspaces are equivalent, and the equations of motion are givethbrq = u or g = u,
whereq;u 2 R". We de ne a class of ow-through policies for these relative simple systems
demonstrates the principles behind the hybrid control approach outlingubipt€lr 3.

The chapter begins with a discussion of a particular policy design agptbat satis es the
requirements from Chapter 3; proofs are given in Appendix B. Dedignboth kinematic and
second order systems are presented. Throughout the chapter,lexamgpgiven to illustrate be-
havior of each policy. The chapter presents several examples to dieaterise variety of planning
techniques discussed in Chapter 3. This last section concludes with @raelppo automating the
deployment of policies for second order systems.

4.1 Local Control Policy Design for Fully Actuated Systems

As the basic navigation task is de ned in the workspace, our approaciesieells within the
workspace; by design, composable feedback control policies ateblaasy to de ne over each
cell. For simplicity, the examples in this thesis are restricted to cells that arexcpalygyons in an
R?2 workspace. While this presentation focuses on convex polygons, tas ate directly appli-
cable to convex polytopes IR". In most of the policy designs, the extension to arbitrary convex
regions is obvious. Although beyond the scope of this thesis, many of theit¢ees can naturally
be extended to regions that are homeomorphic to balR'In The approach assumes that a nite
convex decomposition of the free con guration space is given. Intm@&csuch a decomposition
may be speci ed by a map or oor plan, or calculated automatically for low dirioeras spaces [58].
The local policies de ned over each cell are based on local potentigtifuns, which are used
to de ne one of two con guration-based velocity reference vector sl/er each cell. We then
design a control law for each system model that causes convergetieerieference vector elds.
For the rst type of vector eld, the integral curves emanating from all ifde points cross the
cell boundary within a speci ed region; this type is termecdw-through vector eld. Integral
curves of the second type converge to a designated goal point in thieiriethe cell; this type
is termed aconvergentvector eld. The remainder of this section provides details for this policy
design approach for both kinematic and second order systems.



4.1.1 Vector Field Design

The vector elds used in the policy design approach are based on gtadifa potential function.
The ow-through and convergent vector elds use two different tygé potential functions. In
both cases, it is generally easier to calculate a valid potential function awet m-ball than over a
general convex polytope. For this reason, we de ne a mapping froroetéo then-ball, and use
this to “pull back” a potential function from the ball to the polytope, and dakeLthe gradient of the
pulled back potential. Lét : P ! B de ne a mapping from an arbitrary cel,, to a unitn-ball,
B, centered at the origin. The mapping maps interiors to interiors, and boesda boundaries.
For a convex polytope, Appendix B de nes the mapping based on a sadéd retraction as

L} q
(@)= =
kak+  (9)
whereq2 P,and (g): P! R isascaling factor based on the distance to the cell facets.
Given , a potential function de ned over the-ball, the potential function in the arbitrary cell
is given as
= p " 4.1)

By the chain rule, the potential gradiedy, = D (g b Dq fora, = ' (q), which lies on the
interior of then-ball by construction. The gradieriDy , will be well de ned if the Jacobian of
the mapping, , is full rank over the interior of the cell; Appendix B proves that our maggdor
convex polytopes is full rank on the interior.

We now discuss the particulars of the two vector eld designs using the fat&mction map-
ping approach.

Flow-through Vector Field Design

The ow along a ow-through vector eld exits a given con guration spa cell through a desig-
nated boundary region termed thatlet zone The remaining boundary is termed timéet zone

m

AN

E\:E\%\Wv@

Figure 4.1: Vector eld for a ow-through policy.
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Figure 4.1 shows a typical ow-through vector eld for a convex polyggpvhere one facet is de-
ned as the outlet zone and the remaining facets are designated inlet zones

To generate a ow-through vector eld over the cell as the negativadigrat of a potential
function, the potential function must be free of local minima on the cell interior. A harmonic
function, which is a solution to Laplace's equation, provides a natural twaje ne a potential
without spurious local minima. The design approach de nes a constant nimipodential along
the outlet zone; a constant maximum potential is de ned along the inlet zohiée W/solution over
an arbitrary convex polytope is not available, the solution to Laplace'atequover then-ball is a
computable integral equation.

On the unit disk with piecewise continuous boundary conditions the solutistser closed
form [35, 106]. Letgy = " () = ( Xq;Yq) be the Cartesian coordinates of a point in disk mapped
from a point in the polygon. For the disk, the most natural representatiop@ar coordinates, so
de ne

XG+ V5
atan2 (yq; Xq) :

If the boundary condition is O along the outlet zone, and 1 along the inlet, zowd the outlet zone
crosses the negativeaxis, the solution to Laplace's equation on the unit disRifis

Cv_ 1 o0 1 1 sin( 1)
o3 )= =5 tootan g cos(1 )
Lian 1 sin( o) (4.2)

1 cos(o )

where ; denote the angle coordinates of the vertices of the outlet face. See dipjBefor details.

Figure 4.2 shows an example of the mapping and potential used to generagetiie eld in
Figure 4.1. Although the potential eld,, over the cell resulting from = |, ' no longer obeys
Laplace's equation, is free of spurious minima as proven by

Figure 4.2: Mapping from polygon to unit disk. The contour plot on thedetiws level sets of the
pullback , ' on the polygon; the contour plot on the right shows the correspondietjsets of
b on the unit disk.
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Lemma 4.1.1 The potential function de ned by (4.1) is free of local minima over the interior of
P provided is a harmonic function, with a constant minimum potential along the outlet zashe an
a constant maximum potential along the inlet zone, and the Jacobian ofgyeimg' is full rank.

Proof: By construction, , is a harmonic function with extrema on the boundaries of the nmit
ball; therefore, the gradielty foro, = ' (q) is non-zero on the interior of the-ball since
there are no interior critical points [35].

The Jacobian of the mappingis assumed to be full rank, meaning tiia§' is a full rank
matrix for allq 2 P; thereforeDq = D: (g b Dq 6 0 fornon-zeroDq, p.

SinceDy 6 Oforallg2 P, we conclude that there are no critical points on the interior of
P [66]; therefore, we conclude that a local minimum does not exist on thednte

Flowing along the gradient vector eld provides the correct behavior,itduces some unde-
sirable variability in speed. The gradient vector eld has large magnitudssrire portions of the
cell and small gradients in others. Therefore, de ne the unit refergactor eld, X (q), forq2 P
by taking the negative normalized gradient of the potential; thus,

Dg " _ D¢ "Dy
kDq Kk D (¢ bDg

X(a) = ; (4.3)

whereg, = ' (g) 2 B. The ow along the unit vector eld captures the desired behavior, withou
being bound to the speed speci ed by the norm of the potential functialfiegra The vector eld

X (q) is orthogonal to the cell boundaries because the potential extrema agetiomoundaries of
the cell by virtue of the mapping that maps boundary to boundary.

It is worth noting that Lindemann and LaValle [82, 83, 84] adapted thisagmtr by using a
different vector eld generation approach over convex polytopdseifvector elds have similar
properties; the vector eld derivatives are smooth almost everywhatean be de ned orthogonal
to the cell boundaries. As such, their vector eld design approach earséd with the control laws
de ned below.

Convergent Vector Field Design

The ow-through style policies are useful for driving the system froall to cell, but not for con-
verging to an overall goal. The policies developed by Rizzi [105] apr@piate for converging
to a goal, but do not have vector elds that are orthogonal to the celhdiaues. To simplify the
prepares test between policies de ned over adjacent cells, and t@pressme control continuity
across cell boundaries, we consider a modi cation that generated@ veld that is orthogonal to
the cell boundaries.

First, map the goal cell to the unit baB, using the map as before, and let

=" (%) ;

whereqy is the goal con guration, andg is the mapped goal point. Let: Bnqgb IBn Odenea
diffeomorphism such that(@) = @ andlimq ¢, (" (9))=0.

For the unit disk, a mapping based on complex numbers serves the purpbee o = ' (q)
be an arbitrary point in the unit disk represented in complex planezdetg; = ' (qg) be the goal
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Figure 4.3: Equipotential contours for a convergent potential functond by mapping the goal
cell to a unit ball centered at the goal, and lettig= % k 'K

point in the complex plane. Then

z = ()= 1229292; (4.4)

wherezg is the complex conjugate af,. Clearly,z =0 if z = z4. Simple algebraic calculations
show that the boundary maps to the boundary. Figure 4.3 shows an exaintipke mapping for a
polygonal cell in the plane.

De ne the potential functiong : P ! R such that

1 2
= -k '"k%;
972
where0 4 1. For the goal policy, de ne the convergent reference vector #do), as

Dgg kq gk’

X(q) = (4.5)

where > 0is a scalar parameter that regulates the rate of deceleration near the lggakctor
eld is orthogonal to the boundary and has decreasing magnitude negogheoint.

4.1.2 Control Law Design

Given either ow-through or convergent reference vector eldgg), this section derives a family
of control laws that cause the system to converge to the vector eld idtegnzes in such a way that
the properties outlined in Chapter 3 are satis ed. The section de nesaldatvs for kinematic and
second-order dynamical systems. The second-order systems ecdrttdanbounded and bounded
acceleration.

Kinematic Control Law

For an idealized kinematic system of the fogr= u, the control inputs follow directly from the
reference vector elds with

u=X(a = s(@ X(); (4.6)
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wheres(q) 2 (0;Vmax] R andX (g) is de ned in (4.3) or (4.5). The scaling functics{q) is
used to respect speed limits imposed upon the system. For ideal kinematic systemstant speed
scaling can be de ned.

The control law (4.6) with vector elds (4.3) or (4.5) de ne a generic slag composable
policies de ned over convex cells. As the system is an idealized pointtrdie requirement that
the domain lie within the free con guration space is trivially satis ed since tHis @ge assumed to
be fully contained in the free con guration space.

The control in (4.6) induces the system trajectory to follow the integralesunf X (q) by
de nition; thus, by construction, the kinematic control policy is conditionallgifiee invariant for
both ow-through and convergent vector elds.

The policy induces nite time convergence providgd)) is bounded above zero over the entire
cell; thatis,s(q) > > 0, for some nite . The ow-through vector eld will cause the system
to exit the cell in nite time because the velocity component along the vector eddwsys strictly
positive , and every ow line exits the cell because there are no local mininhas, the system
always makes nite progress along the ow line toward the exit face. eowergent vector elds,
the system will converge to some arbitrarily small neighborhood of the goaitentime.

The con guration-based test for inclusion into the kinematic domain is easituleged for
polytopes de ned by half-space constraints. Thus, these policiesysatiséf the composability
requirements given in Chapter 3.

Dynamical Control Law: Unbounded Acceleration

Given an idealized second-order dynamical system of the form
4=u,; 4.7)

subject to the velocity constraiRtk  Vmax, de ne a reference vector el& (q) = s(q) X (q),
for some positive scalar functiafq) 2 (0; Vmax] R. In addition to enforcing the velocity limit,
s(g) is used to enforce the prepares relationship among neighboring policies.

Following Rizzi [105], de ne a velocity reference control policy of thah

u=K (X(q) o+ DgXaq; (4.8)

whereK > 0is the “velocity regulation” gain that acts to decrease the €Xdq) q), andDyX g
is a feed-forward term that enables the system to follow the changingrveltto

Lemma 4.1.2 In the absence of acceleration constraints, with suf ciently ladtgand initial veloc-
ities such thakgk k X (g)k, andg' X > 0or kgk = 0, the trajectories of the closed-loop system
de ned by (4.7) under the in uence of (4.8), converge to the integnaVes of the vector elX (q)

in a way such that the trajectory never exits the cell except by the outlet Zeurthermore, the
system speed remains less than the reference speed while the system ettt policy domain;
thatiskgk k X k. For ow-through vector elds, the system trajectory exits the cell in nitegim

See Lemma B.2.4 in Appendix B for a detailed proof. Appendix B also includesld on calcu-
lating a lower bound foK .

For unbounded dynamical systems, control law (4.8) with vector elds)@:34.5) de ne
a generic class of policies de ned over convex cells. The domain testresgthree calculations,
a con guration test for inclusion in the polytope and two velocity testskighk k X (gq)k and
gq' X > 0. Lemma 4.1.2 proves conditional invariance and nite time convergence.

42 ¢ 2007 David C. Conner



For policies de ned over disjoint cells with unbounded acceleration, tepgres tests are sat-
is ed if the speed pro les at the exit zone of one cell is less than the speate along the inlet
zone of the next cell. Given that the reference vector elds are odghabat the boundaries, the
requirement thag)’ X > 0 s satis ed by any velocity that crosses the shared boundary. Therefo
as long as the reference speed of the “upstream” policy is less thanartedbe reference speed
of the “downstream” policy, the prepares test is satis ed. In the unbed=aceleration cass(q)
can be a constant less th&ax for all policies over a disjoint decomposition; this, the policies
satisfy the velocity bound.

Figure 4.4 shows a simulation of a variety of initial conditions for the dynamigcstesn given
in (4.7) under the in uence of (4.8). The policy deployment is de ned andkered by hand to en-
sure prepares based on the adjacency relations among cells. Foridathdndition, the system
converges to the goal con guration using the hybrid control strategyded by the underlying de-
composition into disjoint polygonal cells. The simulation, where the policies»@euted based
on the total ordering, demonstrates the global control policy that is inducedr policies and de-
ployment method. The resulting trajectories induced by the feedback tpalicies are dependent
upon the underlying decomposition; that is, the shape of the integralareedetermined by the
shape of the polygon and the selected outlet zone. Different decompssitedd different trajecto-
ries; however, the overall convergence to the goal is guarantegiipdothe prepares relationships
are obeyed.

Dynamical Control Law: Bounded Acceleration
As a more realistic system, consider (4.7) with the following dynamic constraints,
kak Vmax ; (4.9)
kuk = kek Amax : (4.10)

The velocity limit is taken to be a safety limit as before. In the presence of ttedemation con-
straint, the control law in (4.8) is insuf cient. In regions where the vecteld is changing, just
tracking the vector eld withg = X (q) will violate the constraints ikuk = kDX gk > Amax.

Figure 4.4: Simulation of a dynamical system using the velocity referendeot@olicies based
on ow-through and convergent vector elds. Light colored linesnegent integral curves of the
X (g), while the dark colored lines represent trajectories of the system fimuginitial conditions.
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igure @.5: Spectral norm of the derivative of the negative normalizedignt vector eld
( Dq)@ ) for a polygonal cell, with the cell boundary shown. The largest nomtsch remain
nite due to approximation, are located near the polygon vertices.

To avoid violating the constraints, scale the reference vector eld to enttealidea of slowing
down while turning and de ne the variable speed vector #dg) = s(q) X (q), where
0 1

s(g) = min @— St VA (4.11)
DX +

with s a constant de ned for eachygolicyygas described below, ard 0 an arbitrary constant

that prevents divide by zero. The ternD X is the spectral normh of D4X , which increases in

fglatiop,to the change in the vector eld, thereby decreasing the speeareFg shows a plot of
Dq)’<\ for the example polygonal cell shown in Figure 4.1. The constaig chosen so that

p m m
T Amax DX+
S mins ; (4.12)
q o X b+

which provides a conservative bound that guarantees the system twékoeed the acceleration
S
bound so long as the speedjadoes not exceegm.

Although this form allows the reference velocity control policy to make usthefdynamical
capabilities of the system, the form is still not suf cient to prevent constndlations wheng 6
X (g). In the case when the initial velocity is not aligned with the vector eld, the propnal term
of (4.8) may cause the acceleration constraint to be violated.

1The spectral norm of a matrM , denoted#M @ is de ned as

@M &= max kM xk :
kx k=1
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To prevent this, we de ne a switched (hybrid) control policy over eaelh the component poli-
cies are called "Save', Align’, and "Track’, denoted, A, and 7 respectively. The component
policies are designed to cause the system to converge to the integrad oti¥/ég) without violat-
ing the constraints or exceeding the speci ed speed. This section giveseaview of each policy;
refer to Appendix B for implementation details .

The Save policy for polytope cells,s, is based on the policy presented in [105]. The policy
is designed to use the maximum available acceleration applied orthogonal tuthesloy point of
rst collision based on the open loop dynamics. This is guaranteed to bringyftem to rest within
the cell if there exists any policy capable of doing so [105]. The domairsdé termed thesavable
set and corresponds to any initial condition in the state space associated widgmagll that can be
brought under control and avoid collision. Appendix B de nesdbé#ision avoidance ratip . > 0
as the ratio of the braking distance to the collision distance. The braking cistathe distance the
system would move toward the point of imminent collision while maximally braking; dhésmon
distance is the distance to the closest collision point.c I& 1, collision can be avoided and the
system brought safely to rest; therefore, the savable set for a polgtope,P is

D( sp):=f(g;@)jg2P; < 1g:

The goal set of this policyG( s, ), is some con guration within the ceR, where the system is at
rest; thatisG( s,)= f(q;a)jq2P ;kak=0g.

Lemma 4.1.3 For a given convex polytope and initial velocity such that . < 1, the Save
policy acts to decrease. Therefore, . remains less than one, collision is avoided, and the system
remains in the savable sBX( s,):= f(q;q) jg2P; < 1gand eventually comes to rest.

See Lemma B.3.2 in Appendix B for proof.

The Align policy, a, is designed to apply maximum acceleration to the system in order to
quickly bring the velocity vector into alignment with the vector eXd(q) de ned by either (4.3)
or (4.5). A transitions from performing a Save control action, that is applying maximwuealae
ation orthogonal to the point of boundary collision, to using a portion of ladlable acceleration
to reduce the angle between the reference velocity and current velohitg, also decreasing the
current speed. A user de ned constadix < 1, determines the transition between the “saving”
and “aligning” actions. De ne

=max O ;
andlet : ! [0;1]de ne the transition function such that(0) = 0 and (1) = 1. The Align
policy is given by
8
1 e
< Amgi () O X da
AETL A () s & ghoryise (.13)
MKkA () s (kK

whereé = k;(% %k is the unit vector along the velocity errég= k%k is the unit direction of current

speed, %nd s denotes the input de ned by the save policy. The demonstrations in thisechege
()=" .
The Align policy is hybrid (switched) policy. At ( ) = 0, that is when , the Align
policy is “saving” withu = s. When () > 0 the policy transitions to aligning, but switches

behavior based on the system velocity. In the normal mogdeyses a transition function to combine
the Save action with acceleration along the velocity error veiettiithe acceleration alongwould
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increase the velocity, as wheghX > g g, then A switches to apply maximum acceleration along
the negative of the current velocity. The Align policy always acts to deztel¢he system.
The domain of the Align policy over a given cell is

D( ap):=1f(0;@)jg2P; <19,

which is equivalent to the domain of the Save policy over the same cell. Thegida

G( ap)=Tf(a;)jg2P ;kak=0g;

which is also the same as for the Save policy. Since Align is equivalent tofSave , the
domain is conditionally invariant by Lemma 4.1.3.

The Track control policy, 1, is designed to bring the system velocity into alignment with the
vector eld X (q) using the maximum available acceleration and then track the vector eld angord
to (4.8). The domain of the Track control policy over a given delljs

D( 1,)= (q;Qjq2P;d" X> 0;kak k X(g)k

That is, the speed is less than or equal to the reference speed, amigthation error between the
current velocity and the desired velocity is less tharFor ow-through vector elds as in (4.3), the
Track control policy guarantees that the system trajectory does nahexiell, other than by the
outlet zone, which is the goal s&( 1,) = (q;d jkak k X (g)k;a"X > 0;092 @ outlet

For convergent vector eldsG( T, ) = fog; 0g, wheregy is the goal state.

The Track control policy monotonically decreases the orientation erroveles the current
velocity and the desired velocity. The approach uses some of the avaitabletation to prevent the
orientation error from increasing as the trajectory evolves, and usesrti@nder of the available
acceleration to decrease the error. If the sp&gH, is less than the desired spe&X (g)k, then
the speed scaling chosen in (4.12) guarantees that there will be atioeleeanaining to reduce
the error. In the limit, as the velocity error approaches zero, the Tratka@olicy is identical
to (4.8).

Lemma 4.1.4 Under the in uence of the Track control policy, the system (4.7), withstramts
given in (4.9) and (4.10), and initial conditidg;gg 2 D( T, ), converges to the integral curves
of X (q), de ned in (4.11), in a way such th&gk remains less thakX (g)k and the trajectory
never exits the cell except by the outlet zone. For ow-through vedttas, the system trajectory
exits the cell in nite time. For convergent vector elds, the system caegto an arbitrarily small
neighborhood of the goal in nite time.

See Lemma B.3.3 in Appendix B for proof.

The Save policy may be used by itself over a given cell provided that dié@pyed policies
cover the entire cell; that is, that other cells overlap the entire Save cetlommsn Figure 4.6.
In other words, no matter where the system comes to rest within the cell, apatiey should
capture that state. The Save policy is typically used over relatively lagjen®to capture fast
initial conditions that cannot be captured by the smaller cells that cover ther leggion. This
allows the deployment to capture more adverse initial conditions in the freesptate than possible
with a policy over a smaller con guration-cell. Since the Align policy subsumesthavior of the
Save policy for high collision avoidance ratios, the Save policy is not reéda Align policy is
deployed over the same cell.

The Align and Track policies are designed to work together. The intentidimeof\lign policy
is to bring the system into alignment with the reference vector eld, while alseisfpthe system;
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Figure 4.6: The Save policy is used to capture more adverse initial conditiotiss example, the
large Save cell, denoted by the thick line, is covered by four other cells.

thus, guaranteeing that Align prepares the Track policy; that js, To . This is trivially
veri ed since the Align policy can bring the system to rest in the cell; thus, tne $olicy is not
needed over the same cell. For ow-through style policies de ned by tlotoveeld given by (4.3),
de ne the conditionally positive invariant switchdelow control policy composed of Align and
Track policiesas ¢ = f T1; agQ. Forthe convergent policy using the vector eld de ned by (4.5),
de ne the switchedsoal control policy ¢ = f T; agQ. In both Flow and Goal policies, ther
policy has highest priority. The Flow and Goal policies areta-policies

De nition: Meta-policy: A meta-policyis a control policy over a local domain that is made up of
component policies and a switching strategy among the component policies.

For planning purposes, each meta-policy is treated as a single policy inefba&res graph.

The Flow policy causes the system to exit a given cell, therefore the pai@neters must be
tuned to respect the prepares relationship with a nearby policy domairk dexote the relative
priority of ¢, with 1 being the highest. In order forg,,, to prepare f,, the exit zone of its
component policy 1,,, must be contained in the closure®@{ ¢, ), and the speed pro le along
the exit zone of 1,,, must be less than or equal to the same speed pro ledn This is done
by choosings ; therefore, (4.12) represents an upper bound on the speed sclfiag. scaling
may need to be reduced when considering the prepares relationshig, tdlansure prepares,
is reduced from (4.12) until the speed pro le along the exit zone is belensfieed pro le of the
adjacent policies. The speed pro le tests may consider eithgor 5, for determining the speed
pro le that must be matched; considering only, leads to smoother paths, but is more conservative
with respect to domain.

The simulation shown in Figure 4.7 is based on a disjoint convex polygorahggosition of
the free workspace. The approach applies the switched meta-policy agto each polygon; the
policy ordering is speci ed manually based on the given goal location. pidtiey free parameters

> 0,0< < 1,and > Oare de ned as constants, and applied to all policies. The free parame-
tersKk > Oands > Oare manually chosen for each policy to enforce the prepares relatiomiship
adjacent policies and to enforce constraints as described in AppendihiB.is done during the
process of ordering the policies by checking the speed pro le for asampling of points along the
exit boundary, against the speed pro les evaluated for the same poithis policy being prepared.

The simulation demonstrates policy switching, both among the meta-policies deveedells,
and among the component policies of the individual meta-policies. The init@ditg which points
toward the upper right corner of the initial cell, is chosen to just miss the cgldhary. The overall
hybrid policy activates the Align component policy rst, followed by the Tkgmwlicy of the same
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Figure 4.7: Simulation of a constrained dynamical system showing the résuibadd switching
policies. The initial velocity is to the upper right. The Align policy is activated, iwith saving
action preceding the transition to aligning action. The Track policy then takesamd drives the
system out the rst cell, and through the entire region by composing thédoo&rol policies.

meta-policy. In this example, the initial velocity is such that> , and the system must rst
activate the “saving” action of the align control policy; this reducesFigure 4.7-c differentiates
between the saving action;( ) and the aligning action { < ) during execution of the Align
policy. After the system switches to the rst Track component policy, thetesy exits the domain
of the rst meta-policy, and enters the domain of the Track component pilitye adjacent cell.
The induced trajectory converges to the goal as desired, while avoidingbitacles; the overall
hybrid control policy switches meta-policies as the system moves from cadlito ¢

4.2 Policy Space Planning and Control

The vector eld de nitions, coupled with the kinematic control law and Savég@ and Track
policies for second-order systems, form a palette of generic policiespdlicties are instantiated in
the system workspace by specifying a convex polytope, and the aeggsdicy parameterss ,
s, , ,andgg, as needed. This section presents examples and techniques for instaptiities
in the system state space for both the kinematic and dynamical systems de Sedtion 4.1.2.
The examples demonstrate a variety of approaches to planning and clastigrt using the generic
policies de ned above in a hybrid control framework.

4.2.1 Basic Scenarios

For the basic scenarios, we assume a bounded workspace with pdlyistacles, and that a
disjoint, nite convex decomposition of the free workspace is given. Tdlkection of polygons
covers the free workspace. An undirected adjacency graph, whagdes the relationship between
cells, is given.

A simple planning approach is to de ne a sequence of cells that must beatedj@s described
in Section 3.5.1. The policies are speci ed as needed. Given the adjagemgh, deploying a
hybrid policy is as simple as planning a walk through the adjacency graplkedghatcts the cells
containing the start and goal points. First, a convergent policy is deployer the cell containing
the goal. Then, neighboring cells in the walk de ne ow-through policieststhat the outlet zones
coincide with the common boundary of neighboring cells; this is speci eddasehe adjacency
relationship between neighboring cells along the adjacency graph watk.cidice of exit faces
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turns the undirected adjacency graph into a directed prepares grdph kthalt during planning.
The policy parameters are speci ed as needed to enforce the velocigcaeteration bounds and
prepares relationships.

Figure 4.8 shows an example simulation of this technique for a kinematic systény. $¥dtch-
ing is based on domain inclusion tests for the sequence of policies. Thisaabpresults in a
complete navigation method for kinematic systems provided the available cellsibefeee space,
but only uses some cells in the sequence; as with all sequence-basedchgs, this approach is
less robust than order-based approaches.

In order to provide a global feedback policy that does not requirkanepng, all cells in the
disjoint covering should be used for the total order-based hybrid @opdiicy described in Sec-
tion 3.5.2. Since the cells cover the free space, the hybrid control polioniplete for kinematic
systems; the resulting global hybrid control policy brings any state within ¢ineath of the local
policies to the overall goal. Figure 4.4 shows an example of this technigsed¢ond-order systems
with unbounded acceleration. The policy parameters for each cell aseclio enforce the prepares
relationship. This method is complete for any initial condition in the domain of otfeegbolicies.

Figure 4.8: Simulation of a kinematic system. The dark line shows the path ta&edaretjion
denotes the boundary of the free space, and dotted lines show the aesttbomgnto convex poly-
gons.

¢ 2007 David C. Conner 49



4.2.2 Reactive Automaton Based Planning

The work in this thesis enabled Kress-Gagifal. [68] to generate reactive automata with policies
de ned over convex polytopes for fully actuated systems. They useittegriatic policies de ned
in Section 4.1 as the foundation for hybrid control synthesis technique.loirlevel continuous
behavior is governed by the continuous execution of the local feedimatkol policies; the high-
level behavior is governed by the discrete transitions in the nite automatois.approach allows
the system to change behaviors based on information gathered at run time.

The low-level policies are de ned based on a disjoint decomposition of ldreap workspace
into convex polygons. For each cell, a set of control policies is de nusth shat the system can exit
the cell and enter any of the neighboring cell. The undirected adjaceaph @ssociated with the
decomposition is converted into a directed prepares graph, which enathad the transitions the
system can make between cells.

The automaton synthesis algorithm takes as input the possible transitiongérncdde pre-
pares graph, the allowable discrete inputs sensed by the robot, anddvedpeeci cation given in
LTL. The automata synthesis extracts an automaton that speci es the polichsg based on the
discrete sensor inputs; this allows the user to specify behaviors at deviglhwith the low-level
motion induced by the policy composition governed by the automaton.

Figure 4.9 shows an example scenario where a robot is tasked with pateoliimgery listening
for crying babies. When crying is detected, a discrete sensor signasitin@maton, and the hybrid
control policy induces the robot to search for an adult to alert. This simnla@&monstrates the
how the local feedback control policies can be combined with automatonesysittools to gener-
ate reactive hybrid control policies. During execution, the automatoniti@rsare governed by
changes to discrete inputs based on sensor measurements and the gerttiasitions between
policy domains. The hybrid control policy induces continuous behavibichvchanges based on
the sensed inputs, that satis es the high-level speci cation. The cont®jiethesis is enabled by
the composable policies and discrete transition relationship encoded byetiags graph.
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Figure 4.9: Nursery simulation using automaton that encodes “checkyfimgdpabies in cells 2
and 4, when crying detected, search for and alert adult in cells 6, 8.’ dcow-level behavior
governed by kinematic policies described in Section 4.1. Simulation and qnesourtesy of
Hadas Kress-Gazit and George J. Pappas, GRASP Lab, UnivefrBignasylvania.
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4.2.3 Global Policy Design: The “Dynamical P” Problem

As a demonstration of the power and exibility of the hybrid control appto&mr second order
systems, this section presents what we term the “dynamical P” problem. eFHgl® shows a
collection of cells that cover a workspace, which is not simply connected. gbal is designated
in the lower portion of the loop inside region "a’; a decision about which teayavel around the
loop to get to the goal must be made. For kinematic systems, this choice is typicalé/bmaed
on path length from the initial con guration to the goal. For constrained dyoal systems, the
choice must take into consideration the initial velocity of the system. The hybntia approach
taken in this thesis allows the decision to be made at execution time based on whighimp a
predetermined deployment contains the current state.

This section describes a simulation that assumes an idealized dynamicalecobot; with
q;u2 R?, subject to both velocity and acceleration constraints in the form of (4®j4f0). The

»

L@

d)

= e

—
N

.

9) h) )

Figure 4.10: Con guration space cells used to de ne local control pditee “dynamical P” sim-
ulation.
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policy deployment,
UO_ . . . . . . . . .
- Gas Fbl Feo Fd’ Fes Ff ’ Fga Sh ’ Si ’

is generated by hand. The rst subscript refers to the "Goal', "Flamd “Save' hybrid policies
de ned in Section 4.1.2; the second subscript corresponds to the aaatign-cells shown in Fig-
ure 4.10. The policies are executed according to the ordereddistith g, being the highest
priority. At each time step, the list is searched from highest to lowest prionty a domain that
contains the initial state is found as described in Section 3.5.2. This example alevdemon-
stration of switching behavior in simulation, while remaining simple enough to préseletail;
additional deployments and con guration-cells are possible.

The deployment uses one Goal policyd,) and six Flow policies (r,; F.; Fqi Fer Fis
and f,) to provide a disjoint cover of the free con guration space. The FloVicms are con g-
ured to prepare the adjacent policy of higher priority. The "Goal' afmiwFpolicies use "Align' and
“Track' component policies; therefore, there are actually fourteehdoiaponent policies deployed
for this group. Together, these policies induce a piecewise potentiai-baseation function for
any state within the domains of the Goal or Flow policies.

To capture faster initial velocities, the two Save policies are deployed in tipe ¢arridor. The
Save policy s, , whose cell is shown in Figgre 4.10, covers the corridor from the bottahettop
of the obstacle forming the “P”; thus,s, f G.; Fy, FcO. Any state savable by this policy
prepares the Flow or Goal policies in a way that causes the system to entewtr half of the
loop from the Iefg The second Save policys,, encompasses the entire large corridor on the left
side; thus, s Gas For Fer Fy - Anything savable by s; that comes to resting, will
enter the lower loop from the right by traveling above the obstacle.

Figure 4.11 shows three initial conditions that demonstrate the change widrediga response
to changes in the initial conditions. The rst case, which starts slowly sttaighactivates ¢, and

Ga- The second case, which starts to the right, activatgs r,, and g,, in that order. The
nal case, which starts to the left with a high initial velocity, activates, r,, F» Fer  Fas
and g,, in that order. The switching is automatic based on the state being within the dofmain
the highest priority control policy as speci ed by the deployment.
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Figure 4.11: Deployment of local policies induces a change in the route taken three different
initial conditions. The spacing of the dots and circles corresponds toeitféntervals of elapsed
time.

4.2.4 Automated Policy Instantiation and Deployment

This subsection explores an approach to automating the policy deploymesgdond-order sys-
tems. In the above examples, the policy parameters are speci ed by hantbtoesthe required
prepares relationship among policies. In this section, the selection of cdllspanai cation of pol-
icy parameter values is automated. The simulations of the resulting deployrogittepadditional
demonstrations of the exibility of planning in the space of control policies.

We assume a cell decomposition that contains a rich collection of polygonge-daes and
small ones, disjoint and overlapping — is given. Overlapping cells allow¢hersl-order policy
domains to cover a large fraction of the free state space. The collectiefiofarms the foundation
of the automated instantiation process, which automatically chooses a celfearnllection, and
then speci es the policy parameters.

In this case, automatic instantiation means specifying the goal set, that is \abethdnd free
parameters K, ,s, ,and - over achosen cell. The policy ordering is determining during
instantiation to guarantee the global behavior. This demonstration focasksilding a hybrid
global control policy that addresses a single navigation task using a td& of policies de ned
over convex polygons.

Several choices are made to simplify the deployment strategy. First, polieiésstantiated
one at a time. Second, the automated deployment algorithm only uses eaconallthat is,
only one facet is chosen as an exit for ow-through policies. Third, dlgorithm does not test
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that a given policy increases the size of the domain of the hybrid policyedelny previously
deployed policies. Therefore, it is possible that existing policies dwmyinate[88] the current
policy, meaning that the previously instantiated policy domains may completelyicdinéapolicy
domain being considered. Although retaining dominated policies leads to pdlicieare never
invoked, the overall correctness of the hybrid policy remains since theeigriority policy is
always used. As a simpler version, a cell is discarded if the cell is completeliained within
another cell.

To reduce the computational expense, the extended prepares testdé aoaducted. Recall,
that the extended prepares tests is based on a policy goal set beingedirighe union of several
policy domains Instead, the automated approach uses the simpler pregaties hetween two
policies. One exception is that Save policies are deployed over largesagficon guration space
in order to capture extreme initial velocities and enlarge the fraction of fage space in the overall
domain. The decomposition used to deploy ow policies covers all of thedoeeguration space;
therefore, the Save policy trivially prepares the other policies since takestmte is at rest. With
these caveats, Algorithm 1 addresses the automated deployment probldgra épeci c policies
developed in this section in a way that integrates the planning and policy sp&on stages.

The algorithm begins by choosing a cell from the collection of convex paoigibeells to serve as
the goal cell (line 2). The cellis chosen according to some heuristic frosetbells that contain the
designated goal. For this demonstration, the heuristic is calculated by triingwdach polygon
by including the goal point as a vertex. The polygon with the largest ratminofmum triangle
area Anmin) and maximum triangle ared (ax) weighted by the total polygon areag) is chosen;
thatish = Ap Amn_ This results in choosing a relatively large polygon, while avoiding elongate
ones; see Flgure 4.12. The Goal policy parameters are de ned to datsfystem constraints. The
deployment (line 4) and list of unprepared policies (line 5) are initialized twdeconly the Goal
policy. The goal cell is used, so it is removed from the list of available clfis 6); that is, it is
taken out of the collection of convex polygonal cells available for instantiatio

Figure 4.12: The heuristic for evaluating goal polygons weights the polggea by the area ratio of
smallest and largest triangles in a triangulation that includes the goal poithislcase, the policy
on the left is preferred.
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Algorithm 1: Automated Deployment for Fully Actuated Systems

that covers the free con guration space, and a goal con guradgjon
Output: Ordered collection of instantiated control policies
W= 10 oy
(1) Letk°=fP;2Kj gy 2Pig
(2) ChosePy 2 K %according to a heuristic
3) Parameterize the goal policys = f T; A based orPg, gy, and con-
straints
(4)  SetU’= f g (the deployment)
(5) SetV = f g (list of unprepared policies)
(6) SetK = KnPgy (don't reuse cells for simplicity)
@) while V 6 ;

(8) Choose ( 2 V based on a heuristic (e.g., highest priority or minimum
distance tay)

9) LetV = Vn ( (remove policy from list of unprepared)

(10) LetP¢ be the cell associated with;

(12) Letk®= P; 2 K| there is a face ofP; contained in P¢; the closure of P

(12) LetK = KnK(don't reuse cells for simplicity)

(13) 8P; 2 K 9set parameter values for = f 7; A0; such that ; c

(14) LetVO= f ; jPi 2 K%nd | cg

(15) OrdervV®based on some heuris{ffor example average cost to execute
or distance tagg)

(16) U= fU % VY, i.e. add ordered°to the end ofJ°
a7 V = fV; VY (update list of unprepared policies)
(18) endwhile

(19)

(20) Deploy "Save' policies over any unused cells
(21) whileKE& ;

(22) Choose largef?; 2 K

(23) LetK = KnP;j

(24) Deploy Save policy s); based orP;

(25) U= fU%( s)g
(26) endwhile

The bulk of the algorithm deploys policies to prepare previously deploydidigs, building
a total order list in the process. The algorithm is greedy in the sense trsdstaells as soon as
an facet is completely contained in the domain of the previously deployed ®litis possible
that delaying the use of a particular cell would allow a larger domain. Theapes test uses the
more restrictive test that a cell facet be completely contained in the cellrela$uhe policy it is
preparing (line 11). The deployment occurs in “layers” as each deglpglicy is evaluated to see
what unused cells can prepare the deployed policy. Each layer isedrflare 15) before the new
policies are added to the deployment (lines 16 and 17). An alternativensciveuld be to swap
lines 15 and 17, only add. to U%in line 16 (instead o¥9, and reordeV¥ instead of jusi/in the
new line 17.

The nal while loop in Algorithm 1 is used to deploy individual Save policies to capture larger
regions of the free state space for these second-order systems thassitdgowith the cells that
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prepare other cells. Implicit in this coding is the assumption that the cells atsbwaidh previously
deployed Track policies cover the free con guration space.

To fully demonstrate automated deployment, Algorithm 1 is implemented in simulation. The

simulation is applied to the environment shown in Figure 4.13. A convex decsitigrowith 603
cells is given. The large number of cells includes overlapping cells and muligtgrd cover-
ings of the free con guration space. Given speci cation of an arbjtrgoal point, the algorithm
automatically selects the individual cells and calculates the required parardateérg policy de-
ployment.

The simulation results of the global switched control policy are shown in Eigut3. Four
different initial conditions, starting from two separate con gurationg simulated. The simula-
tion demonstrates the policy-induced decision making that is inherent in the polnposition
approach.

This chapter developed a policy design approach for fully actuatednsystgth input con-
straints. We design policies for both ow-through and convergent goeés convex polytopes;
both kinematic and second-order systems are considered. These psditség the composability
requirements, enabling the policies to be deployed in our hybrid contiolefreork. These com-
posable policies enable a variety of discrete planning techniques; this deatesghe exibility
of the policy composition approach. The examples range from simple segtbased planning, to
automatic synthesis of reactive automata based on high-level behayiecakation. The compo-
sition of the local policies induces different behaviors based on the iniiadibons and the speci ¢
policy domains, without requiring re-planning. The drawback to theseypadésigns is that because
the systems are idealized, the results are not directly transferable to nmsteagmed systems.

Figure 4.13: Automated deployment simulation for four separate initial condition
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Chapter 5

Application to Single-bodied Wheeled Mobile Robots

This chapter extends our approach to integrating planning and contingte-9odied wheeled mo-
bile robots. While the results from Chapter 4 show the promise of our hybritt@ approach, the
numerous constraints found in real mobile robots render the techniguislyoactuated systems
inapplicable. This chapter presents the design of composable policieppigntta single-bodied
wheeled mobile robots while satisfying the composability requirements of ChapfEnis opens
up the many symbolic reasoning techniques described in earlier chaptersdaaalistic systems
with multiple interacting constraints.

This chapter begins with a discussion of some of the system constraintseamddeling frame-
work used to address them. Our basic policy design approach is pregerie chapter's second
section. The third section presents two speci ¢ policy designs that followake& approach and ad-
dress the constraints for three wheeled mobile robot models. The clsdptath section discusses
techniques that are used to verify that the policy designs satisfy the cabifiysequirements. The
chapter's fth section discusses approaches to instantiating the germdigep, including a semi-
automated approach. The sixth section discusses techniques fortgengra prepares graph. The
chapter concludes with a discussion of an approach to quantifying thveetampleteness of the
collection of policies.

5.1 System Constraints and Modeling Framework

Mobile robots introduce many complications that are not addressed bylibegtor fully actuated
idealized systems. This chapter focuses on policy designs that addessstithese complications:
body size/shape, nonholonomic constraints induced by wheels, andcmpatraints. This section
discusses the implications of these constraints, and provides an oveftf@naoodeling framework
used in our control design. Appendix A provides a detailed overviewefrdmmework, including
formal de nitions and derivations for the speci ¢ systems used in the thisishe

5.1.1 Pose Space Constraints

The robot is a single convex body that moves in the planar workspaeelo¢ation of every point

in the robot can be expressed relative to a single reference frameedttacthe robot body. The
robotpose is locally represented by= ( x;y; ), which speci es the positiorx{ y) and orientation

( 2( ; ] ofthisbody- xed frame relative to the global xed reference frame ia thorkspace;
see Figure 5.1. The pose spdg&es the space of all possible poses. In differential mechanics terms,
the pose evolves on tH&E (2) manifold; see Appendix A for detalils.



wo

Figure 5.1: The robgposeis the position and orientation of the robot body, den@ed( x;y; ),
relative to a global workspace frantWé#g. The con guration of the robot isq = fg;rg wherer
represents internal variables specifying such things as steering anglegeel rotations.

The obstacles in the environment constrain the set of admissible rob@t. fesea pose to be
collision free, the body must not intersect any obstacles in the environiretri®. (g) W denote
the workspace area occupied by the robot at posStated formallyrthe requirement that the robot
not intersect any obstacles at a given a pose is, for all obst&(g3, O; = ;. The set of collision
free poses, dfree pose spacés denotedZee, Where

( \ )
Gree= 092G jR(9) O =, G:

The free pose space is the region that the robot must navigate througgictoits goal; that is, the
control policy must induce pose velocities that keep the system within th@ése space during
travel.

5.1.2 Nonholonomic Constraints

The robot is driven by wheels in contact with the ground; thus, the systesubject to nonholo-
nomic constraints induced by rolling without slipping or sliding sideways|1, &2 94]. For
example, the systems in this thesis cannot move instantaneously sideways teldktie forward
facing pose. Many systems are also subject to steering bounds thaergguoslation in order to
rotate. These constraints limit the pose velocities to a sub-manifold of the &dl famgent space.
The control policy design must induce pose velocities that respect tHeolwmmomic constraints,
otherwise the control is not realizable on a given system.

To fully specify the position and motion of the robot, the drive wheel systenst beuspeci ed
with variables in addition to the pose. These variables, denoted laye termedshapé vari-
ables [96]. Examples of shape variables include drive wheel rotatiglesiand steering wheel
positions for Ackermann steered cars. Therefore, the robot coatmgn is fully specied by
g = fg;rg; thatis, the robot pose plus any necessary shape variablbgnote the shape space as
R. The shape variables do not directly impact the robot pose, and dans¢ intersection with the
workspace obstacles. Thus, the robot free con guration spa@geds = Gree R -

!Note, thatR (g) = R (), whereR (g) was de ned in Chapter 3. Only the pose portion of con guration impacts the
setR.

2In differential mechanicsshapevariables are also callebasevariables and th@osevariables are termeder
variables; see Appendix A for details.
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This thesis is concerned with so callpdrely kinematic systemshere there are suf cient
independent nonholonomic constraints to constrain the equations of motionrgb ader, or
purely-kinematic, relationship between shape velocities and pose velotiti@$hpt is, there exists
amappingA (g) : TrR!' T 4G derived from the nonholonomic constraints such that A (q) r.

For purely kinematic systems, the control of pose velocities is induced viehdpesvariable
velocities through the mappirfy (q). This thesis focuses on systems that directly control the shape
velocities, thatis = uforu 2 U a bounded input set; therefore, the pose velocitieg aréA (q) u.

The mappindA (g) is nonlinear, which renders the control problem of choosing inputs tergés
a given pose velocity also nonlinear.

Example: Differential-drive robot

As an example, consider the case of a standard differential drive sbloavn in Figure 5.2. The
robot body pose ig = ( X;y; ). The robot is driven by two wheels in contact with the ground; de-
note the rotation of each wheel about its axle asf | ; rgfor left and right wheels respectively.
The vehicle is prevented from sliding sideways relative to its instantaneaukngg and each drive
wheel is assumed to roll without slipping. These three independent lamdmic constraints are

represented as 2 3
sin cos O 0 0
4cos  sin c R 05 g=o0;
cos sin C 0 R

4
.

Figure 5.2: Differential drive robot with two drive whedis | ; rg as shape variables and body
pose given by = (Xx;y; ). The full con gurationisq=(X;y; ; L; R)-
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whereg= x v — 4+ =R T, R is the drive wheel radius, argt is the vehicletrack®. The
derived mapping between shape velocitres, +; =R T, and pose velocitiegt= A(Q)r, is

R R
5cos 3 cos

A(@=45sin  Zsin 5 (5.1)
R R
2c 2

5.1.3 Input Bounds

The shape variables and their derivatives, that is the shape velocitigdyertzounded based on
safety or mechanical limitations. For example, the electric motors commonly useigl¢artbbile
robots have a top speed based on the motor characteristics and availtdgie vBpeed limits may
also be imposed to provide safe operation in given environment. Thesd kmits may be direct
limits to the shape velocities, or limits on the pose velocities, which are in turn mapEdpe
velocity limits. In either case, the limits are ultimately applied to the control inputs. &Shelpcity
bounds map directly to input bounds for systems with u.

Other limits may be imposed on the shape positions; for example, steering vaisdal s may
be mechanically limited. These constraints limit the shape space directly, artbtiecthe set of
admissible shape velocities along the shape space boundary. That isapieevelocities must not
be outward pointing along the shape space boundary. Together, thresteaints act to limit the
allowable inputs available to the system at a given con guration.

The constraints interact to complicate the control problem. Since the indusedvelocities
must keep the system in the free pose space, the pose velocities arainedsatong the free pose
space boundaries. These constrained pose velocities constrain tifeafietvable shape veloci-
ties via the mappind\ (q); for kinematic systems, these constrain the set of admissible inputs. In
de ning the mapped pose velocity constraints, the policy must consider lusth yelocities and
“important” shape variables that modify(g). For some system models, such as the differential-
drive system highlighted abovaA,(q) only depends on the pose; other systems, such as automobiles,
haveA (g) mappings that depend on both pose and shape variables. In thesedatempuse veloc-
ity constraints may induce constraints on the shape variables, which in turinavite constraints
on the shape velocities. That is, the shape velocities will be limited to those thaitdead to
violations of the shape variables. Input bounds limit the set of achieveldeities, determined by

the mappindA (g).

5.2 Basic Design Approach

In the context of this framework, navigation refers to motion in the free gpaee, while control
is effected in the shape space. The mappin(@), which is derived from the nonholonomic con-
straints, connects the navigation and control problems. This sectiompsesbasic policy design
approach that makes use of th€q) mapping to build policies that satisfy the composability re-
quirements set forth in Chapter 3. The policies specify inputs from thedmalimput set that induce

3In mobile robotics, the distance between drive wheels is sometimesaetferas thevheelbaseln automotive terms
thetrackis the distance between drive wheels andviheelbasés the distance between the front and back wheels [16].
This thesis considers multiple robot models, including automobiles; therefe standard industrial terms are used.
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a pose velocitieg = A (g) u such that the system avoids obstacles and reaches a designated local
goal.

Our approach de nes the policies over collision free regions of poseespWe rede ne the
termcell to specify a region of free pose space that is used to de ne a local pdiivy cells are
designed such that under the in uence of an associated control ptieysystem is induced to
move from any pose in the cell to a relatively smaller subset of the cell dasigias the goal set.
In this way, the cell de nes a “funnel” that takes a relatively large redma relatively small goal
set. Figure 5.3 shows a conceptual example of a cell. The policy desighespghape velocities
that induce the desired convergence to a designated goal set withirllthesabe basic navigation
problem addressed in this thesis is completely speci ed in terms of motion in th@&se space,
speci c trajectories in the shape space are not a primary concerrigdprbthey satisfy the necessary
constraints.

The cells, denoted G jee, are restricted to compact, connected, full dimensional subsets of
R 3 without holes. That is, the cells are de ned in the loEat chart of the pose space. The cell
goal set is a subset of the closure of the cell; for ow-through policiesgbal set is on the cell
boundary. We assume the cell boundary is composed of parameteritacespatches de ned by
differentiable functions, such that an outward pointing normal is well dd almost everywhere.
The surface patches de ne a continuous cover of the cell boundargefer to this boundary surface
as a piece-wise parameterized surface.

In de ning the local cells, there are several competing objectives. Rirstdesire cells with
simple representations that are easy to parameterize. Additionally, we delsrthat have simple
tests for inclusion so that the system can determine when an associatedpajidye safely used.
On the other hand, for a given policy goal set, we want the cell to capsineuch of the free pose
space as possible given the system constraints. That is, we want thegptdide “expressive.”
Given the system constraints, there is a trade-off between the size afahsej and the size of the
cell. Larger goal sets tend to allow larger cells; however, the goal setscshe small enough to be
contained in another cell. This interplay between the goal sets and cells &f treebasic design
challenges of de ning composable policies. The cells should also admibfegmlicy designs

.

NS

Figure 5.3: A schematic representation of a cell de ned in the three dimeaidiody pose space.
In this case, the goal set is the two-dimensional set of points at the smaif émeicell.
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over the entire pose space region. This thesis looks at a set of relatiughe cell designs, and
demonstrates what can be accomplished with them.

The local policy is de ned over the cell; that is, the cell de nes the possemomain of the
local policy. Thus, the composability properties that hold for the policy domaist also hold
for the cell. That is, the cell must be contained in the free pose spacenasidoe conditionally
invariant under the in uence of a local policy that brings any pose in tikta its goal set in nite
time. Furthermore, the cell should admit a simple inclusion test. These requikearethe policy
domains provide limits on the freedom to de ne cells that result in valid policies.

Recall from Chapter 3 that the velocities on the domain boundary must peiatdrto induce
conditional invariance, except at the goal set for ow-through podiciehus, for all poseg in the
cell boundary, there must exist an achievable pose velgcitych thain (g)T g < 0, wheren (Q)
is the outward pointing normal. Using the mappiadq), whereq = fg;rg, this pose velocity
constraint is mapped to a half space constraint on the shape velocitieis tak (g) r < 0. If
there does not exist such a validn the bounded shape tangent space, then the cell is not valid.
For kinematic systems, where= u with u 2 U a bounded space," A (g)u < 0 provides an
additional input constraint along the cell boundary.

Arbitrary cell shapes are not allowed; a cell can only be valid, if thergt®a valid input that
keeps the velocity inward pointing on the cell boundary. Let n(g) A(qg) and! be the
negative half space it derned by! and the origin ofU; this is shown in Figure 5.4. Along the
cell boundary, any 2 ! U renders the cell conditionally invariant. Because!theonstraint is
a functign of both the pose along the boundary and the boundary normddptindary constraint
that! U 8 ; limits the size and shape of the pose space cell.

The constraints described previously provide absolute limits on the sizehape f a given
cell. Additional limitations will be imposed by the speci ¢ policy designs. Givereatipular cell,
the aim of control policy design is to specify a mapping from any pose in thécan input in the
bounded input space that induces the desired behavior. Thatisewa sgapping: ;!U such
that the induced ow enters the designated cell goal set in nite time while gatigfconditional

uz

Figure 5.4: The conditional invariance requirements foerinematic systernséncbnstraints on
the input set. The cell size and shape is limited such!that U 6 ; for! = n(g) A (q) for all
g in the cell boundary.
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invariance. De ning a valid policy requires verifying that the policy deskgring applied over a
particular cell satis es the composability requirements of Chapter 3. In etbats, a given policy
design may fail to take full advantage of the capabilities of the system atiegkfuimit the size and
shape of the cell.

For the fully actuated idealized policies described in Chapter 4, the policgrdess accom-
plished by de ning a reference vector eld over the cell such that thetareeld ow entered the
goal set. The mapping from con guration to input was based on theemdervector at a given
con guration. The vector eld serves to encode the desired behavier the entire cell. For non-
holonomic systems, the nonlinear relationship between inputs and pose vsloates it dif cult
to de ne a reference vector eld over a given pose space cell.

Our approach for purely kinematic systems is to de ne a set of input cinsirfor each pose
in the cell. By carefully de ning the constraints, any input chosen fromadbestrained input set
U induces a behavior that satis es the requirements of Chapter 3. We takeribaint de nition
approach for two reasons. First, de ning a continuous vector eld adits es the nonholonomic
constraints is dif cult due to the complex cell shapes and nonlinear contsralt is easier to
de ne a set of pose velocity constrainsjqg) provides a convenient mapping between pose velocity
constraints and input constraints. For example, consider the boundasyraiotsn™ A (g) u <
0. As the inputs are not subject to the differential constraints, the selectianvalid input is
generally easier than de ning the speci ¢ pose velocity. Second, nuaseronstrained optimization
techniques allow additional information to be incorporated into the choice ohtat input from
the valid set. For example, we can construct a cost function that penejzesinput changes but
rewardsl.moving fast and maximizing the distance from the de ned constrdimas, while any
u2! U is valid for a given constraint, constrained optimization allows us to select the “best”
input according to some cost function.

5.3 Generic Policy Designs

This section presents two generic policy design approaches that saésfgritposability require-
ments for purely kinematic systems. This section gives an overview of tle spesigns; the
following section discusses how the composability requirements are veri ed.

Both generic policy designs de ned below are ow-through style policiesndd over pose
space cells. As stated above, each celis a subset oR 23, which represents a local chart of the
pose space witlix;y; g-coordinate axes. We choose to de ne generic cells relative to a local
coordinate frame attached to the center of the cell's designated goal sgtaletenote the goal set
center in the world frame anik® y® % denote the coordinate axes of the local reference frame.
See Figure 5.5 for detalils.

Given a generic cell speci ed in the local coordinate frame, the cell ismtistizzd in the pose
space by specifying the location gfoa and the orientation of the local frame relative to the world
frame. We restrict the policy goal set to lie within a plane orthogonal to thédviiamexy -plane;
thus the local “axis is parallel to the world-axis. We restrict the positive®axis, which corre-
sponds to the goal set normal, to be aligned with the robot direction of taavke con guration
corresponding tgoal. Thus, the locak%axis is normal to the cell goal set, and outward pointing
with respect to the cell boundary; we refer to the orientation okfhaxis as theyoal set heading
Although these choices constrain the policy freedom, they make specifygrfgen parameter val-
ues more tractable by limiting the choices. Lgda 2 ( ; ] specify the orientation of the2axis,
and letggoal = fXgoal; Ygoal; goal * 92 R 3. For forward motion, the%axis is aligned with the
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a) Goal set projected onto plane b) Goal set plane.

Figure 5.5: De nition of goal set. a) projection onty-plane with some reference velocity vectors
shown, b) goal set plane demonstrating restriction imposed by continuigysiktsmaller arrows
denote valid velocities that cross the goal set. Points "aa' and “bb' awensim both gures for
reference.

robot heading, and = 0. For reverse motion, the®axis is opposite the robot heading, therefore

The required invariance properties for ow-through policies lead to sguigelines when de n-
ing a valid goal set. The goal set de ned as described above appsasline segment when
projected onto thay-plane. Consider Figure 5.5-a; the system crosses the goal set agedday
the smaller arrows. For a ow through policy, the orientation of the bodyaigtorector must be
within 5 of the goal set heading. For systems whose instantaneous forwaradiodity is along
the axis de ning the body orientation, the restriction i  goar 5+ ; goat 5+ . On
the goal set boundary, the instantaneous pose velocity cannot beetrsato the goal set boundary;
that is, any velocity component not orthogonal to the goal set must be gomitethe goal set.
For the systems considered in this thesis, the instantaneous pose velocihgith@dody heading,
which puts a restriction on the velocities at the endpoints, as shown in Figise S'he system
constraints and continuity restrictions will impose additional constraints ondaksgt; these are
conceptually represented by the arcs that bound the goal set in Figube $he exact shape de-
pends on the speci ¢ policy design. In general, the goal set is “tiltedtiveléo thexy-plane.

The remainder of this subsection describes the de nition of the pose splseelative to the
local cell frame. That is, a parameterizationpof fx%y® % is given. Given the goal set center
Ogoal, @ny pointp represented in the local generic cell frame can be mapped to agdifi by

2 3
C'OS goal sin goal O Xgoal
g(p) = 4sin goal  COS goal ®p+4 Ygoal S5 (5.2)
0 0 1 goal +

Although similar to a homogeneous transform, the non-standard transfomn{&t) is required
due to the placement of the cell withiR®. The cell is both positioned and rotated Qya; is
used to position the cell along theaxis, but does not affect the orientation of the cell.
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A key feature of these policies is that a valid policy may be relocated to a nalypgimt within
the free pose space without impacting the conditional invariance, nite timeezgance, or simple
inclusion test properties; the safety of the policy with respect to collision beugeri ed a the new
reference point. The proofs of these properties are based on sinhgldatians that are invariant
under rigid body transformation within the pose space. This means thatluese properties are
veri ed for a given set of policy parameters, the policy may be relocateckispecifying the goal
set center. As a policy cell is relocated, the requirement that the cell lie withifree pose space
must be veri ed. For the simple inclusion tests, special consideration mustkea as the cell
orientation dimension does not wrap around at and can be place at arbitragyos poses; for
these cells in this thesis, it is normally suf cient to tests inclusion based en( x;y; +2n )
wheren 2 f 1;0; 1g.

We now present a high level overview of two families of generic policiese palicies have
free parameters that govern the speci c size and shape of the polioieglid parameter values,
the policies are composable within our hybrid control framework.

5.3.1 "PF' Policy Design

The rst family of generic policies is based on workspace path segmehishwre used to de ne a
parameterized cell in pose space. The path segment is lifted to a curvesisgmuze by considering
the orientation of the path tangent as the desired system orientation, withahsegcenter at one
end of the pose space curve. A “tube'is de ned around the pose spawve to de ne the cell
boundary. Figure 5.6 shows an example of this cell.

The policy design is based on a variable structure control approachthdgwing, which
gives the policy its 'PF' name [4]. The PF policy de nes a “sliding” consalface within the cell
boundary tube. For a given robot model, the policy de nes a contratesjly that causes the system
to steer toward the sliding surface, then along the sliding surface towag®#e space curve and
the goal set center. For kinematic systems, the sliding surface de ndsdtyeonstraint at each
pose; the constraint is then mapped to a constraint on the input space,asienple optimization
is used to chose a valid input.

In addition to the goal set center, the policy free parameters include the ofithle tube, the
curvature of the workspace path, arc length of the path segment, apel shthe sliding surface.
Valid values of the free parameters, that is values that induce composdiaeidr, are limited by
the input constraints and speci ¢ robot system model. Thus, the comitipsedquirements must
be veri ed for a given set of parameter values

a) Workspace path with local frame de ned b) Cell boundary and “sijdzontrol surface.

Figure 5.6: Control policy based on path following control law given in [4]
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See Appendix D for details about the functions used to de ne the cell deoynand sliding
surface, derivations to show correctness, and techniques to vaatff?Fhpolicies satisfy the three
composability requirements.

5.3.2 "SQ'Policy Design

The second family of policies are de ned using level sets of super gughctions, which gives the
policy its "SQ' name. Two functions are used: the rst expands from thed get along the central
axis, and the second caps the cell. Figure 5.7 shows a schematic régtiesefigure 5.9-a shows
a 3D representation of a cell with speci ¢ parameter values. The cellsapeally funnel shaped.
Free parameters govern the size of the goal set ellipsoid, overall lengihdnd expansion along
the central axis de ned by the( ; ) function, where 2 [0; m]and 2 [ ; ]are parameters
that specify a given point on the cell boundary surface.

Given the basic cell de nition, we de ne two different control strategiesinducing conver-
gence to the goal. The rst is the variable structure control approastritbed in Section 5.3.1.
The second, which works for systems whéréq) does not depend on shape variables, is based on
a family of super quadric functions that de ne level sets as shown in Ei§8. The normah (g),
of the level set passing through thel-pgs'e used to de ne a constraiht(g) = n (g)T A(g) on the
input space. Using any 2 ! (Q) 17 U as the control action drives the system towards the inner
level sets, aﬁ;d then towards the goal. The size and shape of the cell is limitieel tonstraint that
n(g)' A(g) U S ; forall level sets.

See Appendix E for details about the policies, discussion of corre¢taedsechniques used to
verify the composability requirements.

Figure 5.7: Schematic of curves used to de ne super quadric based cell.
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Figure 5.8: Schematic of super quadric level sets used in control policy.

5.4 Policy Validation

For a policy to be valid, the speci ¢ policy design and speci ¢ parameteregthat de ne cell size
and shape must satisfy the composability requirements from Chapter 3sTimat cell that de nes
the policy domain in pose space must be contained in the free pose spaqgeolitly domain must
be conditionally invariant under the in uence of a local policy that bringg pose in the cell to
its goal set in nite time; that is, the induced pose velocities cannot causeyiens to exit the
cell except via the goal set, and the shape variable velocities canrs# i@ system to exceed
the shape variable constraints. Furthermore, the policy domain should aaplié $nclusion tests;
this requires that the cell has simple inclusion tests with respect to a local Jd¢ee methods
used to validate the policy/cell combination necessarily vary with the speciicypdesign, cell
de nition, and the system model under consideration. This section preddeverview of some
of the approaches used to validate speci ¢ policy instances.

First, the cell must be completely contained in the free pose space so thallisi®n free. One
can imagine constructing the free pose space boundary given the disha@pe of the robot body
and known work space obstacles, and then checking for intersectimedre the free pose space
boundary and the poses within a given cell. We avoid this complexity by ingatigproblem, and
verifying that the cells are completely contained in the free pose spacd bakeon workspace
measurements; that is, the free pose space is never explicitly de nedR (Lg) denote the union
of points @ workspace occupied by the robot body for all poses withiivengcell ;; that is
R( )= 02 R (g). In other wordsR ( i) is the swept volume oR (g) over allg 2 ;. If
R ( ;) does not intersect any obstacles, then the cell is free of collision; thheisgll is contained
in the free pose spac® ( i) can be determined by expanding the cell boundary to account for the
body shape, and mapping the expanded surface to the workspadspeedix C for details and
a proof or correctness. Figure 5.9 shows an example cell, its expaiwsiarpérticular robot body
size and shape, and its mapping into the workspace. The size and stipeel is limited by the
obstacles in the environment.

This thesis develops a tractable approach to expanding the cell and testicalision given
a mesh representation of the cell boundary surface. The approastansnalytic mapping from
a cell boundary point to the corresponding point on the expanded mefidary, and a mixture of
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Figure 5.9: Testing that cell is contained in the free pose space. a) cakplnded cell that
accounts for body shape, ¢) projection into workspade @s;). The projection of the cell boundary
is shown as the darker inner surface.

exact tests and approximate tests to ensure the safety of a given celltviigiog overly conserva-
tive. First, the cell surface is represented with a surface mesh. Seeacid vertex in the mesh is
expanded using the point-by-point analytic mapping. This results in a méisé expanded cell sur-
face, which is then projected to the workspace. For a triangular surfash, the projection results
in a collection of overlapping workspace triangles. If a workspace tléawgytex is contained in an
obstacle then collision occurs, and the cell is unsafe. This is an exadbdsst] on the point-wise
analytic mapping. If an obstacle vertex (assuming a polygonal workspaeside a workspace
triangle, then collision may occur, and we assume that the cell is not withingagtse space. If
all the workspace triangles and obstacle vertexes are collision freethiaerll may be free. If the

workspace obstacles are expanded by the maximum error of the exi@ibmesh approximation,
then the approach guarantees the safety of the cell. The point-by-pailytia mapping, proof of

correctness, and details about the approach to collision testing aretecseAppendix C.

A policy de ned over the free space cell is safe provided the cell is adsalitionally positive
invariant under the in uence of the policy. Conditional invariance reggithat velocities along the
cell boundary, excluding the goal set, are inward pointing. For a giaicy speci cation, this
property must be veri ed.

As an example, consider a kinematic differential-drive system suchgtat A (g) u. The
mappingA (q) does not depend on shape variables; so we will use the shorthand métédio=
A(q). Letu = ( .4y (g) denote the chosen input of a control policy de ned over a speci ¢ cell
with a speci c input setJ. Assume the cell boundary is de ned by a surface parameterized by
and . The conditional invariance requirement is that over the entire cell ynthat is for all
and ,

n@(; NTAQEG ) (e ) <o (53)
Foreachpoing(; )2 @; dene

LG )=n( )TAWQ@G ) (au@Go) s (5.4)

whereU is the bounded input set associated with this policy. The more negativeltieeofd , the
better the input respects the constraint given in (5.3). Although nonlitteafunctionL ( ; ) is
piecewise smooth and generally “well-behaved” for the mappirtg). For a valid cell, condition
(5.3) must hold over the entire boundary; therefdr¢,; ) < Oforall and . In other words,
at each point on the cell boundary, the system must be able to genereliecayvthat is inward
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pointing with respect to the cell boundary. In the worst case over theedsdiindary, a valid cell
satis es the constraint
maxL (; )< O: (5.5)

If condition (5.5) is satis ed for a given cell, under a given control pgliben the cell is condition-
ally invariant.

Figure 5.10 shows a typicél ( ; ) surface for the cell shown in Figure 5.9-a. This surface is
constructed by sampling tife; g parameter space, and calculating The ridges shown in the
gure are due to switching behavior in the minimization that occurs when thdoathdary normal
is parallel to thexy-plane; that is the component in thedirection is zero. As the component
of the boundary normal crosses zero, the valué afepends only on the instantaneous heading.
On either size of the horizontal normal, theeomponent changes sign; thus, the rate of turn that
minimizesL ips between positive and negative steering, which induces the ridgeshésn, this
policy results in a conditionally invariant domain.

While this example is for a speci ¢ control policy, similar approaches existtlie control
policies de ned in this thesis. Appendices D and E discuss the validatioroappes taken for
the speci ¢ policy designs and systems used in this thesis. The evaluaticticfusiare piecewise
continuous, which lends itself to sample based and numeric optimization tecbifidqualidation.
The sample based tests are exact on a point by point basis; therefararse sampling is used
for preliminary tests, and a ne resolution sampling used for nal validatidraaiven policy
speci cation.

5.5 Policy Instantiation

The generic policies must be instantiated in the free pose space befooathleg used in the hybrid
control framework. This involves specifying the free parameters aritywvey that the composabil-
ity requirements are satis ed. The policies must then be tested for the peepaationship with
other policies in order to construct the prepares graph used by thetdigdanning. In Chapter 4,
this process was automated given a decomposition of the free workspagmiyptopes; the fully
actuated idealized point systems makes this possible. In this chapter, théradar body shape
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Figure 5.10: Constraint surface for( ; ) from (5.4).
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means that a simple decomposition is not available, and the constrained dypageaicsie the use
of many simple cell shapes.

Our approach for nonholonomic systems is to de ne the policies over celleipdbe space.
The cells must be placed so that they are completely contained within the fseespace. The
placements must also guarantee that the policy domains are suf ciently intexcied via the pre-
pares relationship to address a given navigation problem.

The approach taken in this chapter is to de ne some policy domains rst, amadttempt to
Il the free pose space by incrementally adding policies that capture meeesipace and prepare
the existing policies. This section describes two approaches to addréssicballenge: a manual
approach and a semi-automated approach.

The most basic approach is to instantiate each policy individually by spegifitues for its
free parameters. Given a palette of generic policies, a speci ¢ gerdiay [is chosen. A reference
point, typically the goal set center, is then assigned. From there, thenptes that determine
the goal set size, and cell size and shape are speci ed. This appibased on trial and error.
Given a set of parameter values, the validity of the policy must be veri dus Thvolves testing
that the cell is contained in the free pose space and demonstrating thantligor@l invariance
constraints are satis ed on the cell boundary. Policy parameter valeehen modi ed on an as
needed basis. Using Matl®hcode developed for this thesis, the policy validation steps generally
took several minutes per policy and parameter set combination. Thus, thianmiarror based
manual approach can be time consuming.

By taking advantage of the invariance of the policies under rigid bodyfanation, we de-
velop a semi-automated approach to policy instantiation. This is possible keualtiple copies of
a policy can be instantiated once the conditional invariance and coneergesperties are satis ed;
only collision must be checked with each transformation.

First, using the manual approach described above, we instantiate a coll&gpialicies relative
to a common reference pose.

De nition: Cache of Policies: A collection of policies instantiated relative to a common reference
pose.

The policy cache should contain policies with a variety of domain sizes amshhat have been
validated for conditional invariance and nite time convergence. The paliaie de ned relative to
a common reference pose that is not necessarily the goal set certas Way, policies within the
cache can prepare one another. The policies within the cache are inethittithe free pose space
by rigidly transforming them relative to the reference pose placed ata ffige pose. Figure 5.11-a
shows a schematic example of a cache.

Policies from the cache are placed in the pose space relative to spefgremee points. The
goal set center of each policy is transformed based on the relativéanawagion between the cache
reference point and the pose space reference point. Collision testimgtbe expanded cell ap-
proach, which is automated, is used to discard cells that intersect anlebstae cache should
contain a variety of cell sizes to cover small regions when the referenueaisan obstacle, and
large regions when the reference point is away from an obstacle. eFiglit shows a schematic
representation of the instantiation process. Given a cache of valid pdiciea collection of ref-
erence poses, the instantiation within the free pose space is automateestitiag collection of
instantiated policies is the suite of policies, rst introduced in Chapter 3. titiad to policies
deployed from the cache, policies may be added to the suite manually.

By carefully de ning the policy domains in the cache, and deploying the paliciea regular
grid of pose space reference points, the policies can be made to systdynpte@are one another.
In this way, the instantiated policies are guaranteed to satisfy the prepkatsrship in predictable
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Figure 5.11: a) Cache of policies - a collection of policies instantiated relaizecommon ref-
erence pose. b) The cache of policies are instantiated a given refguese. Policy domains that
collide with obstacles are discarded, as shown by the thin light gray lineslicie® are instantiated
at three reference poses by copying and transforming the cachegotiy Suite of policies - the
collection of collision free policies instantiated in the pose space of the rabttisl nal example,
eight local reference poses are used.

manner. The reference pose grid spacing is chosen relative to the fimedmmains in the cache.
Finer reference pose grid spacings lead to better pose space @kecagise the cells can be placed
closer to obstacles without colliding; this results in more policies with signi caait averlap.
The overlapping cells can result in more options for the planning systenebheroviding more
exibility; however, the extra exibility comes with an increased computationatden both in the
instantiation phase as well as the planning phase.

5.6 Prepares Graph Generation

In order to do discrete planning with the suite of policies, our hybrid comgpproach requires the
prepares graph that encodes the discrete transitions between policindo@ien a policy suite,
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this section discusses approaches to de ning the prepares graphetiedcable. The approaches
can be automated, making them suitable for use with our semi-automated instaméelioigue.

For kinematic systems, the prepares test is based on verifying that thguration goal set
of one policy is contained in the domains of other policies. The policies deinehis thesis for
purely kinematic systems are de ned across the range of shape varabésythus, the prepares
test only needs to consider the pose variables. Stated differently, giogeyin a cell, the policy
is de ned for any value of the shape variables. This allows the prepesesor the policies in this
thesis to be evaluated by comparing the cell goal set of one policy with thieareidaries of other
policies. A policy prepares another policy if the cell goal set in poseesjgacompletely contained
in the other policy's cell; the extended prepares relationship holds forrtios wf cells.

The prepares tests for purely kinematic systems requires that everyrpihiaigoal set lie within
a cell or set of cells. As the cells are de ned to be compact connectéohsethat are isomorphic
to a ball, and the boundaries of the cells are piecewise smooth functionsathizecveri ed by
comparing the distances from goal set points to the boundary of other €hitssection describes
three sample based approaches, and then discusses their extensioa sxowoate numerical ap-
proaches. For the policies de ned in this thesis, the rst two approaucless reliable, so the third
approach, which is more thorough, was not implemented. This sectionigstisses the approach
for testing one cell goal against a single cell; the extension of the techigusets of cells is
discussed later.

Consider testing two cells to verify whethey prepares . All of the prepares tests begin by
verifying thatggoa|j lies within the domain of ;; this is a simple inclusion test thggo‘—,ﬂj 2 i,
where ; is the cell associated with policy;. If this single point test fails, then; cannot prepare

i. Next, we sample the goal set boundary based on the parameterization sgetti ¢ policy
under consideration. The piecewise smooth functions allow an errodioure determined, which
can be used to guide the sampling resolution and determine a safety threshibld $econd and
third test procedures.

Given the sampling of goal set boundary points, we now discuss the ilhweedures used to
verify the prepares relationship between two policies. The rst testqatoe simply veri es that all
the sample points on the boundary gfs goal set are included in;. For the relatively simple cell
shapes considered in this thesis, this test proved reliable for reascaafybde counts. The second
prepares test casts each boundary phigtinto a local frame of ; along the central axis. An
example of this test is shown in Figure 5.12. Given the local coordinategy ofhe corresponding
point on@ ; is found. Provided the distance from the central axisgois less than the distance
from the central axis to the corresponding poini@n, the point g, is in the cell ;. The bene t of
this second test is that it provides a distance from the goal set bouteddug cell boundary, which
can allow the approach to de ne a safety margin. This second test canuoserical techniques to
nd the minimum distance from goal set boundary to the other cell bounddris approach does
not guard against an oddly shaped cell whose boundary bends ig thataremoves a portion of
the goal set, without intersecting the goal set boundary; while unlikelystiistcoming motivates
the third approach.

The third procedure checks to see if each point along afrdyg , from the goal set center
Ogoal; O the sample boundary sample poig lies in the cell of ;, as shown in Figure 5.13.
Let!*x = & ig¢ be the distance form the goal set center to the goal set boundary poiat. T
approach determines the point of intersection of the ray atohg, with the boundary of ;; let
the distance of this point frorggoa|j be!*. In the case of multiple intersections, the minimum
distance is chosen. Sing@oah is contained in ;, the intersection will exist, so thaty is well
de ned. Ifi*, < "\ then every pointontheray isinj. If ming "y 1y > ,where > 0
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a) Schematic view of prepares test b) Prepares test in 3D c) Prepares testin 3D - close up

Figure 5.12: Prepares test for policy deployment. In the three-dimensgmas, the goal set of
j and the corresponding points on the surface joére traced in lighter colors.
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Figure 5.13: Schematic of the third prepares test, whgrés thek™ point on the goal set boundary
of policy j,*=/ g« Jgoal, » and "y = krk. The intersection of the ray alorgvith the boundary

of ; occurs a distancey from Jgoal; -

is the safety threshold, then i. This test depends on a tractable method of nd the boundary
intersection withr, which necessarily depends on the speci c cell designs. Given thesation
point, and piecewise smooth boundary surfaces, the test lends itself toicairpeocedures to nd

the minimum distance between the goal set boundary@nd The speci ¢ numerical details are
beyond the scope of this thesis.

If the goal set is not contained in a single policy, a restricted version aéxtended prepares
test (; f Q) is used to test for inclusion in a set of policy domains. The restriction, which
simpli es implementation, requires that each policy in the union contains the gbeésater. Then,
as long as each goal set boundary sample point passes a prepafes deteast one cell in the
union, we assume that; f g, wheref ;g denotes a set of policies. When two consecutive
sample points switch between policy domains that contain them, the sampling camée to
guarantee that no gaps are found.

These tests for inclusion can be automated so that the prepares grabé ganerated for a
given collection of cells. To limit the algorithm complexity, we chose to limit the nunadieells
considered in the union to three. The automated algorithm rst de nes afgmissible prepared
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policies for a particular policy ; as the set of policies containing the goal set center;offor this
subset of policies, the sampled boundary points are tested for inclusionpdicy that contains
all boundary points according to one the three test procedures isrpdepg the given policy.
Next, subsets of two policies that contain all boundary points are colletiads, the given policy
prepares the union of these policies. Finally, subsets where three pairiesn all goal points
are collected. By considering all policies in the suite in turn, the prepasgshgs automatically
generated. During this process a heuristic cost can be assigned tprepahes graph edge based
on some de ned cost metric.

The computation cost and accuracy are related to the number of samplegloigshe goal
boundary. During manual deployment, a coarse sampling is used to guidéitigparameter spec-
i cations®. For nal prepares graph generation, a ne sampling along the bayridaused. With
several hundred policies, the generation of the prepares graphhakesusing code developed in
Matlab™ . Suites of tens of thousands of policies sometimes took days to generatespaees:
graph; the time varied depending on the relative interconnectednessrettlieng prepares graph.
Thus, both the manual instantiation and prepares graph generatiosaepsebstantial time and
computational investments. This upfront cost is justi ed based on the plgnexibility demon-
strated in the next chapter.

5.7 Relative Completeness Quanti cation

As described above, this approach is not complete; that is, it does ardrgee that the free pose
space is covered. There is a trade-off between relative completemédbeanumber of policies
used for planning. Increasing the number of policies increases botlpti@ticomputational costs
and the cost of planning and replanning. A relatively small number of singleigs is unlikely
to provide good coverage of a complicated workspace. The questiorattsers, “how does one
guantify the relative completeness in order to evaluate one deploymerdarmtiier?” As a measure
of relative completeness, we de ne theverage fraction

De nition: Coverage Fraction: The fraction of free pose space covered by the suite of policies.

While the de nition is straight forward, calculating this in closed form is intratgausing current
techniques, if not impossible in general. In this section we demonstrateeiedfsample-based
method for estimating the coverage fraction, and discuss opportunitiesifay the coverage frac-
tion to guide policy instantiation.

The sample-based approach is based on Monte Carlo methods [91yifipdoeegular sampling
grid is de ned over thaR 2 representation of pose space. The sampling grid spacing is chosen base
the relative size of the features in the world and the robot. A randomly olszsaple point is taken
from the grid and the robot is tested for collision at that pose. In orderdw aver sampling one
region, we de ne points on a regular grid so that each sample can betrarcid only used once.
If the robot is free of collision at the sample pose, then that pose is in tasf@ce. The sampling
continues until a user-determined number of free pose samples is colld¢isdprocess gives a
sampling of the free pose space. From the collection of free pose sarapesller number is
randomly sampled and tested for inclusion in the domain of any cell in the suiteliofgs. The
coverage fraction is then estimated as

_ #included free poses
" total # sampled free posés

f

“During manual instantiation, the three-dimensional cells can also be visdatiprovide visual con rmation of the
prepares relationship and guide parameter selection.
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Figure 5.14: Plots showing the sampled points for a narrow range of di@rgashown by the
robot. The dots represent free poses; lighter green represems ipofuded in at least one policy
and darker red represents poses that are not captured by at meadbmain. The policies are
deployed on a regular 0.30 meter grid spacing in this example.

Figure 5.14 shows an example of the sampling by projecting the poses fonraands of orien-
tation into the workspace. Most of the missed poses appear along thedrpwidhe free pose
space.

For the results described in this subsection, a speci ¢ policy cache isysplon a regular
reference pose grid using the semi-automated approach describediomSes. The reference grid
points are placed at regular intervalgi)y) as shown in Figure 5.15. The experiments consider a
square grid in(xy) and astaggeredyrid. The grids are referred by their nominal spacingalong
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a) Nominal policy reference grigk;y) spacing b) Staggered policy reference gfixt y) spacing

Figure 5.15: Figures show the nominal and staggered reference gaithgp used for policy instan-
tiation. Thesdx;y) grid points are crossed with a regular spacing along ttienension to make a
three-dimensional reference grid in pose space.
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a single row or column. The regular workspace grids are crossed wéha@isntations to give a
regular reference pose grid. For the gures and tables below, théiori& 45' is used to denote
orientations of 3~ 5 2:0;4; 5% ; otherwise, the policy reference grids are placed at

5,0, 5, . During the semi-automated deployment, each policy from the cache is instdntiate
at a reference pose; the policy is added to the suite if and only if the polioflisian free.

Figure 5.16 shows examples of the coverage fraction estimates for two stipedicies de-
ployed in the environment shown in Figure 5.14. The samples are chasemfvariety of sampling
grid spacings. The coarsest uses a spacing of 0.1 metersxnahay dimensions, ané degrees
along the dimension; the nest sampling grid uses .001 meters anmtkgree. As Figure 5.16
shows, the coverage fraction estimate converges as the number of sampeses for a variety
of grid spacings. The gures show the mean estimates from ve diffesambplings taken from
the collection of free pose samples taken at a given sampling resolutionerfidrebars indicate
wide variance for fewer samples, but show negligible variance forl@a@®ple counts. Table 5.1
shows the standard deviations obtained for the sampling grid of 0.0025 raate& degree reso-
lution sampling for ten different suites. A reasonable estimate, with less ttepeynent standard
deviation over the coverage fraction range, is consistently obtainedbad@d samples.

Our expectations, which are con rmed by the experiments shown in Figlie & that increas-
ing the number of deployed policies tends to increase the coverage frabtitime experiment, a
speci ¢ cache of policies is de ned and then instantiated on regulareater grids de ned in the
environment. Figure 5.17 shows the results for eight grid spacings. fteaumber in the Fig-
ure 5.17 legend refers to the nominal reference grid spacifig; i); an "S' is used to denote the
staggered grid as shown in Figure 5.15-b. As the reference grid gpdeareases, more policies
are deployed and the coverage fraction increases as expected.

The increase in number of policies may be prohibitive in terms of computatiosabecause
many of the additional cells overlap others, without increasing the cogdragtion. This suggests
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Figure 5.16: Coverage fraction estimate converges as the number of saone goes up. The
plots show a variety of pose space sampling grid resolutions for each pefexence grid spac-
ing; the legend refers to thixy) = sampling grid spacings in meters and degrees respectively.
The graphs represent the mean of ve sample-based estimates; esarbashown. The results
converge to a reasonable estimate after 5,000 samples.
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Table 5.1: Coverage fraction and standard deviations for various pglidg and sample counts
using 0.0025 meter and 2 degree sampling resolution.

2@Sample Count
Deployment Reference Grid Cs 50 500 5000 | 50000
0.30 0.6054| 0.0627| 0.0313| 0.0064 | 0.0024
0.30 & 45 0.6359| 0.0466| 0.0322| 0.0075| 0.0021
0.30S 0.7354| 0.0650| 0.0217| 0.0033| 0.0027
0.30S & 45 0.7540| 0.0637| 0.0201| 0.0041| 0.0023
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Figure 5.17: Plot showing estimated coverage fraction for a number ofypglid spacings that
result in varying numbers of deployed policies.

using the coverage fraction to guide incremental deployment strategies thiegoolicy to be added
is chosen as one that captures the most un-included poses from the.sdimplgreedy strategy

preferentially chooses those policies that overlap the least. This appircaeases the computa-
tional burden up front in order to lower the computational burden at pigriime. By decreasing

the overlap and number of policies, this greedy approach may have thendd consequence of
reducing the exibility of the suite during discrete planning. This is a tradeladt must be eval-

uated by the system designer on a case by case basis depending omttiegpsgenarios under
consideration and the computational resources available.

These tests were conducted for a single cache of policies. To increasa/érage fractions, one
could also consider adjustments to the cache of policies. By including slighglgrland slightly
smaller policies, the policies can capture domains that are otherwise missediven policy grid.
By considering policy dominance, that is policies that completely contain the idero& other
policies in the cache, and only instantiating the policy that contains the lamgest dominate)
policy, the total number of instantiated policies can be reduced.
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The real test of the coverage fraction is relative to a speci ¢ navigatioblpm; that is, how
“global” is the hybrid control policy. Thus far, this discussion has fecusn evaluating the cov-
erage fraction for a given suite of policies. For a speci ¢ navigatiorblenm, some policies in the
suite may be discarded if they do not prepare other policies that reacbah€eldne coverage frac-
tion should be evaluated for tlikeploymentthat is the suite of policies and the switching strategy,
for the navigation problems being considered. Providing more policies, with mterconnections
in the prepares graph, increases the likelihood that a policy will be inclndbe deployment, at a
cost of increased computation up front and during planning.

5.8 Conclusion

This chapter provides an overview of our approach to extending padimposition techniques to
single-bodied wheeled mobile robots. After discussing the modeling frarkéappurely kine-
matic system, the chapter presents a policy design approach based argdeehs in the free pose
space, and feedback control policies over those cells. Two spedadindiés of generic policies
that follow this approach are introduced. The chapter discussed tesnigr validating speci ¢
instances of the generic policies, and verifying that the policies satisfyaimpasability require-
ments of Chapter 3. The cells have explicit boundaries in the pose spaich,allows the safety of
the policies to be guaranteed provided the cells are complete contained ir¢hmBe space, and
the associated control policy renders the cell conditionally invariant. fiapter introduces a novel
approach to verifying that the cell are collision free based purely okspace measurements, in
a way that does not require the construction of the free pose spaonddrias. The policies have
simple inclusion tests by design.

Approaches to policy instantiation and prepares graph generation atessésl. The chapter
introduces a semi-automated approach to policy instantiation based on a coltd@qgbiolicies in a
cache. The cache policies are speci ed manually, and validated fortmoral invariance and nite
time convergence. The semi-automated approach takes policies from teeazatplaces the cells
at speci c reference poses via a rigid body transformation. The invegigroperties of the policies
guarantee that the transformed policies retain the conditional invariadcaitmtime convergence
properties. The transformed policies are tested for collision using thendgdacell approach in-
troduced in this chapter; only collision free policies are retained in the palitg.sGiven the suite
policies, this chapter introduced three procedures for determining thanasrelationship among
policies in the suite. The policy instantiation and prepares graph generatiogsges incur an up-
front cost; the upfront cost is offset by the planning exibility of this migbcontrol approach, which
is demonstrated in the next chapter.

Finally, this chapter introduced a sample based method for evaluating theeeainpleteness
of the suite of of policies. The results demonstrate that the sample basedelpgonverges to a
reasonable estimate of the coverage fraction; that is, the portion of dseegpace covered by the
instantiated policies.

Given these policies and validation tools, it is feasible to deploy composaideepdor wheeled
mobile robots in a way that enables symbolic planning on these constrairethsyd he next chap-
ter explores various planning techniques in simulation and experiment bomobée robots using
policy suites de ned using these techniques.
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Chapter 6

Demonstrations of Coupled Planning and Control

This chapter demonstrates the coupled planning and control approadVv@sated in this thesis;
experiments and simulations of several different robot models validatepiireaches discussed
in Chapter 3. The experiments are designed to demonstrate the seqasededrder-based, and
automata-based planning approaches using the policies developed iteiChaghe approach is
applied to real systems that exhibit the imperfections and model uncertairggloforld applica-
tions, operating in con ned environments. The results demonstrate thabthposition of simple
policies allows more complex behaviors to emerge; unlike other behaviedtzgsproaches [19],
these emergent behaviors are guaranteed to induced the desire glbbaion. The experiments
also exhibit the robustness of feedback control to model uncertaintgishdbances. In spite of
the overall success, several issues arise during the testing. Wesdikess issues, how they im-
pact the relative strengths and weaknesses of the different appgand present our methods of
addressing the issues.

The chapter is divided into sections based on the planning methods used antbagtration.
First, order-based approaches to building a global policy are distublege the task is navigation
to an overall goal using an ordering of the instantiated policies. Experinusiitg both SQ and
PF policy types, and two different robot models are presented. Nextetieence-based approach
that uses model checking to satisfy temporal constraints is discussedquanse of policies is
generated such that the composition of the policies in sequence movesdhérobgh a series of
tasks. Simulations of one particular robot model are given, and the limitatioine sequence-based
approach on a real robot are discussed. Finally, we present exaogig automata synthesis to
build formally correct reactive hybrid control policies. Results from bretd robots and simulations
are given. The robots demonstrate navigation tasks that change badéterent sensed inputs;
that is, the robots react to changes in their environment.

6.1 Order-based Planning

The rst tests follow the conventional sequential composition approaalsing an ordering of the
suite of policies to address a single navigation and control task. Hereti¢nepd is to build a near
global control policy using the instantiated local policies. The basic task iavigate through an
environment without collision to a designated goal; the goal is chosen tespand to the goal
set of a policy in the suite. This section presents scenarios for two diffeo®ot/environment
combinations; several initial conditions are shown for each environment.

Each scenario is set up as follows. First, we assume the environment isrfaliyn. The control
policies are instantiated using the generic policies de ned in Chapter 5; M¥italole developed
for this thesis is used to test requirements for composable policies. The pdigeveri ed for



the particular robot model and input set; collision is tested based on thespamd® model. We
then determine the prepares graph using code that implements the ideaseatiscu€hapter 5.
Heuristic costs are assigned to each edge based on a cost functiod ielkie size and complexity
of the given policy transition. The deployments are veri ed in simulation pristing on the robot.
Afterwards, a list of policies with their assigned parameter values is writtertet @on guration
le; another con guration le de nes the control input bounds used fine particular robot. The
policies are then transferred to the robot for execution.

The robot control is governed by a softwapeecutivgorogram that coordinates the pose estima-
tion, policy switching, and motor control output. The executive, develdpethis thesis, is written
in C++. During execution, the control inputs speci ed by the local polioy sent to a low-level
motor controller. The policy control input is speci ed as a forward veloaitg rate of turn, which is
mapped to desired wheel velocities. A low-level motor controller attempts to medritle wheels
according to the velocity command by specifying voltages to the motor. As thisotds never
perfect, and is subject to delay, error, and second-order dynatiécactual robot is an imperfect
match to the kinematic model assumed in the policy design. Appendix F discuesasrticulars
and limitations of the particular robot models used in these experiments in more detail.

During the robot startup, the robot software executive rst readsstlie of policies from the
con guration le, along with the speci ed control input bounds apprizte for the given robot. The
goal, which is assigned according to the particular navigation task, is ggeas a particular policy.
The executive then uses D*-lite [81] to order the policies according togbigaed heuristic costs;
the entire prepares graph is ordered.

The output of this D*-lite implementation is a switching strategy, which we reptesigh a
nite automaton. Each node is assigned a cumulative cost to the goal amdesrpd action. The
automaton is tree-like; that is, there are no cycles. During the experimemmlibies are executed
using the nite automaton model to provide faster execution time due to fewersiocluests, as
discussed in Chapter 3. The ordering is also stored as a totally-orderefthicgles according to the
cumulative costs assigned to each node in the automaton. This list is foergedter perturbations.
After D*-lite is nished with the initial ordering, the robot executive seagstthe ordered list until
a node whose policy that contains the initial pose is found. If the seailshidadentify a valid
policy, that is an ordered node with nite cost, then execution terminates.

The robot executive program executes the hybrid controller bas#teonite automaton. The
current automaton node is stored during execution. The executivptadbe current local pose
estimate, and checks if the current pose estimate is contained in the domaimpolitheassociated
with a child node of the current node That is, the policy associated with the child node of the
current node in the automaton. If the child policy domain contains the cyscesa estimate, then
the child node becomes the current node and the associated policy igeeke€therwise, the
current local pose is tested against the current policy domain, and thentpolicy is executed
if its domain still contains the current local pose estimate. If a disturbance takecurrent pose
estimate outside the current domain, a zero velocity command is sent to the matalleg and
the executive begins a total order search using the ordered list. Ifainehskils to identify a node
associated with a valid local policy, then execution terminates; otherwiseettlg ienti ed node
becomes the current node, and the policy execution continues. Thisaappallows the robot to
recover from unexpected perturbations, while preserving the sgdbd tocal search in the nite
automaton representation.

!Recall from Chapter 3 that we make a distinction between the nodes ofttira@on used to represent the switching
strategy, and the policies associated with each node.
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6.1.1 "Deminer' Robot Experiments

The rst experiments use the "Deminer’ robot shown in Figure 6.1. Thetis a standard differential-
drive robot with a convex, roughly elliptical body shape. The contrputs are taken from one of
four bounded input set§l;, as shown in Figure 6.2; each local policy is associated with one partic-
ular input set. See Appendix F for details about the robot size, shagé¢ha input sets.

For these experiments, a total of 288 basic SQ type policies described endigE are manu-
ally instantiated using the techniques described in Chapter 5. During thetiagtanprocess, each
set of policy parameter values is checked for validity for the particulartispiassigned to the pol-
icy; that is, the composability properties are veri ed and the parametervalijasted as necessary.
Figure 6.3 shows the domains for seven policies. It is worth noting that theaharstantiation
process is time consuming, especially around sharp turns which requireld tniel and error to
get policies that appropriately prepare one another. The extendedresede nition is used most
often near the corners of obstacles to allow larger policy domains to beyagepl&or this suite of
policies, fteen separate policies prepare 31 different unions of pamyains, which introduces
indeterminacy into the discrete prepares graph as discussed in Chapter 3.

For these demonstrations, the Deminer robot operates among a set ajn@ilpgstacles that
de ne the ten meter by ten meter world. Figure 6.4 shows the projection of 8lir&antiated
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Figure 6.2: Four sets of bounded steering inputs used in Deminer exp&simen
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a) Projection of cells into workspace with obstacles b) Representation of cells in three-dimensional pose space

Figure 6.3: Detail of seven cells in environment.

policies into this workspace. The world includes several narrow cagidnd openings, with the
narrow corridors measuring approximately one meter. This provides motaof approximately
16 centimeters on either side of the robot, but prevents the robot frony léie to turn around
within the corridor. The policy domains projected into Figure 6.4 appear toMag &rom the
obstacles; however, the expanded cells that account for body ahapmich closer to the obstacles.
The expanded cells are not shown in Figure 6.4, but an example is shdvguire 5.9. Figure 6.5
shows a representation of these 288 policy domains in the three-dimernsisesspace.

The designated navigation task is speci ed as bringing the robot to the middle dower
corridor. This navigation goal corresponds to the goal set of partitadal policy, which is chosen
as the goal of the ordering. D*-lite is used to generate the ordering ofépapes graph associated
with the suite shown in Figure 6.4. After the system state passes through @hgdedt set of this
designated goal policy, the execution is halted.

A total of 12 different experiments were conducted on the actual robiesd experiments are
based on dead-reckoning position estimates. As a result of deadineglerror, inherent in all
wheeled-mobile robots, the robot would have crashed into some obstadiésdy been physically
present. Therefore, we ran the robot in an open space, but usgmblibies that consider the
obstacles shown in Figure 6.4. In this mode, the robot “hallucinates” tha@bs. With this dead-
reckoned position estimate, all 12 experiments ran to completion providingp&giroconcept, and
demonstrating the reliability of the approach. Seven representative rigeuitsinique initial poses
are presented below; the remaining ve tests duplicated some initial posessimithr results.
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Figure 6.5: Complete suite of 288 cells in three-dimensional pose space.
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Figure 6.6 shows four paths that start from four different initial condgjdout converge to the
same goal. The paths are shown on the same plot to underline the global ofthe resultant
hybrid control policy. It is worth emphasizing that the paths shown are plétben dead-reckoned
estimates of body position and orientation from an actual robot run. Thieéudpaths are the result
of policy switching according to the ordering de ned by D*-lite using theganees graph for the suit
of policies shown in Figure 6.4; an explicit desired path is never calculdtee paths are labeled
(#1 - 4) clockwise from the lower left.

The paths labeled #5 and #6 in Figure 6.7 demonstrate the exibility of plannitigiapace of
control policies. Path #5 begins near the same position as path #1 (shovguie B.6); however,
the orientation is approximately 180 degrees different. The composition aff pmticies enables
the robot to back up, stop, and then move forward to the goal without collidittgan obstacle.
This is because the policy suite also includes policies that allow the robot to gpwense. The
policy switching between forward and reverse is automatic given the plartictdering, with no
operator intervention. To avoid damaging the real robot, the system isedda come to a stop
before switching between a forward and reverse policy. Similarly, patiet@onstrates a more
complex K-turn induced by the composition of the simple SQ policies shown in &igdr. The

vy (meters)

X (meters)

Figure 6.6: Four experimental runs demonstrate the “global” nature ofythedhcontrol policy
induced by the ordering of the policies; only the initial conditions vary. Ttaegtion of the
individual policy domains are shown in light gray. The actual data is plott@dlasecond intervals;
robot symbols are drawn for every ve seconds of travel time.
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Figure 6.7: Two additional runs using the same ordering. Run #5, whidis stathe same position
as Run #1 but oriented 180 degrees apart, automatically backs out airtieevrcorridor, and then
switches to forward motion. Run #6 demonstrates a complex K-turn manewyetraoound a sharp
corner. The behavior is automatically induced by the composition of localigslic

policy suite does not include policies that are expressive enough to ®idowker right corner in
one continuous motion. While this points to the limitations of this particular suite of pgJidie
validates the basic approach. The combination of simple policies with discreteindais still
capable of generating expressive motions; thereby demonstrating thmlitg>of planning in the
space of control policies.

A second advantage of planning in the space of control policies is the abitty fizst planning
and re-planning. In this case, the planning is over a prepares grapbm§t288 nodes. Figure 6.8
shows path #7, which starts near the initial condition of path #6. Path #7<ggiconverge to
path #6,which is shown as a dotted line; however, just after the K-turn thpali@es crossing the
circular obstacle shown in Figure 6.8 are agged as invalid. This triggeespanning step using
D*-lite that reorders the policies, thereby inducing the robot to take “thg Vealy around” via path
#7. This re-planning occurs in real time, while the hybrid control policy ecexing on the robot.

This experiment served as an early proof of concept. The experiraamrstrates using simple
local feedback control policies to induce a global behavior on a singig-monholonomically
constrained robot. Planning and re-planning on the prepares grapsdaw overhead. The policy
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Figure 6.8: Paths #6 and #7 diverge in response to two policies that atelated during run #7;
D*-lite ef ciently re-orders the policies during the run as additional infotima is gathered. The

dark circle represents a new obstacle that invalidates certain policies.

composition induced by the hybrid control policy allows complex behavioreterge in a provably
correct manner through the policy ordering.
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6.1.2 "LAGR'Robot Experiments

The previous experiments did not have integrated localization, which limits thesitipal value.
Using pure dead reckoning makes the experiment too much like a simulatiore hglihd con-
trol system is not subject to disturbances due to localization error amelction. To address this
shortcoming, a second set of order-based experiments uses a quijgpexl with an integrated
vision-based localization system. This allows the hybrid control approaetlaped in this thesis
to be evaluated in an integrated system.

In the next set of experiments, we use the "LAGR' robot shown in Fi§l@d®ecause it has four
pairs of stereo cameras to perform vision based localization relative terklamdmarks placed in
the environment; the landmarks are color coded as shown in Figure 6.90oddization system
uses an extended Kalman Iter to update the pose estimate based on meassirgimange and
bearing to the identi ed landmarks. The system is now subject to disturbdresed on jumps in
the pose estimate as new landmarks come into view.

In addition to the different robot, these experiments are carried out irfexetit environment
with a different policy suite, which uses PF style control policies. The HiEips are more natural
for specifying motion around tight corners than the SQ policies used in th@r@e experiments.
This is because the PF policies can be deployed relative to an arc in \eogswhere the SQ
policies had a straight central axis. Figure 6.9 shows the LAGR robaesstully navigating a
particularly tight spot under closed loop control.

Instead of the manual instantiation approach taken with the previous expésinteese PF
policies are instantiated using the cache and reference point apprisaclssigd in Chapter 5. A
total of 313 policies are systematically de ned in the cache; 156 forwas@, réverse, and one
special "Halt'. These policies include various widths, lengths, and alic r&ach policy in the
cache is associated with a one of thirteen bounded input sets; the inpetscfopolicy are taken
from its associated input set. See Appendix F for speci ¢ details abouhhe sets. The input
sets include sets for straight PF policies and arc based PF policies. Batirdoand reverse sets
are associated with each group, as are aggressive and cautiou$tsetsets for straight policies

Figure 6.9: "LAGR' robot navigating a corridor. Three color-codeuwdimarks, which are used by
the vision based localization system, are visible in the image.
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allow less aggressive steering, while those for tight turns use a cautiovarti speed and more
aggressive steering. By matching the input set to a particular policy, gubéek is tuned to the

local conditions. Even though the robot is capable of zero-radius, tilmaput sets are constrained
to excludes zero-radius turns; this approximates the behavior of mos¢raimed systems such as
cars, and provides a greater challenge to the hybrid control approach

In the demonstrations here, the robot maneuvers about a hallway witthioragprridors; there-
fore, it makes sense to instantiate the policies in “lanes.” That is, the poli@esstantiated in
straight lines running the length of the hallways; the lines of policies arlmgmas to lanes on a
highway.

To further simplify policy instantiation and planning, some local policies aramgd into meta-
policies. Figure 6.10 shows a meta-policy associated with taking the systemofie of three
lanes entering from the right and moving the system to the top most lane exiting tefth The
meta-policy de nes an order-based switching strategy between its comippakcies, which are
de ned with respect to a common reference point. A meta-policy is instantigtedstantiating
its component policies relative to its reference point; the meta-policy can enlyskantiated if all
of its component policies are collision free relative to a speci ed refexgraint in the free pose
space. Figure 6.11 shows the component policies to scale, along with nedexpcells de ned by
the robot body size and shape.

While the component policies could be instantiated individually to accomplish the &zsk,
meta-policies simplify the deployment by grouping similar behaviors. For plgrpumposes, the
meta-policy is treated as a single node in the prepares graph. Furtheth®reeta-policies can
allow manual veri cation of the prepares relationships. This can allow pglittiat cover the goal
set, but do not all contain the goal set center, to be prepared as jg gnigiremoves the restric-
tions of Section 5.6 for automated veri cation. By design, the meta-policiesaldw designated
component policies to be prepared. This affords the designer moreocomérr the meta-policy
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Figure 6.10: An example meta-policy that uses ve PF style policies to move thnes coming

from the right into a single lane exiting to the left. The policies are shown peEajento workspace.
To enhance the detail, the gures axes are not equal.

88 ¢ 2007 David C. Conner



y (m)
y (m)

X (m) X (m)

a) Meta-policy projected into workspace b) Expanded meta-policy showing body extent in workspace

Figure 6.11: Example meta-policy used for LAGR experiments. The meta-patinyains are
shown relative to obstacles in the environment in the proper scale. Thie aguthe right shows the
body extent into the workspace for this meta policy. Three robots arersbvarious poses on the
cell boundaries; the robots use a bounding polygon for calculating tiedxdent.

behavior by allowing normally unused component policies to be added bostoess, without in-
cluding them in the prepares graph used for planning. These compuoierds can only be active
after the meta-policy becomes active.

Several meta-policies are de ned based on needed motion in the hallwagsldition to the
“lane change right” meta-policy, meta-policies for “lane change middle” dmk‘change left” are
de ned. Given the narrowness of the hallways, only three lanesesp@d meters apart are de ned
in most corridors. The lanes are de ned in the forward direction alondetihgth of the corridor.

Several meta-policies associated with turning corners are de ned, inglbdth “left turn” and
“right turn”. Figure 6.12 shows an example left turn. The turn meta-policielside simple arcs
of various radii to blend three lanes into one orthogonal lane. To impweasiness, the turning

Figure 6.12: Meta-policy used to turn 3 lanes left.
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policies include both short radius turns and longer radius turns. Theéaligs arcs blend with the
short radius turns to provide a transition from straight motion to turning mations

Many of the hallways were so narrow that a simple arc could not navigateathways; there-
fore, two different meta-policies induce K-turn motions in the narrow halsv&igure 6.13 shows
actual data from a K-turn executed by the robot during an experimerthidrcase, the behavior
is encoded in the meta-policy by design, where the behavior emerged asexjoence of discrete
planning in the Deminer experiments.

The meta-policies are implemented in a modular fashion that makes the planniegemudion
transparent to the robot executive. When testing for inclusion befecerbing active, the meta-
policy only tests those component policies designated as inlets for the gseg@nition. Once
the meta-policy becomes active, all component policies are tested using tmalimelering; that
is, the inclusion test resorts to a total order search over component paficiecessary once the
current node is associated with the meta-policy. This approach prowtiestness to the meta-
policy, while given the designer control over when the meta-policy is alloiweloecome active
initially.

The lane change meta-policies are instantiated at regular intervals alarlg spaced lanes in
the corridors. The component policies in the lane-change meta-policiessoeiated with input
sets that have positive forward velocity. Turn and K-turn meta-policiesrestantiated in a way
that they are prepared and prepare the basic lane policies at the @ajgrpmctions. In addition to
the meta-policies, a few 180 degree arcs are used in the larger cetitralyni@ allow continuous
turns. By design, according to the instantiated policies, the robot is onlyedidavreverse motion
in certain spots through the use of a K-turn maneuver or 180 degree #re wentral corridor.
Otherwise, the robot must travel in a loop.

Two additional meta-policies are de ned to navigate a small “nook”; FigudesBows the robot
navigating this nook. When the robot is in the nook, it is halted by a spedialfbat is prepared
by the incoming meta-policy; the halt policy prepares a meta-policy that exitthle n

The use of meta-policies reduces the total number of nodes in the prepapésthat is used
for planning. In this case, a total of 309 meta-policies and 86 individulidips are deployed in
the environment. Thus, the prepares graph used for planning has@mlyogles, compared to the
grand total of 2846 PF policies that are instantiated in the environment. &ne ¢otal includes
both individual and meta-policy components. The policy suite includes 3&k&qgs, the 2846 PF
policies and 309 meta-policies.

The robot software executive functions the same as with the Deminerimgres. The plan-
ning takes place over the 395 nodes in the prepares graph. Duringtiexeavhen a meta-policy
becomes active, it is treated as a switched hybrid control policy in its ow; rilgé component
policies are activated according to the meta-policies local ordering. Onxdwitve level, the
meta-policy remains active until the state enters the domain of a child node afiibréng, or exits
the domain of all policies in the meta-policy's collection of component policies.

a) Approaching K-turn b) Executing reverse motion b) Departing K-turn

Figure 6.13: Plot of data from actual robot experiment as the robaugse a K-turn in the upper
hallway. The K-turn is automatically induced by the composition of policiesdagsesimple arcs
and straight path segments.
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Figure 6.14 shows the results of executing the hybrid control policy irdlbgehe ordering of
the policies. The meta-policy corresponding to stopping in the small nook lnes®n as the goal.
The gure shows eleven different runs from ve different initial aditions. In most cases, the curves
overlap and are indistinguishable, which shows the repeatability of therpehce. Figure 6.15
shows the individual runs. Figure 6.16 shows a close up of the nalgewation in the nook; the
eleven overlapping robots closely match one another, which demonstratesptratability of the
closed loop system.

During execution, ve of the eleven runs experienced disturbancdagdbé the system pose
estimate outside the domain of the current policy. In these cases, the tatalad searched, a
valid policy was found, and the robot continued to the goal.

To demonstrate re-planning during execution, two additional runs amenshioFigure 6.17.
During execution 24 policies that pass through the lower corridor arédaved, which triggers a
re-planning step using D*-lite. During the initial planning stage, the D*-lite $aéeproximately
0.050 seconds to order the 395 nodes of the prepares graph. Tlte Bé-planning step required
only 0.018 seconds; this compares favorably with the 0.01 second loop tirtteefmbot executive
function. During these re-planned runs, the executive needed whdbartotal order twice per run.
These searches were required near the K-turn in the lower left coraisidisturbances allowed the
robot to exit the policy domains due to the aggressive turning that is relquire

Figure 6.14: "LAGR' robot navigating corridors using a ordering otansiated policies. Eleven
different runs, from ve different initial conditions, converge to thesihnated goal set. The ve
lighter green robots mark the initial conditions; the darker blue robot maekgdhl. The corridors
shown represent an approximately 29 m x 27 m portion of Carnegie Mgldewell-Simon Hall

A-level.
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Figure 6.15: Details of eleven runs using the "LAGR' robot navigating withghme ordering of
instantiated policies.
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Figure 6.16: A close-up of the nal poses. This gure shows the redutis 11 runs; the closely
overlapping robots show the repeatability of the performance, evenafigruns.

-

a) Run given original information b) Two runs after re-planning.

e

Figure 6.17: D*-lite is used to re-order the policies after policies traversieglower corridor

are invalidated by an obstacle. The alternate route executes a "K-turré lowler corner, as the
system cannot turn around in the hallway using the policies in the cacteseTgures show an
approximately 19m x 19m square of the corridors.
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In addition to the thirteen successful runs, four experiments ended imefailben the pose
estimate exited the domains of all policies in the deployment. Two of these fouefailere during
execution of the K-turn during re-planning experiments. That is the dstwds encountered during
the aggressive turns were signi cant enough to take the system outsidimthains of all policies
in the deployment.

These are failures in the sense that the robot ceases execution,rarad eecover with the
existing suite of policies, but not in the sense of crashes or incorréetvine. The safety of the
approach is preserved, as the robot halts execution and comes tafeégts soon as the pose esti-
mate exits the domain. These four experiments do not invalidate the hybridlcapproach; rather
they demonstrate the inherent safety encoded in the explicit domains. prwaalh automatically
recognizes when the system is outside a valid domain, and is able to haltiereén most cases,
these failures could be avoided by deploying more policies in the environerahincreasing the
coverage fraction of the policy suite.

There are two main causes of these failures where the system exited thie doegpectedly,
and thus violated the conditional invariance of the local policies. The alsttes to the localization
system; as new landmarks come into view, the pose estimate occasionally clestge than the
robot can respond. This occurs relatively infrequent, as eviddmctte many long successful runs.

The second contributing factor is errors in commanded velocities. The LA®BRBt, while
appropriately designed for its intended function of outdoor navigatiokslaaf cient control res-
olution for ne positioning in relatively narrow environments that necegsdrave thin policy
domains due to the size of the robot. Its velocity control is not suf cientlpoesive mainly due to
limited encoder resolution, which causes noisy velocity signals and limits theotgatns that can
be applied, and to large disturbance forces due to the caster wheelag Rggressive turns, the
combination of localization update changes and velocity controller error silloe/system to exit
the policy domain because the actual velocities do not match the commandeitieglat viola-
tion of the kinematic assumption of policy design. Again, the hybrid contralagmi with explicit
policy domains de ned by the cells, recognizes that the pose is enteringsafieuregion, and halts
execution.

Another potential source of failure is unwanted limit cycle behavior, whituos when a dis-
turbance takes the system outside the domain of one policy, but the statéuisedadpy the domain
of a lower priority policy. This violates the assumption of monotonic switchingirassl by the
order-based approach [21]. For limited disturbances, this is not dgpnoltf the disturbance occurs
repeatedly, the executive can become trapped in a cycle between thedares pnd fail to make
progress towards the goal. This failure was observed during some praiin@rperiments, mainly
near the aggressive K-turn. The most likely cause is jumps in the pose estasdsmdmarks come
in and out of view. In general, the localization is relatively consistent; kewgumps of several
centimeters have been observed. This failure has not been obsegrwedsme additional policies
were added to the K-turn meta-policy before the nal experiments.

In spite of the limitations of the LAGR robot, the order-based hybrid contoticy robustly
addressed the coupled navigation and control problem in most casedewlfailures could have
been addressed by adding more policies to the suite of local policies intordapture more of
the free pose space. For single navigation tasks, the order-basedeppo generating a hybrid
control policy proves reliable.
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6.2 Model Checking-Based Sequence Planning

While the order-based approach allows a single task to be addressagptioach does not handle
multiple tasks that depend on temporal constraints. One might imagine specifggmuance of
sub-goals, and then reordering the policies for each sub-goal in ltuthis mode, a higher-level
control would switch between hybrid control policies. While not infeasibée must be taken to
guarantee that each sub-goal is reachable from the previous. oottee this requires the sub-
goals, and their ordering to be de ned prior to the policy orderings, whiely lead to unrealizable
sub-goals.

In this section we explore an alternative approach that automatically sgetbiig high-level
“program” by specifying a sequence of policies that satisfy some sp&i@de. The approach is
based on model checking, which is used to de ne a sequence of politieseninvocation will
cause the system to satisfy a high-level speci cation [36, 37] . The pigroccurs in the space of
instantiated control policies using the prepares graph. The approtmhatically checks that the
speci cation is realizable, and automatically generates sub-goals aseeéquir

To demonstrate the utility of this approach, a multiple-task scenario is simulatepthsirobot,
obstacle environment, and policy deployment described in Section 6.1.1sc€hario is modeled
on a mail delivery robot operating in an of ce environment. The roboticltbegins in a given
region, is tasked with picking up a package at a designated region, apding the package off
at the mail-room. The robot is also tasked with picking up two packages at titeéaman, and
delivering them to two separate locations. The robot is to nish at a detgdmagion.

Each pickup or delivery point is associated with the goal set of a speciicy. Using the one
or two-letter alphabetic labeling of the local policies, the speci cation may bengas

Start in location BT; that is start within the domain oft

Pickup (visit) at either DE or FO, then deliver to GO (mail-room); that is, gstto either
G( pe)orG( ro),andthengot&( o).

Note, policies DE and FO have goal sets in approximately the same workspsitien, but
the goal sets are 180 degrees apart in orientation.

Pickup GO (mail-room), then deliver (visit) CR; that is, frad{ co) gotoG( cRr).
After CR, deliver to CF; that is, afte€s( cr) gotoG( cF).

Avoid BA, BB, BH, and HlI; that is policies ga, Bs. BH,and g areinvalid.
Finish in location A; that is at the goal set of .

The plan must generate motion that navigates between the regions BT andwvaynthat satis es
the other speci cations.

Given an LTL encoding of this temporal speci cation and the preparaplgrmodel checking
techniques are used to generate an open loop sequence of policiegitfptise speci catioA [36,
37]. The policies are executed in the same framework as the order-apgezhches by encoding
the sequence of policies as a tree where each node has a singte Thidkey difference is that now
the order must be maintained; the system cannot recover from a peidarbg searching the tree
as an ordered list. This is because multiple nodes in the sequence may mapaiméheostinuous

2Many thanks to Hadas Kress-Gazit at UPenn for assistance in endbeisgeci cation and executing the planner.
3The model checking-based approach used here does not allodeteministic transitions; therefore, transitions
that depend upon the extended prepares relationship are eliminateth&qrepares graph before planning.
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policy. The ordering of policies is critical; in the event of a disturbance sdguence must be re-
planned with knowledge of what sub-goals have already been satie #thsthe speci cation can
be modi ed accordingly.

Given an initial position and orientation of the robot that lies within the domairobéy BT,
executing the policies according to the given sequence satis es the spgon. Given the prepares
graph and speci cation, the model checking procedure guaranteessiié by construction. In this
case, executing the sequence will rst take the robot to either DE or RO tlzen to GO, after
reaching GO, the system reverses course and visits CR, and thentiCikally reaching the goal
at A. All the while, the system never executes policies BA, BB, BH, or Hile Bimulation of this
plan is shown in Figure 6.18-a. Alternately, we can change the speci catiothat instead of
avoiding the regions (BA, BB, BH, and HI), we visit either BB or BH. Tlesults of this later result
is shown in Figure 6.18-h.

This task level planning worked well in simulation, but limited attempts to executdans pn
the Deminer robot exposed some limitations. All runs ended in failure whertaripation took the
robot outside the domain of one of the policies in the open loop sequenctheHbeminer robots,
these perturbations tended to be small as the localization was based oedeatg, and did not
suffer jumps in pose estimates. The perturbations were mainly due to veloottpldag and caster
wheel drag. In spite of the perturbations being small, the robot exited timaide of some local
policies, primarily because the model checking-based planner chosepsicies with relatively
small domains.

These policies with small domains were chosen for two reasons. First, thel wtoetking-
based approach does not consider heuristic costs. In the ordst-pgroach, policies with small
domains are assigned relatively high transition costs, which means thegptdneah priority, and
are only invoked if necessary. Second, the model checking-bagedamh does not consider non-
deterministic transitions. Therefore, all policies that depend on the extgirdpares relationship
are invalid. Around tight turns, only relatively small domains remain valid. @maroach to ad-
dressing this issue, is to use meta-policies with the extended prepares stlgtiand do model
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Figure 6.18: Simulation of open loop policy sequences derived from teahlpgiic speci cations.
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checking on the meta-policy level. Fundamentally, the open-loop sequieseghe robustness in-
herent in the order-based approach because not all policies asidead; this limits the domain of
the resulting hybrid control policy.

The model checking based approach is also rigid in the sense that it dioaéomw the system
to react to changes in the environment without re-planning. To allow modibl@approaches that
can react to changes, Kress-Gadital. [68] have developed an approach that uses the prepares
graph de ned by our approach to generate an automata that reactsret@isensor inputs.

6.3 Automata-based Planning

Like sequence-based approaches, automata-based switching strateg@apable of addressing
multiple tasks; however, automata have the added advantage of chanigawjoe during runtime
based on gathered information without requiring re-planning. Combiningahey composition
approach advocated in this thesis with automaton synthesis tools such agftfi@8eenables a
constructive approach to building a hybrid control policy whose contisxecution satis es high
level speci cations, while enabling the constrained system to react toamagntal changes.

This section presents several experiments and simulations using the syaih@®ach given
in [68]. As discussed in Chapter 4, [68] uses a disjoint workspacendgasition and adjacency
graph to choose policies based on our fully actuated policies for idealysteiss. In contrast, this
section de nes the speci cations and automata synthesis in terms of therpsegr@ph. This ap-
proach is more exible because it can be applied to constrained systedallans for overlapping
policy domains.

The section presents two examples. The rst uses the LAGR robot aliclegofrom Sec-
tion 6.1.2; both simulations and experiments are discussed. The secondstiatiam uses PF
policies with an Ackermann steered vehicle to demonstrate complex traf o/lmrhan simulation.
The latter presentation includes a discussion of using this approach aasikddy a decentralized
multi-agent control system.

6.3.1 LAGR'Robot Experiments

The rst example is termed the “timid night watchman.” The LAGR robot is tasked patrolling
of ce corridors by visiting four checkpoints in turn. If an intruder is ddtd, as indicated by a
binary sensor called "Intruder’, the robot is to “run and hide” in the smadk near the workspace
center; after the intruder is gone, the robot should resume patrolling sygtem also includes a
"Hazard' input; upon sensing a hazard, the robot should stop in plwerobot resumes motion
when the hazard is clear. The robot has three outputs: “Stop', whiatated that the robot should
cease executing its local policy and stop in place, "CheckPoint', which snimnrobot is at a
designated checkpoint, and, which encodes which policy is associated with the automaton node.

The desired behavior is encoded in linear temporal logic (LTL) and inpiliet@utomaton syn-
thesis algorithm developed by [68]. The algorithm takes the initial conditioaissition relations,
and goals, then checks whether the speci cation is realizable. A spéidircés realizableif an
automaton that speci es valid transitions can be synthesized given the Ipuitsin If the speci -
cation is realizable, the algorithm extracts a possible, but not necessaidgiyey automaton that
implements a strategy that the system should follow in order to satisfy the dbsinegior.

Using the speci ¢ “timid night watchman” task, the behaviors are encodeollsvs. The
Hazard input is initiallyFalse, and there are no other assumptions about the environment so both
its transitions and goals are setTiaie. The Intruder input is allowed to be eith&rue or False
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The system state is assumed to be in one of two initial policy domains, the initial gadicenot
checkpoints, and the system is not stopped by hazard. The systeitiagrensclude knowledge
of the prepares graph. The system stops if and only if there is a haziasédd The system also
encodes that the current policy reference does not change if thensygsops. If an intruder is
sensed, and the system is hidden in the nook, the system should stay iokhd&he system should
always patrol if the intruder is not sensed. The CheckPoint output ita®d only if the robot is at
a designated checkpoint policy. The desired behavior, given as stensgoal, is that the system
either stops or eventually visits each checkpoint in order in nitely often.

Together, the automaton and policy suite serve as a hybrid control policyth&se speci ca-
tions, the extracted automaton has 2400 nodes. Executing the local quiicts as speci ed by
the automaton induces a continuous system evolution that satis es the higspesgcation. At
the start of execution, we search the entire automaton as a list of nodes nmdié is found that has
the correct input state (Hazardralse) and whose associated policy contains the initial pose. This
approach, which allows starting from some arbitrary initial pose, workghie particular scenario
because of the cyclic behavior of the scenario; other scenarios miglite¢hat the robot start in
the domain of a policy in an explicit set of initial policies. A simulation run is showRigure 6.19.
The intruder detector is triggered at an arbitrarily speci ed time.

The automaton governs the selection of local control policies. The autortratmitions be-
tween nodes as the system pose enters the domain of a policy associatedwithrende of the
current automaton node. In other words, from npdeat each time stépthe values of the binary

“The policies are designed as continuous control laws; however, thenmaptation on a computer induces a discrete
time step. We assume the time step is short compared to the time constantlostt:loop dynamics.

.

Figure 6.19: A simulation of path induced by an automaton that encodes theitwepatrol the
corridors by visiting four speci ¢ policy domains is shown. Upon sensintnauder', the “timid
night watchman” goes and hides in the corner until the intruder leaveseThbots are shown: the
initial pose to the right, the nal pose when execution is terminated near the matuiehe pose at
which the intruder is detected in the lower right.
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sensor inputs are evaluated. Based on these inputs, all valid sucoedssrare determined. If the
vehicle is in the domain of policy |, which is associated with a valid automaton successor node
pj , the transition is made. Otherwise, if the vehicle is still in the domaingfwhich is the active
policy associated with nodg, the execution remains in noge If a node has more than one child
node that represents a valid transition, the choice can be made arbitraniljheSe experiments,
the rst valid transition as de ned by the synthesis algorithm is chosen. &kéxution based on
continuous motion is equivalent to the discrete execution of the automato®1[B7,

Figure 6.20 shows the progression of the system through the automates asdhe system
moves through the environment. Note the cyclic nature as the system compietegatrols before
the intruder is detected. As the automaton state transitions, so does thetadgoali@y as shown
in Figure 6.21.

In this execution strategy, the continuous evolution of the system goverdissitrete transitions
in the automaton; therefore, the resultant transitions are asynchr@mlispt governed by a xed
time step. In this current implementation, the discrete inputs act as guards auattmeaton tran-
sitions; the discrete input must match the value associated with the child nodevidralfsition
into the child node, but does not force transition out of the current.nddether approach could
check the discrete input at each update step and force transitions agfivefh automaton node if
the inputs do not match the reference input. This would require that eaehhas a child with the
same policy reference, but different discrete inputs .

If the prepares graph changes, the automaton synthesis algorithm rmestle Figure 6.22
shows the simulated path taken when an automaton is synthesized for theeprgr@mh with 24
policies associated with the lower corridor invalidated. The resultant autontatatains 2580
nodes; its execution correctly satis es the original speci cation by onlyking valid policies.
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Figure 6.20: As the system executes, the automaton changes nodesm#sediscrete inputs and
inclusion of the current pose in a given policy domain. The graph shaws ttistinct phases. The
thirteen points marked with ™' indicated the check points passed. The thigason, which is
actually closely spaced "symbols, shows the portion where the intruder is detected. Notice that
the system makes multiple passes past each checkpoint before the irgrdelected.
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Figure 6.21: Each node in the automaton is associated with a particular policg sBuite. As
the system executes, the local policies are activated by the automatonopathediocal pose esti-
mate.The graph shows the same three distinct phases as Figure 6.20.

Figure 6.22: As new information becomes available, such the obstacle in tke donridor, the
automaton synthesis formulates a different automaton based on changegtegares graph. The
new automaton preserves the correct behavior.
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The automaton synthesis approach guarantees the correct behalgorveny reasonable as-
sumptions. First, the automata synthesis only returns an automaton if the spieci is realizable
for the given policy suite and associated prepares graph. Secaed, @irealizable speci cation,
the algorithm is guaranteed to produce an automaton such that all its exscz4iesiy the desired
behaviorif the environment behaves as assumed. The construction of the automatoe issihg
LTL statements that encode admissible environment behaviors; if the emérdrviolates these
assumptions, the automaton is no longer correct. Since the speci cationdestite transitions
allowed by the prepares relationship, the only case in which the systenmspusan the domain of

k, Or in any successory, is if the environment behaved “badly.” That is, either some disturbance
caused the policies to violate the prepares relationship, or the environinétes assumptions
governing the allowable discrete inputs. This later case requires caesfabr design, with only
those restrictions that are necessary. Either case invalidates the automadbmnevent that a valid
transition does not exist, the automaton executive raises an error ddjalts the system. A new
plan must be requested.

Unfortunately, for real systems disturbances are a fact of life. Policigsbhmalesigned to be
as robust as possible, but disturbances may still take the system outddrtieen of a currently
executing policy. Often these disturbances are simply due to pose estimatiatesijas described
above. The hybrid control system should have a method of recovérghwill likely require
some knowledge of the hybrid control system and task. For the taskilsegdan this section, our
approach is to search the automaton as a list of nodes until a node wkose#es] policy contains
the current pose estimate and whose discrete input matches the cunsort\sdue; as is done for
the initial condition. This works in this example because of the cyclic natureeafigk.

A more fundamental problem occurs when the disturbance takes the systside the domain
of all policies in the automaton. Depending on the initial speci cation, the autamsyathesis
does not necessarily use every available policy. As with sequenee-bpproaches, this has a neg-
ative impact on the overall robustness of the policy composition technitpie/esto the collection
of available policies. This thesis considers two approaches to addrelsimgoblem of unused
policies.

The rst approach explicitly allows the initial condition to be in any available pohad have
any allowable sensor value. The assumption during synthesis that thensgs$teone of two initial
policy domains is made to limit the size of the automaton. No assumptions about thepiolités
could be made; this would force the automaton synthesis to include all policieaooild greatly
increase the size of the automaton. The particular implementation of the syralgesithm used
in this thesis precluded this approach; this is not a theoretical issue, latkemilbbuild a more
robust synthesis tool to address this implementation issue [67].

The second approach, which is used in these experiments, is to augmanittesized automa-
ton to add nodes for each unused policy/sensor combination. If a policwised by the original
automaton, but prepares another policy that is used for all input combisatteen a node is added
to the automaton with the unused policy as a reference. This added nodesi¢ine® sensor inputs.
The children of the added node are all nodes in the automaton whoséatesdqmlicies are pre-
pared by the added node's policy or have the same policy referencee &irinput combinations
are covered, a valid child transition will eventually exist. This process isategl until all policies
that prepare others are added to the deployment. This approach maxingizestall hybrid con-
trol policy domain for the given collection of domains, while adding the smallesther of nodes
to the automaton. This gives the system a way to “get back on track.” Ifiihérldance causes the
system pose to exit the domains of every policy in the suite, then the hybricbtpalicy will stop
the robot and cease execution. Only by adding additional policies, gedeeating the automaton
can the system recover.
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Figure 6.23: Actual run on LAGR robot. Here, the robot resumes patgaddliter hiding early in the
experiment.

Figure 6.23 shows an example run using the augmented automaton. Duringérerental
runs, the “Intruder' is signaled at will via a remote switch. The experimectessfully satis es
the speci cation. Figure 6.24 shows the progression of nodes duriecuéion. Note that the node
ID's above 2400 are those added during the augmentation processuiikiese, the execution
would have ceased earlier due to disturbances. Given the augmentethtaripthe system is able
to search for a node whose policy contains the current pose. Eventhallxecution did quit when
a disturbance nally took the system out of the domain of all the policies. Eig.25 shows the
policy switching induced by the augmented automaton. The experiment weeteeseveral times;
the automaton successfully induced the correct behavior each time untibdistes caused the
system to terminate; this points to the need for more policies to be added to thequiley

The drawback to the augment and search approach is that there is ng; lirstogfore, the sys-
tem will sometimes repeat an earlier portion of the patrol loop, prior to visitingtiher nodes. This
problem could be addressed by adding an output that encodes wiowhstteam” check point will
be encountered next, and using this information to guide the search fidaede. This requires
associating each policy with the closest checkpoint before the syntl@sespossible approach is
to choose the checkpoint that generates the least cumulative cost if@mapglicy from a set of
costs generated by considering each checkpoint as the goal of agal@yng. During disturbance
recovery, the system searches for a node whose associated patieyndmntains the current pose
and whose “ClosestCheckpoint” output matches the assigned chectqrdimt policy.

The automata-base approach is capable of producing complex behaxhiark allow the sys-
tem to react to changes in the environment via the binary environmental infsdditionally, the
automata-based approach allows the system to exhibit desirable limit cyckbss example, re-
peatedly patrolling a hallway. Thus automata-based approaches aresuitadgle for repetitive
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Figure 6.24: Node switching with invocations of augmented nodes showr';bthé controller
would have ceased execution were it not for these added nodes.
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Figure 6.25: Policy switching during an experiment.

tasks than order-based approaches. That said, the automata shoaldseak all available poli-

cies, and provide a method of recovery, in order to maintain robustnesstuwbénce that is the
hallmark of order-based approaches.
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6.3.2 Ackermann Steered Car-like Parking Simulations

This section provides an example of policy-based planning with the more cosygéem model
of an Ackermann steered car. Here, the scenario is one of searchiag &vailable parking space,
and then parking. The environment is known; what is unknown is whetlggren parking space
is available or occupied. The system has a local sensor for detectimgpapking spaces; thus,
the system must search for an available parking space by systematicaltggrast all the parking
spaces. If an open parking space is found, the system changesdodian searching to parking,
and executes the parking maneuver as illustrated in Figure 6.26. The dsuitsmstrate coupled
planning and control for a complex system that exhibits complex behaviatshiange based on
reactions to the changing environment.

The environment, shown in Figure 6.27, consists of two city blocks actedsim ten enter-
ing roads. Each road consists of two lanes that follow the American stadairiving on the
right side. One block is surrounded by 40 parking spaces; 20 forltlegwise direction and 20
for the counterclockwise direction. The entry/exit points are labeled dlddkwise starting from
the north/south lanes at the top left of the environment. The parking spaeaedenti ed with a
numeric identi er adjacent to each space. The roadway lanes and paspaces are sized for an
urban environment. The robot system uses an Ackermann steered kimerodel that controls the
forward velocity and the rate of steering angle change; see Appendixdefails.

The parking demonstrations use a collection of 16 PF style policies, whidhstemtiated in
the policy cache relative to the origin. The cache includes policies forlingvetraight down a
roadway lane, for parking and leaving a given space, and for tuatimngersections. Figure 6.28
shows examples of the policies for parking and leaving, which treated aspolétaes for planning
purposes. Associated with the inlet policy of the parking policy is a senabd#termines whether
the parking space is available. If the parking space is unavailable, thgratkimg meta-policy
prepares some other policy further down the roadway lane. Figure B®®@san example inter-
section, the deployed policies, and the extent of the robot body into tHespaxce. Since this is a

Figure 6.26: Parking behavior induced by the composition of local polidies.feedback control
policies guarantee the safety of the maneuver.
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Figure 6.27: The environment has 40 parking spaces arrangeddatfeeimiddle city block. Ini-
tially, there are ve empty parking spaces randomly chosen in the enviranmen

simulation, only those policies needed for basic traf c are deployed. Noattes made to Il the
free pose space in order to provide robustness.

For the simulations in this section, a total of 306 policies are deployed in theoanwimnt.
The regularity of the environment allows an automated approach to policyiiatan based on a
collection of reference points de ned relative to the intersections ankimgaspaces. The policy
total includes 40 parking meta-policies and 40 leaving meta-policies, as w2l each left, right
and straight maneuvers at the six intersections. Policies to enter and |leagaevihonment are
added at the 10 roadways connecting the environment to the outside Waivkh the suite of 306
policies, the prepares graph is automatically de ned as described in Clapte

¢ 2007 David C. Conner 105



v (meters)
¥ (meters)

-6 -5 -4 -3 2 -1 0 1
X (meters)

X (meters)
a) Policies for parking. b) Policies for leaving
Figure 6.28: Details of policies used for parking and leaving. The poligiegh are shown relative
to the cache reference point, are shown wider than normal to show d8iaifmlicies are associated
with parking. Five policies are used to exit a parking space and prepéoy in the traf ¢ lane.
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a) Connected policy domains projected into workspace b) Boadisnt over the policy domains
Figure 6.29: Deployment of policies at an intersection. The polices inclube tthat pass straight
through the intersection, as well as left and right turns. Other policieas@e to tie the straight

sections to the turns. The policy domains, which are widened to increasgityisippear as thick
linesin (a).
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Basic Parking Scenarios

The basic scenario considers a single car that must park in the environiites environmental
input is a sensor calledPark’ that tells the car if a parking space is available; the system output
identi es which policy to activate. The car may enter from any of the tenwagd connecting to
the two blocks. The car can only determine whether there is a free pap<icg & we are in a policy
next to it. This means that "Park' cannot becofnee if the vehicle is not next to a parking space
or in one. Also, for implementation reasons, we assume that the input feankinsTrue after
parking. We have no assumptions on the goals of the environment, and maksumptions about
the availability of an empty parking spot. The allowable system transitions inthedgansitions
of the prepares graph, the vehicle cannot park if there is no parkexcgspvailable, as indicated
by the “Park’ input, and if there is an empty parking space the car must mgarioving the last
restriction may allow the vehicle to pass an open spot before parking. yBhens goal encodes a
list of policies the vehicle must visit in nitely often if it has not parked yet. Tt of policies to
visit de nes the area in which the vehicle will look for an available parkingcs in this case, the
visit policies correspond to the eight lanes around the parking spaxeg@ing clockwise and four
going counter clockwise). Note, this goal condition is true if either the vekisiés these policies
in nitely often (when there is no parking space available) or it has parked ning a different
list of policies to visit would change the search strategy induced by the atgoma&dditional
speci cations could be written to tie the search strategy to the point of eniryhis would increase
the size and complexity of the automaton.

For simulations shown in Figures 6.30 and 6.31, a new vehicle is introducedaatdom en-
trance. The parking spaces are lled according to the previous ruthéautomaton executes, if a
parking policy is a successor to the current state, the empty/occupiedistelesked via the local
"Park’ sensor. This work does not address the required sengaasbumes a binary output. Tran-
sition to the parking policy is enabled if the associated space is empty. If thetimaris enabled,
“Park' remainsTrue so that other transitions are disabled until the vehicle pose enters the domain
of the parking meta-policy, and the system parks. Six runs are simulategithsiglobal parking
automaton; The rst ve runs park. In Run #6, there are no parkingcgs available; therefore, the
vehicle continues to circle past every possible parking space, waitingaihex vehicle to leave.
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Run #1

Figure 6.30: Two executions of the basic parking scenario. The initiaitions for each run are
circled.
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Run #5 Run #6

Figure 6.31: Four executions of the basic parking scenario. The initiaittons for each run are
circled. The last run continues to loop as no parking spaces are available

¢ 2007 David C. Conner 109



6.3.3 Multi-vehicle Scenarios

The automata-based approach to policy composition naturally extends to naritisygtems [68].
The local policies guarantee predictable local behavior of a single attenautomata governs
the switching between local policies to coordinate the high-level behavianagent. Taking
this approach further, Kress-Gaeit al. [68] use the environmental inputs to coordinate behavior
between agents using automata. Each agent runs its own automata-baseddytroller, which
responds to other agents via environmental inputs; that is, the outpute @fgemt become inputs
to another agent. This section details a simulation using the policy compositicreapmdvocated
in this thesis with the automata-based multi-agent coordination scheme advoc#&i. The
simulation results illustrate several issues that arise with this approach.

In order to expand the basic parking approach to allow for multiple vehieleass, the LTL
formulas from above are modi ed. The approach uses an additional amgliseveral outputs. The
additional input is "Hazard', which causes the vehicle to stop in placeh@hard can be triggered
by proximity to another vehicle, or by an external device such as a stop-lyhen the hazard
clears, the robot should resume motion as before. In a real system, lamanyld can be avoided by
slowing down, and waiting for the other vehicle to clear. For simplicity, theselations require
the system to stop. When the vehicle stops in response to a "Hazard' stieensyutputsStop'.
Additional outputs signalLeftTurn ' and "RightTurn ' as appropriate. There are also outputs that
signal the vehicles intentions for "Parking' and "Leaving'. The automatdputs can be sensed by
other vehicles in the environment.

The LTL speci cations from above are modi ed to take the new inputs anghuts into con-
sideration, and allow a new “leaving” behavior. Each vehicle in the simulatins a local copy of
one of two automata. The only coordination is via the individual "Hazambsse We now consider
each automaton in turn.

Parking Automaton The parking automaton for the multi-vehicle scenario is similar to the indi-
vidual case, but includes the stopping behavior and the additional oufplugssystem transitions
include all the conditions of the individual parking case, plus the conditlmatsactivate the outputs
for turning, stopping, or parking as needed. The system goal is irgligeparking conditions,
but also allows for a vehicle to remain stopped if a broken stop-light or entimhead blocks the
roadway. With these speci cations, the parking automaton has 2142 nodes

Leaving Automaton In this scenario, a vehicle is leaving its parking space and exiting the block
via some speci ed exit. The leaving automaton for the multi-vehicle scenariarhastra input that
speci es which of the ten possible exits the vehicle will exit. The initial environhspeci cation
is such that only one exit is speci ed. Two different vehicles leaving tiffeicent parking spots
may use the same synthesized automaton with different inputs that designdeéssitiesel exit. We
require the exit speci cation to be constant, meaning it cannot changeibisayiven. We make no
assumptions on the in nite behavior of the environment, therefore the goaponent remains set
to True. Initially, the car is leaving a parking space, hence it must turn on the lefisignal.

The system transitions are include the policy prepares relations, whichegolion on the
left/right signals, and always stop on hazard. The system goal spdtiat the vehicle must go to
the designated exit policy unless it stops. With these speci cations the leavioghaton has 1908
nodes.

The key to using these automata in a decentralized multi-agent scenario ittgaton pro-
vided by the "Hazard' sensor. Each vehicle executes its own hazasdrsgith a single binary value
"Hazard.' The "Hazard' input is based on either a timed stop-light oozipity/precedence sensor.
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The stop-light alternates between north/south and east/west travel atorgpttways. Each inter-
section transitions at the same time; there is a slight overlap where all direat®stopped. Any
vehicle entering the policies just before the left/right/straight policies atieéafsection checks the
current value of the stop-light. If the “red light” is visible, the "Hazardy & set toTrue.

The "Hazard' sensor is a discrete hybrid automaton in its own right, that age¢mgetermine
precedence based on the robot's internal state and binary outputsheumdher robots relative
pose, velocity, and binary outputs. Thus the “sensor” is a mixture of aomiis measurements
and discrete logic. The "Hazard' checks proximity of other vehicles determines the precedence
relationships between vehicles; that is, which vehicle must yield to the otbeethiB simulation, the
"Hazard' sensor is hand-coded and tuned to given the properpenfice. The sensor automaton
sets "Hazard' toTrue whenever the car is too close to a car ahead of it (keeping safe distance)
whenever a car ahead is backing up to park (being polite), wheneveaithis leaving a parking
space and another car passes by and whenever another car is kepeirking space which the car
will park in next. In this decentralized coordination scheme, each vehidiieizard' sensor must
infer the intentions of the others based their outputs. There is no centralimschunication of
intentions.

Figure 6.32 shows the continuation of Run #6 with the hazard inputs addee foatking
automaton, and the new leaving automaton controlling the second vehicle. Isttis@aapshot,
vehicle #6 is just beginning to approach the intersection, while vehicle #38 &ophe light. The
second snapshot shows vehicle #7 dutifully waiting for the signal, whiléckel6 has passed
through the intersection. Although not shown, after the stop-light clevgéicle #7 exits the area

Run #7- a Run#7-b

Figure 6.32: In this continuation of Run #6, the two snap shots show a simple lmuwlépicle
scenario. A timed stop-light triggers a "hazard' input that causes thieledieading east to stop.
This allows the vehicle from Run#6 to travel through the intersection, aadteslly park in the
newly available parking spot.
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and vehicle #6 continues around under the control of the global paakitymaton and parks in the
newly open spot.

Figure 6.33 shows an example of a more complex multi-vehicle simulation. At this ipoin
time, seven cars are moving in the workspace. Initially, 35 of the 40 parkiaces were randomly
speci ed as occupied. In this simulation, eight cars enter the block ateliffe¢imes and from
different entry points, looking for a parking space. The times and ewirnipare (t=0.06 seconds,
Entry = 10), (1.0,2), (2.0,7), (5.0,8), (7.0, 5), (10.0,6), (15.0, 82.@%). During the execution,
three cars leave their parking spaces and exit the workspace. The piankislg spaces, and exit
point are (t=13.0, Parking=23,exit=1), (15.0, 6, 7), and (30.0, 325 simulation runs until 76.33
seconds of elapsed time when the last car exits or is parked. Figure &84 algeneral snapshot
of the simulation at a later time. Cars whose "Stop' outpiitige are marked with red ellipses; that

o=l I I
,\
= =0 "I

Figure 6.33: A snapshot of a more complex multi-vehicle simulation. Each vedxeleutes an
automaton that encodes the high-level speci cation “stop on hazardéginelr “drive around until
you nd a free parking space and then park” or “leave your parkipgce and exit the block”.
Coordination between robots is done via an individual "Hazard' sensodecentralized approach.
This snapshot is taken at 15.91 seconds.
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is, those cars who stop because the "Hazard' inpUitus. The three stopped cars in Figure 6.34
are obeying stop-lights.

Figure 6.35 shows several close up looks at different traf ¢ beltawvemcountered during the
simulation. In (a), the blue car which is leaving the parking space has stojmplicated by a red
ellipse, to let the brown car drive by. This "Hazard' was invoked based “proximity sensor.”
In (b), red car is parking while the blue car waits for it to nish beforegiag. In (c), the orange
car is stopping to allow the gray car to complete a left turn, according to tleegeace established
by the individual car's "Hazard' sensors. The white car on the leftasitey the parking space
that later will be occupied by the brown car. Figures 6.35-d and (e) aresmapshots of two cars
parking simultaneously in opposite lanes. The car that started the parkirepwsanater (bottom
lane) pauses to allow the other car to park safely. Figure 6.35-f showsaxgcstopping before a
stop-light. While the white car stopped based on the stop-light, the black kardbstopped based
on the proximity to the car ahead of it.

Figure 6.34: A later snapshot taken at 31.33 seconds during the simul&tidhis gure, cars
surrounded by red ellipses are cars that are stopping due to the dHapait signaled by the timed
stop-light.
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(a) Blue car leaving (t=15.91 s)

(e) Two cars parking (t=27.18) (f) Two cars at stop-light (t=46.39s)

Figure 6.35: Close up looks at different behaviors seen throughesirtiulation.
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Sensors, or more speci cally the binary inputs used by the automatonyadarhental to the
success of this decentralized approach. First, as mentioned abovengwsmust satisfy the
assumptions made about them in the LTL formulas for the environment; otleetfrésautomaton
will not be correct. Failing to trigger "Hazard' may allow collision as the lodaligies do not
consider obstacle avoidance. Second, even if the sensors do satiséyatsumptions, they may
still cause correct, yet unintended behavior. For example, if the proximitga set the "Hazard'
input toTrue whenever another vehicle was in a certain radius, even if the other vel@slbehind
in a forward driving lane, both vehicles may get deadlocked; that is,Wwothd stop forever. While
this behavior satis es the original speci cation, it does not follow the smifitnding a parking
space. On the other hand, both cars stopping might be a desired beklagioan accident occurred,
therefore we would not want to forbid it in the speci cations.

Currently, there are no guarantees that the implemented "Hazard' sarteanaton is correct
in all cases, and will not introduce deadlock. Such unintended behamwiald not be present in a
centralized approach where the controller has full knowledge and sblgcal information as is
the case here; however, the centralized approach does not scal@ eelilecentralized approach,
which does scale well for additional robots, may deadlock for a poorfygded hazard sensor;
thus, much work remains to develop automatic ways of specifying the "Hassarslor automaton
and prove that the composition of these multiple automata is free of deadlock.

6.4 Summary

This chapter has presented several experiments which validate thaelppidvocated in this thesis.
The approaches to planning in the space of control policies, and corngdosal policies to induce
the desired behavior, is demonstrated with experiments on real robotg&audt®ns on realistic
systems. A range of planning approaches and scenarios are dermzhsti@our knowledge, this
is the rst experimental veri cation of these techniques on real wheeledimaobots with non-
circular body shapes; that is, body shapes where orientation is fumtane the safety of the
approach.

Several broad conclusions can be drawn from these results. Inajemeler-based approaches
are preferred over sequence based approaches due to the @di@amgsn; this is in keeping with the
aim of designing “global” policies. Automata-based approaches areldsefyenerating complex
reactive tasks; the policy composition approach advocated in this thesiglext®se techniques to
real world, complex systems.

Overall, the results validate the approach; however, several issuebdean identi ed. First, the
policies can only induce behaviors that the system execute. If the meahaystem is incapable
responding to the controls, the properties of composable policies will beedbldhus, either the
system dynamics must be modi ed, the policies redesigned, or additionaigsodidded to provide
more robustness. Since disturbances are a fact of life, automatadmedches should make use
of all available policies in keeping with the global policy theme, and provide aodethrecovery
in the face of large disturbances. The hybrid control policy should age & method of identifying
undesirable limit cycles, and have a recovery strategy. Finally, while tuereata-based approach
to decentralized multi-agent control is promising, the design of a hybricosengomata, which
can provide provably correct performance with the composition of indalidutomata, remains an
open problem.
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Chapter 7

Conclusion and Future Work

This thesis extends sequential composition of local feedback controigsotic wheeled mobile
robots in a way that enables the automatic synthesis of hybrid control polidiesesulting hybrid
control policy inherits the safety and convergence guarantees froah fieedback control poli-
cies, and provably satis es the high-level behavior by constructiors fesis demonstrates this
approach on real mobile robots with multiple interacting constraints. The rolibish have non-
circular body shapes in addition to nonholonomic constraints and input bpapdrate in con ned
and cluttered environments. This thesis treats these constraints in a holistienmamh enables
existing methods of formal symbolic planning to be applied to these highly comedraystems.
By leveraging symbolic planning techniques, complex tasks can be speai achigh-level, and
then executed in a manner that guarantees the correct behavior aygeghs. We de ne the ba-
sic requirements for local policies to be composable in a hybrid control fkanke which guides
our policy designs. While wheeled mobile robot navigation is the chosen dpthaiideas in this
thesis are extensible to many constrained dynamical systems providedrode na composable
policies.

The approach uses the composition of memoryless state feedback catic@spto address
high-level task speci cations in a provably correct manner. This thesigldps several generic
feedback policies that encode the low-level behaviors in a way thatesntiteir formal composi-
tion, and demonstrates several symbolic planning approaches on reié noblots. The symbolic
planning methods automatically de ne switching strategies among the local pdizesealize
high-level behavioral speci cations, or indicate that the desired hehaannot be realized with
the current suite of instantiated policies. This approach enables a forniabdnef constructing
near-global hybrid feedback control policies that respect localtcaimts.

This chapter provides a summary of the thesis contributions and discussggptioach's strengths
and weaknesses. The discussion points to future research, which withienthe approach and
extend its applicability. The goal is to allow even more complex systems to berart policy
composition in a way that guarantees formal correctness, and prowviddsral method of specify-
ing complex behaviors.

7.1 Contributions

This thesis enumerates several composability requirements that must beddtefore policies
can be composed in the hybrid control framewajldomains lie completely in the free state space
of the systemii) the system must reach the designated goal set in nite tiij)eynder in uence

of a given policy the system trajectory must not depart the domain exé@eptspeci ed goal set,
andiv) the policies must have ef cient tests for domain inclusion given a known.sWftgle not



surprising, these requirements guide the evaluation of speci ¢ policy gsand suggest tests to
validate a speci ¢ policy instantiation.

New tests are developed in order to verify that the local feedback posiatesy these compos-
ability requirements. The thesis develops an approach to verify that thg dolicains are collision
free without constructing the free con guration space. Our apprasdiased on expanding the
policy domain to account for the body extent, and then testing the projectionviorispace for
collision. Using a discrete approximation of the cell surface, the appresehan exact mapping to
points on the expanded cell. These expanded points are projected paoek where the resulting
tests are trivial. The thesis presents proof of correctness for theéepaell approach to collision
testing. For the remaining composability requirements, the thesis presentdivaligahniques
based on the speci c policy designs.

This thesis introduces composable ow-through policies to the sequentigl@sition paradigm.
Flow-through policies allow the designer to put off the implications of Brockéfitorem, and de-
sign smooth time-invariant polices for nonholonomic systems over a localregtee constraints
of Brockett's theorem are realized through the switching behavior of yieidh control policy.
Flow-through policies naturally encode many desired navigation behayaotsntroduce added
complexity in the prepares test. The policies must now consider the full syséeewhen evaluat-
ing the prepares relationship; that is, second-order systems must digteiacvelocity test.

The standard prepares relationship between policy domains is extendiéowaaolicy to
prepare a set of policies, without preparing any one policy in the set.ektesision adds exibility
during policy instantiation to de ne larger goal sets, which tend to enablelgrglicy domains.
The extended set-based prepares de nition introduces non-deterniimdsthe prepares graph used
for planning; thus this added exibility comes with a cost that must be born bylibcrete planner.
The thesis used D*-lite to address the non-deterministic transitions [81].

We have developed two families of generic feedback policies that are ablglio several non-
holonomic systems. These policies, which are detailed in the appendicesthi@foundation for
the experimental results presented in the thesis. It is important to note, thatbkcies are only
examples of composable policies. Any policy that satis es the composabilityresgents may be
used in the policy composition framework.

To aid in the deployment of the policies, the thesis demonstrated an appraashitautomated
policy instantiation based on a limited cache of policies that induce basic behadthough
speci cally applied to the policies introduced in Chapter 5, the approachniergkand can be ap-
plied to any policy that meets the composability requirements of Chapter 3. T¢ie tleveloped a
technique for evaluating the relative completeness of a given suite of golibie gives a qualitative
method of evaluating one suite of policies against another.

Finally, the thesis provides several demonstrations of the coupled planmincpatrol frame-
work using policy composition. Both simulations and experiments are presesitegla variety of
system models in constrained environments. The policy composition appteawnstrates emer-
gent behaviors, such as K-turns, during simple navigation, as wellragler multi-task behaviors
governed by automata. The automata are automatically synthesized basex suitéhof local
feedback control policies instantiated using our techniques. This thesesents the rst known
experiments with these approaches on constrained systems operating nedlatteon ned envi-
ronments.

Bene ts of Policy Composition Since the hybrid control policy is based on local feedback con-
trol policies, the overall controller inherits the properties of the indivighadicies. This allows the
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individual policies to be tuned to local conditions, whether to provide safegnhanced perfor-
mance. The local policies, in order to be composable, have provablergemce guarantees, and
retain the robustness to disturbances that is the hallmark of feedbacklcartie local feedback
control policies are designed to be memoryless, and allow for real time ¢dB&cause each local
policy has an explicit domain, the hybrid control approach is inherentb. $b& disturbance takes
the system outside the domains of all policies, the robot is halted and exectii@hybrid control
policy terminates.

By planning in the space of control policies using the prepares grapplaheing becomes very
exible with regard to task. This approach opens the door to formal sgigha hybrid feedback
controllers for complex systems; for example the parking controller denatedtin Chapter 6. The
approach allows analysis of the reachability of a goal, or realizability oéeisgation, with a given
policy suite during the discrete planning phase, prior to execution.

Using automata to execute the local feedback policies allow the systems to edmiptex,
multi-task behaviors. The approach enables tasks to be speci ed at-¢elkiglhand then executed
in a continuous manner, using a hybrid control policy synthesized fronsutte of local control
policies and associated prepares graph. Repetitive tasks are natacljed in the framework,
which allows the approach to induce limit cycle type behaviors.

Drawbacks of Policy Composition Unfortunately, the power and exibility of policy space plan-
ning does not come for free, and it not applicable in all situations. Thigme$ suitable policies
is not trivial. The policies must have explicit domain representations in @odguickly evaluate
the suitability of a given policy, which precludes the use of many simple disceptesentations.
Designing suitable domain representations requires insight into the systeits aonstraints, and
the environment at hand.

Given a set of generic composable policies, there is signi cant upfrositto instantiating and
validating the policies. This upfront cost is mitigated by two factors. First, isekibility of
planning in the space of policies, as demonstrated in this thesis. The secbodi$ the ability to
reuse existing deployments within a known environment.

The demonstrations in this thesis assume a static known environment. The pnoltbisghesis
do not adapt moving obstacles, or unknown obstacles, except in the linsigedof invalidating
whole policies within the suite and re-planning using D*-lite. This thesis doesxmlore adding
policies as an environment is explored; thus, the current approach wallosuited for initial
exploration of an unknown environment.

The approach is limited to those behaviors that are instantiated. If theretagaaugh policies
deployed, or they fail to cover a large enough fraction of the free goration space, the approach
may not be robust to signi cant disturbances. The discrete planneochntake advantage of
policies that are previously instantiated. Thus, there is a implicit demand theésigner consider
the needs of the system during de nition of the policy suite. This points to tleel fer more
automated methods for policy instantiation that can be applied on-line if signidigturbances
are encountered.

The policies demonstrated in this thesis rely on vehicle pose estimates. The ofafieese
policies is dependent on accurate localization. Repeatable disturbareés tthe localization can
induced unwanted limit cycles if they violate the monotonic switching of the orggrifhe hybrid
control approach needs a supervisor to recognize and addressothlismp.
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7.2 Future Work

This thesis has demonstrated the usefulness and exibility of the policy catigmoapproach on
real constrained systems. There remain several fruitful avenueglafration that build upon this
thesis; these include work to overcome the drawbacks mentioned abowe)las extension to
more complex systems. Several directions offer opportunities for multi-diiszip collaboration
between computer scientists, engineers, and control theorists.

7.2.1 Extension of the Basic Approach

Building on the foundation provided by this thesis, there are two areasdhbdtfarther study.

Disturbance Quanti cation As described in this thesis, disturbances are a fact of life that must be
dealt with for any real system; local feedback policies coupled with therdydsed approaches to
hybrid policy design offer some inherent robustness to such distugba®roblems remain where
large disturbances take the system outside the domain of all policies, @tabeedisturbances
induce undesirable limit cycles. At present, we do not have a quanti abseription of when
these disturbances are “too large”, or likely to induce undesired limit cy&ebustness analysis

of the local policies, and more importantly the overall hybrid control policyarisopen area of
research. We would like to provide guarantees such that disturbairiites & certain bound and
rate of occurrence will not induce undesirable limit cycles, and will remathimthe domain of

the overall hybrid control policy.

Hierarchical Design The component policies and meta-policies represent one type of higrarch
described in this thesis. The synthesized hybrid control policies, botr-baked and automata-
based, are another level in the overall hierarchy. In this thesis, thatoe of meta-policies was
strictly an engineering choice based on intuition gained by working with the coen policies.
Grouping component policies in meta-policies reduces the burden on theingaslgorithm by
reducing the size of the prepares graph, but also limits the planning exibility.date, we do
not have a formal method of evaluating the choices of individual compgudicies versus various
groupings in meta-policies, other than the basic computation complexity of detegrttie prepares
graph for larger collections of policies.

Another level of hierarchical design would treat a synthesized hylondrol policy as a meta-
policy within some higher-level framework. For example, the LAGR experimesmre conducted
on one oor of a building. Each separate oor would have its own deplayn@é local policies,
with connections provided by the elevators. One option is to combine the pdliciasvery oor
into one large suite of policies, with its associated prepares graph. Anotbes scalable option, is
to treat each oor as a meta-policy, and then plan at both the oor levellae between oors at
the hybrid meta-policy level. Determining the appropriate level of abstractidmamber of layers
within this hierarchical framework is currently aal hocdecision based on engineering intuition.

Going one step further, and considering an automata-based hybriadIcpalicy as a meta-
policy within a hierarchical framework leads to a notiorhgbrid prepareswhere the prepares test
depends on both the continuous goal set of the overall goal policy andishrete outputs of the
automaton. Thus, work remains for incorporating these tools within a lagde &dly autonomous
framework.
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7.2.2 Extension of Policy Design Techniques

To fully realize the bene ts of policy composition, additional design tools mestiéveloped. The
design of the composable policies for the nonholonomic systems described thekis only re-
quired three dimensions, yet the speci cation of the domains required maafghih As the system
complexity increases along with the dimension of the con guration spacebiligy @f human de-

signers to specify composable policies becomes even more challengings $e¢kion, we outline
several directions for research that will expand the ability to design ceatye policies, both for
the systems considered in this thesis and the more complex systems mentioned later.

Sensor-based Policies The policies in this thesis were based on knowledge of full state informa-
tion, which required localization. One can design policies that use seasedbneasurements to
de ne policy domains and goals [55, 97]. For example, consider the tioksugh policies of [97]
that move a vehicle through a doorway using visual servoing. As longeapdlicies satisfy the
composability requirements, sensor-based policies can be readily inagd@nto our policy com-
position framework.

Value Function Approximation One of the challenges of policy design is to design a policy
domain that acts as a funnel. That is, it captures a relatively large refgiate space, but brings
the system to a relatively small goal set, allowing for simple prepares testgyeldmetric approach
followed in this thesis is somewhat limited, but provides the ability to test for colligiarthe
expanded cells and test for state inclusion during execution.

On the other hand, optimal control techniques can use dynamic programming &ovalue
function that corresponds to the maximal cell de nition. This approacimadly depends on dis-
crete representations that lack simple inclusion tests. One natural appisegca nite set of basis
functions to approximate the value function [43]. The combination of basigifuns can be used to
quickly check for state inclusion and test for collision as demonstrated in #sssthiThe exibility
of the basis function approach will likely allow for the de nition of more exgsize cells; however,
the selection of the proper set of basis functions is something of an arcofhgosability proper-
ties must be veri ed for the approximate function, and not for the valuetfan used in the initial
optimal control problem.

Local Reactive Planning With the increases in computing power and memory, the line between
control and planning is becoming more blurred. Many systems, most notasly garticipating in
DARPA's “Grand Challenges”, are using local planning in real time to aeitge control inputs that

de ne certain trajectories [28]. The systems use local planning to reamtgtacles, while using
conventional grid based planning, or provided way points, to de ne #sireld path. Assuming the
system is capable of doing this planning fast relative to the system dynah®edscal planner acts

as a feedback control policy.

This opens the door to combining local reactive planning with the policy coitigospproach
at the high level. By de ning cells that provide boundaries on the planramgl, then planning
within the cells, the system has the freedom to react to unexpected obstibiaeghe cells, while
maintaining a predictable transition between regions. One can imagine de @lisgbased on road
lanes, or other geographic data. Thus, the local planning can be direstilporated into the policy
composition/automata synthesis approach advocated in this thesis. Thistlpelor to formal
methods of guaranteeing high-level behaviors, while preserving thdeli-ability to react to
unexpected changes on the local level.
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Another possibility is to use local planning as an exploration strategy, leutelts and policy
composition as a compact representation of free space. This allows lmotet@explore the envi-
ronment using some technique, and then share data with other robots imrtheffa suite of cells
and prepares graph. This approach would bene t from machineitedfunction approximation
approaches to de ne and instantiate the cells on-line during exploratioa.rdiiot that is explor-
ing the unknown space instantiates cells and de nes the prepares gragpie other robots during
execution. The suite of policies and prepares graph is a compacteagatsn of the available free
space. The suite and graph representation would also be usefutéwerang from deep dead ends
where maintaining a full cost map is impractical.

Model-based Local Control As the policy composition and hybrid control approach is extended
to systems with second-order dynamics, or complex high-dimensional systeming closed
form controllers will become dif cult. One alternative is to use model-basedrol methods, such

as Model Predictive Control (MPC), to specify control actions [42fréda nite set of control
actions is evaluated at each step, and the best performing series osastaosen. With MPC,
the evaluations are based on the outcomes of discrete simulation steps. [iloiacapis related

to dynamic programming and optimal control methods; however, here theagprs based on a
greedy nite horizon simulation. If a conservative domain representa@orbe found, over which
the MPC approach is guaranteed to nd a solution, MPC can be incorplardatethe design of local
control policies.

7.2.3 Extension to More Complex Systems

The real payoff for policy composition is with more complex systems, whosarmjcs are fun-
damental to the control. Planning methods must take these dynamics into catisideiuring

planning, otherwise the plans will not be feasible. This represents dousbpath for continued
research, but one that requires advanced policy design techniques.

Purely-Kinematic Systems with Second-order Shape DynamicsDirectly building on this the-
sis, the policies should be modi ed to account for second-order dynamnitise shape space. This
thesis only considers nonholonomic systems with rst-order dynamics; theataxtension is to
consider direct control of torques, and account for secondrondéor and inertial dynamics. This
could allow for more aggressive control techniques that accouny$tes limitations. The control
of the shape variables is fully actuated; therefore, a variety of conttbhtgues are available on
the bounded shape space.

Mixed-Mechanical Systems Another natural extension is to apply the approach to so called
mixed-mechanical systems, such as the snake-board [112]. Due to thesstimig mathematics of
such systems, recent work has focused on developing gaits for fretems; however, the work has
generally focused on open-loop control in obstacle free environmghgs P6]. Research should
use the intuition gained from the open-loop gaits to design feedback polittesxplicit domains
and goal sets. Then, the policy composition approach advocated in this dipess up these sys-
tems to address real navigation and control tasks.

General Dynamical Systems Researchers often come up with systems with complex dynamics,
whose performance is limited by available control methods. As an examplgideosystems that
are not statically stable such as the balancing “ball-bot” and systems theayeaigle of true bipedal
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running via energy storage [49, 74]. Control policies for these systenss respect the system dy-
namics during any transition between behaviors. While some results haveleéned designing
controllers for very speci ¢ behaviors, it is our hypothesis that theéesys will require formal anal-
ysis of policy composition to generate useful behaviors. To switch betateany-state behaviors,
the system must respect the dynamics and the domain of attraction of eagbdibma Thus, the
design of composable policies becomes a fundamental challenge for mosgegdyistems into the
real world in a way that allows for robust behaviors and complex tagksid&d composable poli-
cies can be found for these systems, the various planning tools demonstrthtisdhesis allow for
planning of real world task for these systems.

As another example, consider today's humanoid robots. The zero-mauiehtontrol (ZMP)
approach is based on keeping the robot in a stable con guration as stensynoves [54]. This
limits the behaviors of the robot, as the system cannot pass through antamséable con gura-
tions. The formal policy composition approach offers a chance to extendapabilities of such
systems by designing composable control policies for different regibtieeaobot's state space,
and formally composing them using synthesized automata. Hybrid controlgsotian be used to
induce cyclic behaviors such as walking or running that are more esipegsvhile enhancing the
performance and safety of the system. The automata will be used to switchdmebghaviors,
such as balancing, walking, running, kicking, and climbing, based onyitera's instantaneous
state, while reacting to the systems hybrid dynamics induced by intermittent tomtae key is
to develop approaches to synthesize the hybrid control policy automatioadyyay that provides
formal guarantees across the state space of the system. Analyzingtéma $ys“composability”
may also lead to insight into designs that simplify the control design by the additipassive
elements that remove or add energy at certain points in the state space.

7.2.4 Extension of Planning Tools

The demonstrations provided in this thesis highlight the power and exibility efpblicy compo-
sition approach. They also point to several shortcomings that shoulddressed in the discrete
planning domain. Addressing these issues will increase the power of lisg pomposition ap-
proach for the policies and systems described above.

Sensor Automata and Composition The automata synthesis approach described in Chapter 6
depends on sensors that provide binary signals to the automata durtihgeurs with the "Hazard'
sensor, these “sensors” are often hybrid automata in their own rightisT ltlée binary sensor values
depend on a mixture of continuous variables and discrete logic. De nirsgethensors is currently
done on arad hocbasis. Techniques are needed to synthesize these sensor automatavand
that the composition of multiple sensor and control automata are valid, aneryedabe desired
speci cations and liveness conditions. An example, taken from the simuatiothis thesis and
the DARPA Urban Grand Challenge (UGC), is the need to resolve preceds intersections and
four-way stops. Formal synthesis methods coupled with local policy catigrosffers a way to
automate what is currently a labor intensive, error prone processjideneed by the failures of
most of the teams that entered the DARPA UGC.

Formal Recovery Methods and Global Synthesis Disturbances are a fact of life. Thus, the
automata synthesis should include all available policies to maximize the domain bidgr the
automata is valid, and have a formal method of recovery. For the repetiéivaviors, such as
patrolling, demonstrated in this thesis, it is suf cient to augment the automata witked policies,
and then search for a node that had the correct discrete senss aallierhose associated policy
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contained the current pose. A more complex scenario, such as the malrgebbot, will require
a more formal recovery approach to allow the system to recover giceistead of anad hoc
approach, a formal and automated approach to de ning a recovetggptria desired. The recovery
approach should also include all policies to maximize the domain.

Automata Synthesis with Heuristic Costs A major shortcoming of the automata synthesis ap-
proaches demonstrated in this thesis is that they do not consider heurisc &tithin a given
policy suite, there may be many policy combinations that will address a giveraso. In fact,
this is desirable for maximum planning exibility. The synthesis approach si¢edbe able rank
different policy choices based on their relative cost. Current tecksiqaly consider the number of
transitions made, that is the number of edges traversed in the graph walk,clvbosing policies.
The focus of current techniques is on dealing with the state explosiotepnalsing ef cient data
structures such as Binary Decision Diagrams (BDD) [20, 23]. Thesebkan some work in com-
bining BDDs with heuristic search; for example, consider thd &eg approach [52]. That work
may prove fruitful for automata synthesis research.

Automata Synthesis with Non-deterministic Outcomes The automata synthesis used in this the-
sis only considered deterministic prepares graphs. This eliminated the teeedttended prepares
relationship. There has been some work on de ning sequence bagezhapes which allow non-
deterministic prepares graphs [62]; however, the synthesis techrfmuesactive automata do not
allow non-deterministic transitions at this time.

Automata Synthesis with Hybrid Stability Analysis The stability of the order-based hybrid poli-
cies is based on the assumption of monotonic policy switching. With automata, linhéscge
allowed. In the hybrid systems community, it is well known that switching betvatainle vector
elds can induce instability [13, 30, 79]. While this is not an issue for the kiagc systems ad-
dressed in this thesis, stability analysis will be fundamental to more complexrs;siehere are
several approaches to analyzing the stability of existing hybrid system3(Q139]; however, going
in reverse, the synthesis problem must address this issue during ctiostru

To conclude, this thesis advocates an approach to specifying robtoblbens that respects low-
level constraints by design, and provides a natural interface foifgipepruser intentions. Low-level
feedback control policies induce local behaviors in a guaranteed maihe user interacts at a
high-level to specify intended behaviors. The robot then automaticalifhegizes a hybrid con-
trol policy that can realize the intention, or reports that the goal is not eddéizfor the current
collection of policies and initial condition. The hybrid control policy inherits thesirable prop-
erties of the local feedback policies, while guaranteeing the high-levelMigrs. This approach,
which is demonstrated on a class of nonholonomically constrained systemstimethiis is widely
applicable, and likely necessary for the dynamically capable robots ofitheef
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Appendix A

Modeling Framework

This appendix provides a detailed presentation of the modeling framewedkinighis thesis, and
sets the notation used throughout the document. In addition to de nitions akteeant terms,
we provide detailed derivations of the models used in the examples. Firstpfieadix provides
a generic description of the environment and notation for the genericaterigproblem. Within
this context, the distinction between workspace, con guration spacestatelspace is highlighted.
Next, the section presents the model used for nonholonomic Pfaf antregmis. The appendix
continues with a discussion of the geometric relationships among con guregidables and the
nonholonomic constraints. Finally, the section concludes with the presentdtibe speci c sys-
tem models used in this thesis.

A.1 Work space, Con guration space, and State Space

The robotic system consists of a single body that navigates through a glavieonment that is
cluttered with obstacles. The planar environmentworkspaceis a bounded subs&¥  R?.
To address the navigation problem, the robot body must move along a patbabhes the overall
goal, while avoiding obstacles along the way. For this thesis, the obstacles wottspace are
represented as the union over a nite set of convex regi@dhgy W , whereOy denotes th&™"
convex obstacle. The obstacles are assumed to be in a known xed lacation

L-

Figure A.1: Representation of planar workspace with ve obstacles ahdtr The workspace
frame is denote®Vy; the body pose relative td/; is denotedy = fX;y; g. The body occupies
R(g) W . The workspace boundary is denoted>s




Letg= fx;y; g2 G=R? S!denote the bodpose which is the position and orientation of
a body xed reference frame relative to the world frame. This relationshghown in Figure A.1.
LetR(g) W denote the two-dimensional set of workspace points occupied by thedbqubse
g. Thus, for all body poses, along a collision free path,

\
R(9) Ok =;:
k

For this thesisR (g) is assumed to be a convex set that is xed relative to the body referemoe f
of the robot.

To fully specify the robot, certain internal variables must be speci ed uitazh to the body
pose. These internal variables are referred tshapevariables, as they are typically internal vari-
ables such as wheel rotations, steering angles, or joint angles [IT®&], the robot con guration
is fully speciedasq= fg;rg2Q = G R ,wherer 2 R denotes the shape space &hdenotes
the con guration space of the system. The shape spaoeay or may not be bounded. The free
con guration space, denote@yee, is the set of all collision free con gurations; that is

( \ )

_ [
Qree= 0q=10;rg2Qj R(9) Ok = ;
k

The con guration evolution is governed via inputs to the system. The relafiompat to con-
guration velocity is speci ed by the equations of motion for the system; thegmtons of motion
must be derived for each system. There are two fundamental classgsteins. Fokinematic
systemsthe control inputss 2 U directly control the con guration velocities; that@s= f (q; u).
Thus, for kinematic systems there is a rst-order relationship between apivelocity such that
f:Q U!TQ ,whereT Q represents theangent bundlef the con guration space. The state
space of the system is simp¥/ = Q.

In contrast, the inputs fosecond-order dynamicalystems specify the system accelerations,
which effect velocities via integration; thates= f (q;q;u). The mappingf : TQ U!TTQ
between input and velocity/acceleration is a generally non-linear functistate. To fully specify
the motion of the system, both the con guration and its associated velocities msigebi ed; thus,
the stateof the second-order systemXs= fq;qg 2 T Q.

For both kinematic and second-order systems, the equations of motionkyivee nonlinear
functionf is derived from the system constraints. Giferthe control problem is to specify con-
trol inputsu 2 U such that the system moves along a collision free path and reaches th# over
goal while respecting any con guration space bounds. To be a valitta@othe inputs must be
chosen from the bounded input spade Thus, solving the navigation problem requires solving a
constrained non-linear control problem. The nature of the constraints reettt topic.

A.2 System Constraints

This thesis considers several classes of constraints, including inpotbovelocity bounds, con-
guration bounds, and nonholonomic constraints.

The most basic constraint is an equality constraint on some con guratioable, h(q) =
constant. For these constraints, the evolution of the system evolves on a sub-fdafitbe con-
guration space de ned by the constraint. In this case, the dimension afdaheguration space is
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reduced, and one only needs to consider the remaining con guratiamgders. In this thesis, all
of the systems are reduced to the minimum number of con guration variables.

The second type of constraint is an inequality constraint of the fofgh O orh(q) 0.
Obstacles are in this class of constraint, as are steering limits. These sussira typically hard
mechanical limits; therefore, the control policy should avoid the constrarfaces.

Inequality constraints on velocities are generally bounds imposed by actimii@tions or
safety considerations. A common limitation is the maximum speed output by motass pdt-
missible to approach this type of limiting surface. Other constraints may be imyssdfety
considerations, whether due to externally imposed speed limits or internal limgali@to vehicle
dynamics. As a latter example, the turning rates may be bounded at higleelsspeprevent roll-
over. Whether velocities or torques, the actuator input space is bobgdecollection of inequality
constraints.

The nal constraint we consider is an equality constraint on velocities;thigsis is only con-
cerned with so calledfaf an constraints, which are linear in the velocities [1, 87, 94]. Pfafan
constraints, which have the fora(q) g = 0, are able to express the velocity constraints inherent
in wheeled vehicles. The constraints dictate that any valid velocity must lie inuthepace of the
constraints; the constraint null space, which represents the set afszlie velocities at a given
con guration, is called the&onstraint distributiondenoted .

Pfaf an constraints are classed as eitlh@tonomicor nonholonomic Holonomic constraints
have an equivalent con guration constraint of the folngg) = 0 ; holonomic Pfaf an constraints
are said to be “integrable.” Nonholonomic Pfaf an constraints are saié twdm-integrable because
they do not have an equivalent con guration constraint, and thexeétr not reduce the dimension
of the con guration space TheLie Algebra Rank Condition (LAR@st provides a convenient test
over the constraint distribution to see if a particular set of Pfaf an caisis is non-integrable, and
hence, nonholonomic [1, 87, 94].

For a brief example, consider the kinematic unicycle model commonly used daticeb The
system con guration is given by the pose, hempe fX;y; g; there are no shape variables in
this model. The system is constrained such that its sideways velocity is z&fafian form, this
constraint is 2 3

X

sin cos 0 4y5=0:

The commonly used basis for the null space, represented as matrix colamns,

2 3
cos O

A(q) = 4sin 05 (A1)
0 1

Treating our inputs ag = fv;! g 2 U, the forward velocity and turning rate respectively, we have
g = A(g u. Thus, the nonholonomic constraints are used to derive the equationstiohmo
Stated differently, the columns @f (q) span the constraint distributiddg. Given bounds on the
input spacel, the set of reachable velocities Dy is likewise bounded. If rate of turning is
bounded, the unicycle model is often referred to as “car-like” in the liteggd20].

Notice, that the kinematic unicycle is under actuated; only two inputs are useshtl| three
con guration variables. The LARC is used to verify that these two inputsafeient to guaranteed

Technically inequality constraints are also “nonholonomic” constraintsyiureserve the term for non-integrable
velocity constraints [87].
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controllability with respect to the full con guration space [1, 87, 94]. Qofethe fundamental
dif culties in controlling nonholonomic systentfss dealing with the effects of this under-actuation.

To assist in the analysis and control design, we now take recoursedcediffal geometry and
geometric mechanics, and use the languagé@f bundlesandconnections This allows us do
de ne speci c relationships between the body pose and the shape lewidlvhile the remainder of
this appendix focuses on the nonholonomic constraints that determine #utoegwof motion, the
reader should keep in mind that any real system is subject to other hauimdh act to limit the set
of achievable velocities/accelerations.

A.3 Fiber Bundles and Connections

This section presents a brief overview of the ber bundle concept &fatas to the nonholonomic
systems encountered in this thesis. For a full treatment, the reader igdeti@fl]. This subsection
provides an abstract overview of the terms, the ideas are made concigigandix A.4.

Consider a decomposition of the con guration space into two subspasetemcted in Fig-
ure A.2. These spaces are referred to as the Byeand ber spacegF). Given a projection
: Q! B,the beratb= (q) 2 B isdened asF = 1(b). Locally, Q = F B;if
this is true everywhere, the® (F; B; ) is atrivial ber bundle. If the ber is homeomorphic to a
groupG, thenQ (G; B; ) is called a (trivial)principal ber bundle The con guration spaces of

mechanical systems are trivial principal ber bundles [112].

For systems considered in the proposed thesis, the con guration varihialeare directly con-
trolled de ne the base space and the gr@giis a Lie group corresponding to rigid body motion.
For most of the systems in this thesi3,= SE(2), whereSE(2) is the Lie group manifold cor-
responding to the body pose. This thesis abuses notation slightly by gisingpresent either the
local coordinate$x;y; ) 2 R2 or the group element iBE(2), andG to represent either the local
R 3 chart orSE(2). The form being used will be clear from context. The base variablessmond
to theshapevariables described in Chapter 5 [96].

The real power of this geometric analysis comes with second-order sygtentertain second-
order systems, the equations of motion may be reduced to second-ouva¢ioag de ned only on
the base variables [1, 90]. Not only does this reduce the dimension oétload order equations,
the resulting control on the base space is free of nonholonomic differentiatraints. The ber
velocities are reconstructed from base velocities using the connectiaaoh whturally satis es
the nonholonomic constraints. While these second-order effects amxploired in this thesis,
the formalism provides useful insight into the connection between the inpdtshanbody pose
velocities. The analysis will also form the basis of future extensions of thi@d!s work to second-
order systems.

The relationship between motions on the base space and motions along the duerned
by aconnectior[1, 90]. The concept of a connection is quite general, and can befoissgstems
with non-trivial momentum effects between the base and ber spacesnanoo example in the
literature is the snake-board [96]. This thesis is restricted to sinmpiesly kinematicsystems, so
named because the connection encodes a linear rst-order (kinematidhataqgmly depends on the
con guration of the system, and not the velocity. We defer the formal dion until later in this
section, after the necessary preliminaries are de ned.

2It is the constraints that are “nonholonomic”, but we will follow the literatarel refer to systems subject to non-
holonomic constraints as “nonholonomic systems.”
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Figure A.2: Base- ber decomposition of con guration space. (Coyrtelee Shammas)

A connection,A : TqQ ! T F, projects arbitrary velocities onto the ber tangent space
De ne the horizontal spacédiorg = kernel (Ag). For an arbitrary vectoX q in T4Q, the horizontal
part isxa1 = Xq A(Q Xg. Theverticalcomponent lies in the ber tangent spadé]. Given a
local trivialization of the ber bundl€) = G Q =G, let the coordinate&g;r) represent the ber
(group) and base components [1]. For an arbitrary tangent vectdineleomponents in the local
trivialization be denoted bgg;r). The connection is represented in local coordinates as! a@—@é
(using summation notation), where

18(qg) = dg* + A2 (r;g)dr : (A.2)

The vertical projection is locally given big?;r ) 7! (g2 + A2 (r;g) r_;0). Locally, the horizon-
tal projection is given byg®;r ) 7! ( A2(r;g)r_;r_). The term A2 (r;g)r_ represents the
components of motion along the ber group that are induced by motion in tredmece.

For purely kinematic systems, the number of independent nonholonomitaoitsis equal to
the dimension of the ber space. If the horizontal space is de ned to bedhstraint distributiom q
that is the set of admissible velocitiBg;, = hor 4, then the connection one-forf(g) is uniquely
determined by the nonholonomic constraints [1, 112]. The base variat@efiractly controlled
suchthat = f (u) ore = f (u). Then, given the base velocitiesthe ber velocities are uniquely
determined by? = A2 (r;g) r_; in this thesis, we will use a more compact notatipn A (q) r.
Note that even though the systems are called pliglgmatic the system can have second order
dynamics on the base space.

3Here we follow the literature and abuse notation to Asas both the Pfaf an constraint distribution and the derived
connection [1]. The reason for this abuse will become apparent.
“Note, horizontal and vertical are somewhat misleading terms, the sen®@not orthogonal for constrained systems.
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The connection provides a convenient form for deriving the equatibmtion; unfortunately,
the constraints of some systems (e.g. the Ackermann steered car) dovadhbasimple form
given in (A.2). This makes determining the connection more dif cult. To simplifig concept
of a principal connectionis introduced. The principal connection requires that the system have
certain invariance properties, symmetrie$l, 90]. The formal de nition requires some additional
terminology related to the ber Lie group.

Recall, that aprincipal ber bundleis a ber bundle such that the berk = 1(b) are
everywhere homeomorphic to a structure gr@ufl]. Given a projection : Q! Q =G, where
Q=G corresponds to the base sp&eandQ = Q=G G everywhereQ (Q=G;G; ) is a trivial
principal ber bundle. For a point in the con guration spage ( h;r), withh 2 G andr 2 B, the
left action of a group elemegt2 G corresponds to motion along the ber givenlagg = (gh;r).
The right action is given bRgq = (hg;r). The Lie algebrag, of the Lie group is the tangent
space at the identity element, thatgs= TeG. The lifted actionTy 4 (vq) onvg 2 T4Q gives
the vector at ¢ (q) obtained by parallel transport f by the action ¢. The short-hand notation,
g g, is used to represent the actioglL 4 1 (9), which returns the velocity in body coordinates,

b= g 1g 2 g. The in nitesimal generator of the action corresponding t&@ g, denoted ¢,
generates a vector eld ov& accordingto g (h) = % (exp(t) h)ji=o forallh 2 G. For trivial
principal bundles, g (h) = TeRp [90]. At a given pointg = (g;r) 2Q, g = (TeRg( );0).
The adjoint operatorAdg : g ! g, is given byAdg = Ty 1Lg TeRgy 1. The group orbit is
Orb(q) = fgqj g 2 Gg, the orbit is an immersed sub-manifold. The orbit tangent space is given
by the generators at the point; thafligOrb (g) = f c ()] 2 go.

Each of these abstract operators has a concrete representatipstéonswhose structure group
G isSE(2). An element of the groumy 2 SE(2), is represented asda 3 matrix

2 . 3
cos sin X
g=4sin  cos y®92SE(2):
0 0 1

Elements of the group represent both body con gurations and rigid baztions on another group
element. The composition of two elements is simple matrix multiplication. Thug, fo2 SE(2),
Lgh = ghandRgh = hg. The body velocity b=1 y ! ]T is represented as a Lie algebra
element by the matrix 2 3
0 ! X
=4, 0 (O52sq2):
O 0 o

The velocity in world coordinates is given logy= g . As in the literature, we will intermingle the
use of 3-tuples to represent elements of the matrix Lie group and algelemIG= [ hy; hy; h ]T 2
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SE(2), the group actioth. g , whereg = [X;y; ], yields

2 ) 32 .
cos sin X cosh sinh  hy
Lgh = 4sin cos yd4sinh  cosh hyd
0 0 1 0 0 1
cos( +h) sin( +h) x+ hycos hysin
= 4sin( +h) cos( +h) y+hysin + hycos 2 (A.3)

0 03 1
X+ hycos  hysin
4y + hysin + hycos 9
+h

To obtain the mapping for the lifted actioihLg : ThRSE(2) ! T3hSE(2), we differentiate the
vector form ofL gh with respect to the group coordinates to yield

2 . 03
cos sin
Thlg = @k _ 4sin cos 09 (A.4)
@n 0 0 1

Similarly, the lifted right actioifhRg : ThRSE(2) ! ThgSE(2) is given by
2 .3
1 0 ycosh xsinh
ThRg=40 1 xcosh ysinh S: (A.5)
00 1

For matrix groupsAdg( )= g9 1. Forsg2), the matrix that encodes the adjoint operator is

2 . 3
cos sin y
Adg = 4sin  cos X9 : (A.6)
0 0 1

This matrix operates on the vector form of

Given these Lie group and Lie algebra actions, we now return to de niagtimcipal connec-
tion for purely kinematic systems.

A principal connectiopA,isamapA : TqQ! sg2) such that

A(o(@) = ; 8 20492Q
A(Tq g(vg) = Ad gA(vg):

[1]. This last property requires that the principal connection is invatader the group actiog.
The horizontal spacef the connectiorA atq 2 Q ishorg = fvg2TgQjA (vq) =09, and
TqQ =horgq vergy. Thus, forvg 2 TqQ we have the decompositialy = hor qvq + ver qvg, where

vergvg = (A (vg)) Qg (A.7)

From the de nition of an in nitesimal generatofA (vq))Q(q) is the vector afj generated by
the Lie algebra elememt (vq). The horizontal part o¥q is given ashorqvg = vq (A (vq))Q(q).
The connectiorA is related to the principal connectionAgvg) = (A (vq))Q(q).
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The principal connection provides a simple method of determining the connddfio The
connection in the local trivialization is

A(gr)=Ad g Tglg 1a+ A(r)r_ ; (A.8)

whereA represents the local connection determined by the constraints at the idémtieygyoup.
Appendix subsections A.4.2 and A.4.3 provide speci c examples of theas.ide

Given these preliminaries, we may now de ne the class of systems used inghis.tAprinci-
pally kinematic systens a system where

the tangent spacg,Q is the direct sum of the constraint distributidry, and the tangent to
the group orbits; that i$4Q = Dq + TqOrb ().

-
Dgq TqOrb(qg) = fOg.

the Lagrangiarn., the difference between kinetic energy and potential energy of thensyste
is invariant under the group action@fon T Q.

the constraint distributioD is invariant, that is givelDq T Q thenTgDgq= Dgq TgoQ.

The rst two conditions apply to purely kinematic systems. The constraintioigion, D4, de nes
the horizontal space for the connection; the group orbits de ne the aésfi@ce. Together they span
the con guration tangent space. As stated earlier, this choice uniquety ep the connection.

The last two conditions specify the invariance properties that differerigti@eenprincipally
kinematicand purely kinematicsystems. In the literature, the terms are often used interchange-
ably [1]. In this thesis, we will make a distinction between the two terms, as in 98] principally
kinematic system is purely kinematic; but the reverse is not true. In Appendi® we provide an
example of a system that is purely kinematic; that is, it has a kinematic mappingdrebase and
ber velocities, but lacks the invariance properties and is therefore NKcipally kinematic.

The remainder of this appendix presents detailed derivations of the emgiaficmotion for the
systems used in this thesis.

A.4 Examples

A.4.1 Vertical Rolling Disk (Unicycle)

The kinematic unicycle model presented in Appendix A.2 did not have a lzable, and hence,
does not tinto the ber bundle framework. However, by considering thtation of a drive wheel,
the model does t. This more complex model, called ttestical rolling disk is suitable for mod-
eling second order dynamics where the accelerations are the contrtd,iapa notffv;! g as in
Appendix A.2.

Consider the example vertical rolling disk shown in Figure A.3 [1, 90]. Tiek shoves over the
plane, with a con guration space &E (2). We represer8E (2) using a local chartx;y; ) RS2,
where(x;y) are the coordinates of the point of contact on the plane a@sdhe orientation of the
disk with respect to th&-axis of the plane. The angle of rotation about a horizontal axis through
the disk center, with respect to the vertical, isLet the local con guration be given as the vector
g= X Yy T The system is controlled by (imaginary) motors that provide torque atodlit b
the vertical and horizontal axes of rotation, which provides controlafd directly. Therefore,
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(X, mq

Figure A.3: Vertical rolling disk with( ; ) as base variables.

the base variables are designated as ), with projection

o .
Tk

o+

00

The ber variables(x;y), are a group under the action of translation.
The disk rolls without slipping, which constrains the instantaneous velocithefpoint of
contact to be zero, and yields the following constraints

x R _cos = 0; (A.9)
y R _sin = 0: (A.10)
In Pfaf an form, the constraints are
1 0 0 Rcos o
0 1 0 Rsin =0: (A-11)

For this simple system, we can rewrite (A.9) and (A.10) to obtain equations fikaifs the re-
lationship between the base variable velocities and the ber velocities, R cos() —and
y = Rsin( ) — Thus, given a speci cation of the base velocity, and base variable,, the
evolution of the ber is strictly rst order; that is the ber variables are kimatic with respect to
the base variables. This is the fundamental nature of purely kinematic systems

While the equations of motion are easily derived for this simplg,case, we,willedire con-
nection from rst principles to illustrate the base/ ber paradigm. get  x;y; + — 2 T¢Q be an
arbitrary velocity vector. The Pfaf an constraints for the vertical rollaigk, given in (A.11), have
the simple form given in (A.2). The corresponding connection one-famroeordinates are

Iy = dx Rcosd
I, = dy Rsind

The components of the local connection are extracteéilas R cos andA3 = R sin ;the
remaining terms are zero. The horizontal part of the arbitrary velocitipves
horqg= R —cos R _—sin _ T
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, and the vertical part is
verqq=q horqg= x R _cos y R _sin O OT:

Note that the horizontal vector, as given, obeys the Pfaf an conssraihereforehorqq 2 Dy,
the constraint distribution. Thus, the horizontal part, which encodes thieminduced by the
base motion, is inherently consistent with the constraints. The vertical peoties any remaining
portion of the arbitrary velocity that is inconsistent with the constraints. Tdnsaining portion
represents the group action independent of base motion that occugstiaéorber tangent vector;
such independent motion may be due to a disturbance beyond the systieoh con

Formally, the connectioA : TqQ ! T F is used to de ne the horizontal and vertical spaces. In
this thesis, we are mainly concerned with the mapping between base veloditigmeanelocities,
where the base velocities are driven by the system inputs. Thus, we abtaion an usé (q) :
T¢B ! T 4G to denote the more compact mapping where the terms are taken directly from the
connection. For the vertical rolling disl,= A () r_with

2 3
0 Rcos

A(g = 40 Rsin 5: (A.12)
1 0

Note the similarity to (A.1) ifwelet = R —_and! = _

A.4.2 Differential-drive System

A common mobile robot platform is a differential-drive system. The body ofadhet is driven by
two independently controlled wheels. By controlling the relative speedseleetthe two wheels,
the system can control both its forward velocity and the rate of body rotation

The body of the robot moves across the plane, with a con guration spa8& (2). Locally,
we represenSE(2) as(x;y; ) R3, where(x;y) are the coordinates of midpoint of the line
connecting the drive wheel centers, anis the orientation of the body with respect to thexis
of the plane. This arrangement is shown in Figure A.4. The angles of notattithe drive wheels
about a horizontal axis through the wheel centers is dengteehd g, whereL andR denote the
left and right wheels relative to the body heading. Positive rotation moeegethicle forward. The
local con gurationisq= X y . R '2SE(@® s' s.

The vehicle is subject to four nonholonomic constraints, three of whicmdependent. Each
drive wheel is assumed to roll without slipping and is prevented from sligideways relative to
its instantaneous heading. The sliding sideways constraints are reduid&faf an form, these
independent constraints are

2 . 3
sin cos 0 0 0

4cos  sin c R 05 g=0:
cos sin c 0 R

These constraints are not in the simple form given in (A.2). While it is possiblierive these
equations of motion using algebra, we will take recourse to the principalextion. We rst
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L.

Figure A.4: Differential drive robot with two drive wheels | ; rg as base variables.

rewrite the constraints at the ber identity element as

2 3
0O 1. 0 0 O

41 0 c R 05° Ir:0:
1 0 ¢ O R -

Using simple algebra, these constraints are equivalent to

2 3
0O 10 O O

R R -n-
41 0 0 F B35 =0 (A.13)
oo 1 &% X -
The constraints in (A.13) are in the simple form given in (A.2), which allowsoudirectly write
the connection termal = 2 Al = B A2=0A%=0,A}= &, andA3 = £, or more
compactly as
- >y g

Arn=40 05 (A.14)

R R

2c 2c

Given this unique speci cation, (A.7) and (A.8) determine the projection illeoordinates
onto the vertical spaoceerg; this yields

vergvg = verq(g;r) = TeRg Adg Tglgy 1g+ A(r)r. ;0

The principal connection for the diff-drive system is

2 _ 302 3 2 . .3 1
cos  sin vy X COS + y sin R R
A(gr) = 4sin cos x5 @ycos xsin5+40 05 tA
0 0 1 — R R R
2 3 2 , 32 , R3° %
x+y— “cos sin vy BB
= 4y x5+4sin  cos x40 05 * (A.15)
R R R
_ 0 0 1 % 2%
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In sg2), the generator operator is

2 3
1 0 vy
TeRg=40 1 x3;
0 0 1
therefore, the vertical component is
vergvyg = fTeRgA(r;9);0
dva = LERA LB 3 2 _ 32 . &3 13
y X+Yy— cos sin y BB
40 1 x5 @4y x 5+4sin cos x540 05 TA
= R R R
=800 1 _ o o 1 & R
0
22 3 2 03
X B cos B cos
4y5+4 Bsin Rsin 5 °F
= _ R R R (A.16)
0
0
and the horizontal part is
horgvg = vg A (r;q)s (Q)
R L T N SV I . 3
X X B cos B cos
Yy 4 Rsin Rsin 5 *
— R R R
-8 b R R (A.17)
+ 0 0
. 0 0
2 Rcos Zcos 3
g‘”z‘sin Rsin 5 * %
- R R R
2c 2c
+
> R
Bcos Bcos
R of R of
Rsin Rsin
_ gz R ’R +
2c 2c
1 0 R
0 1

As this horizontal vector encodes the admissible velocity induced by theviedssties, we will
abuse notation and let (q) represent the uniquiorizontal lift from the base velocities to the
con guration velocities derived from the Pfaf an constraints.

For diff-drive this thesis useg= A (q) r, with

2 3
Bcos Bcos
A(g) = 4%512 giin S (A.18)
2 2
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A.4.3 Ackermann Steered Car-like System

Consider the rear-wheel drive system shown schematically in Figur@a AHiis car-like system
has four wheels in contact with the ground. The model used in this thesieegbody dynamics
and the effects of tire/ground interaction, and assumes that each wbkslwithout slipping or
sliding sideways. The two rear wheels provide the motive force via tractitimtiae ground, while
the two front wheels provide steering. The vehicle body moves in the panegaates about the
instantaneous center of rotatignc.r.), which lies at the intersection of the perpendicular bisector to
each wheel. The rolling without slipping constraints force each wheeliéderat slightly different
speeds according to the distance from the i.c.r. The angle of each fhm® i slightly different
so that the bisectors intersect the rear axle line at the i.c.r. This type ahsgtesalled Ackermann
steering, prevents slipping of the wheels, which increases drag amohgyeéthe tires.

Typically a single motor provides torque to both drive wheels, and the anggilacity of each
drive wheel is related by a set of gears called diféerential To simplify the model, this mo-
tor/differential pair is modeled as a single drive wheel located along the heediéaof the vehicle,
as shown in Figure A.5-b. This imaginary wheel rotates about its axle bypgle a. The steering
angle of each wheel is controlled by a single steering wheel, with a mechéinkage coupling
each front wheel. In the simple model, a single front wheel, with a steerigke an is used to
represent the steering input. Because the distdncketween contact points has not changed and
the i.c.r has not changed, the motion of the two-wheeled vehicle is kinematicallya&nt to the
motion of the four-wheeled car-like vehicle.

The con guration space has two parts. Locally the body pose is givap=by x;y; g, where
(x;y) is the location of the midpoint of the rear axle with respect to a global cods]irad
is the orientation of the body with respect to theaxis. The body pose evolves on tB& (2)
manifold. The con guration of the drive wheel is2 S*; and that of the steering wheel is2 | =
( max; max), @ bounded interval. Thus globally, the con guration spac@ is SE(2) St 1.

The rolling without slipping or sliding constraints give three independenstaints. Both the
front and rear wheels are prevented from sliding transverse to thegdiliaction, which gives

X sin ycos =0 (A.19)

a) Car-like system with Ackermann steering b) Simpli ed model

Figure A.5: Car-like system with Ackermann Steering. The gure on thetrigpresents an equiv-
alent simpli ed model.
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and
xsin( + ) ycos(+ ) L-_cos =0: (A.20)

The rear drive wheel is assumed to not slip along its rolling direction, thatieei not spin freely.
This gives a constraint of

X C0S + ysin R _=0; (A.21)
whereR is the drive wheel radius. These are Pfaf an constraints, and maggresented as
2 _ 3
sin cos 0 0O O
4sin(+ ) cos(+ ) Lcos O 05 g=0;
cos sin 0 R O
T

whereg= x y — — _— .
Car-like systems are often modeled using a drift-less kinematic model, whedeitbevheel
con guration is dropped. The rear forward velocity, is speci ed as one control input, and the

steering ratel, , is the second input. Fgr= x vy T, the model becomes
2 3 2 3
cos 0
q= gfa'r? Zv+ goé ¥ (A.22)
T 0
0 1

With this model, the control vector elds in (A.22) annihilate the constraintsigingA.19) and (A.20).
With the kinematic model, the constraint in (A.21) is implicit. This is the model for cardiks-
tems given most often in the robotics literature [72, 94]. Straightforwadalitzdions show that this
drift-less model is small-time locally controllable [94]. Although simpler, this modsésosome
modeling freedom, speci cally that of considering dynamical effects. sTlthis thesis considers
the more general purely kinematic model.

Returning to the full con guration spac® = SE(2) S!' 1, we note that the drive and
steering angles are controlled, so let the base sBaseS! | and the ber spac& = SE(2).
Unfortunately, the system constraints lack the simple form give in (A.2), wprevents us from
directly de ning the connection as in the rst example.

It is possible, from inspection and some careful algebra, to derivegbengposition without
recourse to the principle connection. We present that result herewothkdorm, and then derive
the connection from rst principles using the connection. For an arlyitralocity vectoryvg 2 TqQ,
can be decomposed as

2 3
2x_3 R —cos 2x_ R _cos
Y- R _sin y R _sin
Vg= @4 =a% tan 7+ 8_ R _tan 4 =hor vq+vervg; (A.23)
= - 0
- — 0

the horizontal and vertical components [59]. As a purely kinematic systeemhdhizontal part
obeys the constraints, with the ber velocity portion given as a purely kirtiennalation with the
base variable velocities.
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Using rst principles, we now derive the connection formally. At the gradentity element,
the constraints given in (A.19)-(A.21) for the car-like system are

y=0; (A.24)
X sin ycos L._cos =0; (A.25)
and
x R —=0: (A.26)
Substituting (A.24) and (A.26) into (A.25), and simplifying we obtain
R
- T —tan =0: (A.27)
Taking (A.24), (A.26), and (A.27), which all have the simple form giveArR), the local connec-
tion A (r) is given by 2 3
R 0
An=4 0 o :
Rtan 0

Given this unique speci cation, (A.7) and (A.8) determine the projection iallgoordinates onto
the vertical spaceerg; this yields

vergvg = verq(g;r) = TeRg Adg Tglgy 210+ A(r)r. ;0 :

The principal connection for the car-like system is

2 . 302 .3 2 31
cos sin vy X COS + y sin R _
A(q:r) = 4sin  cos x5 @4y cos xsin 5+ 4 0 SA
0 0 1 _ R _tan
3
x Rcos +Bytan _+y_
= 4y+ Bxtan Rsin _ x: (A.28)
R _tan

- . -

The generator of the connection speci es the vertical vectosg[®), the generator operator is

2 3
1 0 vy
TeRg=40 1 x 9
00 1
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Therefore, the vertical component is

fTeR4A (r; g) ;0
29 ( %29

VergVq

R 33
10 y x Rcos +pytan _+y_
40 1 x54y+ Bxtan Rsin _ x23
= 00 1 ~ R _tan
0
0
2
x R —cos
y R _sin
= g- B _tan (A.29)
0
0
and the horizontal part is
horqvq = vgq A (2r_;g)Q(q)
2X3 x R —cos
" R _sin
yz gt =%
_ B - [ —fan
a 0
B 0
2 3
R —cos
R _sin
= gf _tan 7 ; (A.30)
as given in (A.23).
For the Ackermann steered car, this thesis @sesA (q) r, with
3
Rcos O
A(g)= 4Rsin 09 (A.31)
Rtan 0

The examples considered thus far — the vertical rolling disk, the diffefadriige, and the Ack-
ermann steered car — have been principally kinematic, and therefordy imematic. We now
consider a system that is purely kinematic, but is NOT principally kinematic. KEgedifference
between the system is the lack of invariance properties.

A.4.4 Diff-drive towing a trailer

Consider the system shown in Figure A.6, which consists of a differeniia-dobot towing a
trailer. The trailer body is attached to a rotating joint whose axis intersectsetiieraf the diff-
drive axle. The trailer body extent contains that of the differentialedoiody, so the trailer is treated
as the robot body. For this example, the body reference frame is attaxctiegrotating joint. The
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Figure A.6: Differential-drive robot towing a trailer. The system has tweedwheelsf |; rgas
base variables.

system is driven by the two wheels attached to the differential-drive rdbettrailer has wheels
located a distance from the rotation point. Denoting the angle between the differential-drivetro
and the trailer body as, the con guration is given by = (X;y; ; ;. L; R)-

The system is subject to four independent nonholonomic constraintse &ne the same as the
differential-drive robot: the two drive wheels roll without slipping, and thive wheels cannot slide
sideways. The fourth is that the wheels on the trailer cannot slide sideWelyfaf an form, these
constraints are

2 3
sin( + ) cos(+ ) 0O 0 O 0

§COS(+ ) sin(+ ) 0 ¢ R Oé o
cos(+ ) sin(+ ) 0 ¢ O RS 47 %
sin cos L 0 O 0

The number of independent nonholonomic constraints is equal to the dimevigiee ber space;
however, these constraints are not in the simple form given in (A.2).

To see the lack of invariance, we de ne the bEr= SE(2) S' (x;y;; ), and base
B =( L; Rr). The ber is the direct product of two groups; therefoFe,is a group. The base
space is de ned by the two actuated drive wheels.

De ne the matrixA (q), which spans the null space of the Pfaf an constraints, as

2Rcos(+ ) Rcos( + )3
Rsin(2+ ) Rsin(2+ )
R si%( ) R si%( )
A(g = 2L 2
2c 2c
1 0
0 1
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The matrixA () is homeomorphic to the constraint distributiby T Q . The lifted action of
theSE(2) ber components only act on th8E(2) velocity components; likewise, the lifted action
of the S component only acts on. Therefore,TyDq 6 Dgq, SO the constraint distribution is
not invariant; therefore, the system is NOT principally kinematic. Howdweiinspectiondq =

A(g)r,wherer = L+ R T Therefore, by de nition, the system is purely kinematic.

In this case, the constraints and equations of motion are determined byllgaaeflyzing the
system, and applying algebraic manipulations. The systematic approactbkvéilgrincipally
kinematic systems does not apply. The hybrid control approaches gedeilo this thesis depend
only uponA (q), and not on a principal connection; therefore, the policy design amhiplg tech-
niques are directly applicable to a differential-drive towing a trailer. Pexithat the trailer body
covers the differential-drive system, and the system extent is treatesiraga@rigid body.
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Appendix B

Details of Control Policies For Fully Actuated Systems

This appendix provides details of policy derivations, and proofs of lemefagenced in Chapter 4.

B.1 \Vector Field Design Details

The vector eld design presented in Chapter 4 is based on the pull-baakpotential function
de ned over a unih-ball. This section provides details for the general mapping used froitnaayhb
convex polytopes tm-balls, and the speci ¢ mapping for polygons to the unit diskR. The
section concludes with the derivation of the harmonic potential function arsélge disk.

B.1.1 Mapping of Convex Polytopes ta -ball

In this thesis, the basic cells used for fully actuated systems are convewgesy which can be
speci ed by the intersection of a set of half space constraints. It takesmiaum ofn + 1 half
space constraints to boumddimensional space. This makes the boundaries easy to specify, and
involves trivial calculations to check a point for inclusion. In lower dimensjgolytopes are the
familiar polygonsin R2andpolyhedrain R2.

Each half space constraint is represented by a ppidtR", and a unit normah 2 R". De ne
the normal direction as the outwargointing normal with respect to the polytope being de ned.
Therefore, the normal direction changes as the system goes from cell &xross a common face.
Let p be the center of the polytope face being speci ed by the half space aonstNote, this is
an over parameterization of the half-space constraint. All that is reqigirén distance from the
origin, and not a point on the hyper plane. We choose to qafoy use in later transformations.

a valid polytope is that the face normais positively span the free space. Leat(q) = n;
(g pi), the distance from a pointto the hyperplane de ning thid" half space constraint. Another
necessary condition is that the center point of each figcés contained in the intersection of the
other half space constraints, that is

8i=1::m;8j=1::m;i6j;, j(p)>0:
If gis an interior point of the cell, then; (q) > Oforalli 2 1::: m. This allows us to compactly
specify a convex polytope as

P=fg2R"j8i=1:::m; i(q > 0g;

1This is a change in notation from earlier papers, but is consistent with mliweanting normals used for arbitrary
cells in Chapter 5.



assuming that then half-space constraints form a valid polytope. if(q) = 0 for some, but not
all, of the half space constraintgjs on the boundary of the cell.
De ne g such that

\d
g = argmax i(a) ;
q2P i=1
and let
\d
max — i(q):

i=1
Thus max is the maximum value of the product of distances to each face on the intetlar oéll.
De ne the scaled distance product functiorqg) as

(@)= mix | i (g : (B.1)

Lemma B.1.1 The set of local maxima of (g) on the interior ofP is a singleton. Furthermore,
() is free of local minima on the interior ¢¥.

Proof: By construction, (q) is positive over the interior d® and zero along the boundary Bf
Therefore () has at least on point corresponding to a global maximum on the interior of
P. Let such a point, denotegl, be given. Without loss of generality, transform the polytope
such thag is at the origin.

Assume there exists another local maxima on the interior, and denote suthspin

De ne the line segment between the origin aspg asl (t) = gn t, and note that restricted
to the line segment is given by

i1m Y
M= 0m) = m& (O p)

1m
= n{ G t+nlp
i=1
1m Y
= mk o at+d (82)

i=1
wherea; = nlgyn,d” = nlp;, andt 2 [0;1].

The derivativeD; (t), along the line segment parameterized lyy
0 1

1m X0 yn 0

i=1 j=1
|6i
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The second derivative is

0 0 11
1 m X0 xn hd 0
Dy () = max a; q at+ dg
i=1 j=1 k=1
161 lﬁgl
0 o ! 11
In X B X 1w § §
= max i %ai- %)ajait_'_do act+ dg
i=1 j=1 I ||2§1
o 7 0 : 11
1 m )(n al )(n Yn §§
= max %al t+ a0 - %aj at+ dk
j=1 k=1
|6i k6 j
= max - mAi ’ (B.4)
where 0 1
xn A
A = %aj act+ dE g :
j=1 k=1
|6i k6 j

g andgy, are assumed to be local maximum points; therefof must be constant or there
must be a local minima in2 (0; 1). In either casel; (t ) =0 forsomet 2 (0;1). Note,
that
yn

Dt jt=Ai+a at +df
k=1
k6i
which implies that

\d
Ai = g act +d? - (B.5)

=1
6i

xx

Substitute (B.5) into (B.4) and simplify to obtain

0 1
SR @
D t)= 7 — at + :
tt ( ) max . ait"'de_l k k
k6 i

Each term in the summation is positive, thereférg (t ) < 0, which impliesl (t ) is a
local maximum. This contradicts the assumption thas constant or has a local minimum
along the line segment. Therefog, must equaly , and there is a single local maximum
on the interior ofP. Since is positive over the interior o, and there is only one local
maximum on the interior, there cannot be a local minimum in the interior.
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From Lemma B.1.1, conclude tha{q) monotonically decreases gapproaches the boundary
of P along a ray frong in all directions.
Given the speci cation of a valid convex polytope, we construct a mapiaitige unit ball using
the scaled distance product(q). First, note that the desirable properties of the constructed vector
elds are invariant under rigid body transformation. Jebe the rigid body motion that transforms
the cell so that the poirg is at the origin, and the center poimt, of the designated outlet face
lies on the negative; axis. Such an operator maps face points to face points, and face normals
to face normals. Unless otherwise noted, henceforth assume that thetcatistormed such that
pi = T (pi), ni = T (ni),andq= T(q) 2 T(P).
Given a convex polytopB and transformatioit,dene' : T(P) !B as

o q .
(q)—ikq“ @ (B.6)

1 m
where (g) : T(P)! R isgivenin (B.1). The scaling termngx in (g) makes the mapping
invariant to scale. The mapping in (B.6) maps the origin to the origin, and danyqgothe boundary
tothe(n 1)-sphere.
The Jacobian matrix@' , is given byDq' = Dy;" i , wherex; is thej th component ofy,
and' ; is thei™ component of (qg). Each element of the Jacobian is

= b i Dy. kok + Dy.
D’ kgk+ (@ (kak+ (@) 9 X (@
= ij l i I i + D, . B.7
kak+ (@) (kgk+ ()2 kak ¢ @ 8.7)
where
I N _
M7 0 otherwise
Note, wherkgk=0,' =" =0, and
lm Dy' = —-
kgk! 0 o
The distance function partial derivative is
0 1
1m X0 yn
Dy, (A= mix % k@ (B.8)
i=1 k=1
k6i

wherenj; is thej " component of thé" normal vector.
Lemma B.1.2 The mapping is full rank on the interior of the celP.
A sketch the proof is given for arbitrary dimensions; a detailed proofvisrgiater for 2D.

Proof: (Sketch) The mapping is designed to preserve angles relative to the origin, and scale
the radial component. Consider the spherical coordinate represerdétitmmapping. The
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Jacobian has diagonal 1's for the angle coordinates. In order fandpping to be singular,
the partial derivative of the radial scaling with respect to the radius neuséto.

Let g be the point of intersection with the boundary, along the ray from the origough
the arbitrary pointy in the interior ofP. This relationship is shown in Figure B.1. The radial
scaling is given by
r (t) = ; .
t+ (at)’
where = kq k, andt 2 [0;1]. Then,

t( +D¢)
(t+ ) (t+ )2
(t+ ) t(+Dy)
(t+ ) (t+ )
( tD: ) .
(t+ )

Dir (1)

which only equals zero when
tDy = 0:

However, by Lemma B.1.1, is monotonically decreasing as we move along the ray param-
eterized byt, sothatD; < 0. Sincet 0Oand > 0 over the interior oP,

tDy > 0

for all g 2 P . Therefore, the Jacobian in spherical coordinates is full rank.

The mapping from Cartesian to spherical coordinates is full rank, &atepe origin, where
a proper limit for this mapping exists. Therefore, as the Jacobian is fikleaerywhere on
the interior, the mappinyg is full rank over the interior oP [8].

The mapping fails to b€ at the origin due to the use of the radial retraction. However, this

isolated discontinuity can be accommodated by a local smoothing function.

ol

Figure B.1: The poing and origin determine a point of intersectign in the linear retraction
mapping.
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Mapping to a Unit Disk

The simulations presented in this thesis are for systems evolving Qrtherefore this section
presents the speci cs for the mapping of polygons to the unit disk.
From (B.6), !

' = D X D y .
(@= U xZ+y2+ (g x2+yZ+ (g (B.9)

The Jacobiam ' , is

2

o - 1 A Xy2+—y2 (@ xDx (9 Pxxzyf—yz xDy (0)
q pm,, G 2 % yDx (Q) P)(’;%—yz’f (@ yDy (0
(B.10)

Lemma B.1.3 The mapping given in (B.9) from an arbitrary polygon to the unit disk is full rank
everywhere on the interior of the polygon.

Proof: If g= 0, then a simple limit operation yields

2 3
é 0
Dq' Jg=0= 4 "E‘)’X } S5 ;

which is full rank. Assumekgk & 0, and consider the determinantdf;' ,

p —
x2+y2+ x2+y2 (@ ( (g)+ xDy (q)+yDy (Q))_
4 X

Det(Dg' ) =

X2+ y? e y2+ (0
(B.11)

The denominator and the rst term in parenthesis in the numerator are gogithin-zero
numbers forkgk > 0. Therefore, to lose rank, the second term, (q) + xDyx (Q) +
yDy (q) must be zero. Assume this is true for sogqwe (x;y) 2 P . Then,

(@=Dgq (@ Q9: (B.12)

However, by Lemma B.1.1, (g) is monotonically decreasing as we move along the ray
throughg originating at the origin. Therefor®, (q) q <Oforallg2 P, while (qg) > 0,
contradicting (B.12). Therefore, the determinant is non-zero.

The mapping is singular on the boundaries, and in fact, the Jacobian isoheatix at a vertex
of the polygon. This necessitates an approximation of the cell near the polggtices; see [26]
for an approach that uses llet curves.
Mapping Unit Disk to Unit Disk

The convergent vector eld design requires a diffeomorphisranoéJ I Bn 0between a unit disk
mapped from the polygon and a unit disk whose origin corresponds tootile §he mapping
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maps boundary to boundary and goal to origin; that(€B) = @3 andlimq g, 03 =0, where
g="(a.

For the unit disk, a mapping based on complex numbers serves the purpbse o = ' (q)
be an arbitrary point in the unit disk represented in complex planezdetq; = ' (qy) be the goal
point in the complex plane. Then

_ _ £ Zg |
z = (9= 1z 2 (B.13)
wherezg is the complex conjugate af;. Clearly,z =0 if z = z4. Simple algebraic calculations
show that the boundary maps to the boundary.

B.1.2 Harmonic Functions on a Unit Disk

Given the mapping from above, and a potential functior,, on the unit ball, de ne the potential
over the polytope as the pullback given by

= b

The potential function on the unit ball is based on a harmonic potential funetioich is a solution
to Laplace's equation
r 2 _ @ b + + @ b _

"7 @x? @x2
The harmonic potential function has several “nice properties” releimtitis work; there are no
interior local minima and the solution @* smooth [35, 106].
On the uniin-ball, the solution is a computable integral function; on the unit disk with pie@wis
continuous boundary conditions the solution exists in closed form [35, 10& ¢y = ' (Q) =
(Xq; Yq) be the Cartesian coordinates of a point in disk mapped from a point in thggrolyror the
disk, the most natural representation is in polar coordinates, so de ne

0: (B.14)

X3+ Vg
atan2 (yq; Xq) :

Outlet

(a) (b)

Figure B.2: Generating potential on polygon. a) Mapping from polygon te with outlet zone
identi ed. b) Discontinuous boundary conditions approximated by contisfonctions as !
0.
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If the boundary condition is 0 along the outlet zone, and 1 along the inlet, zbie solution to
Laplace's equation on the unit disk IR? is

SN_ 1 o0 1 1 sin(1 )
o3 )= =5 *ootan g cos(1 )
lant Snlo ) (B.15)

1 cos(o ) !

where ; denote the angle coordinates of the vertices of the outlet face. FigurehBvizsghe
mapping and boundary condition used in solution. Except for the discaigmat( ; )=(1; o)
and(; ) =(1; 1), (B.15) obeys Laplace's equation and satis es the boundary conditidos
calculate the gradient, differentiate (B.15) in termxgiandyy and simplify to yield

2 sin( )+sin( )+ (2 cos( ) sin( )+ ( sin( 2 )+sin( 2) 37
1+ 2 2 cos( )@+ 2 2 cos( )
Doy b= 4 £ (B.16)
cos( ) cos( )+ ( ( cos( 2 )+ cos( 2 )+2sin( ) sin( ))

1+ 2 2 cos( N@A+ 2 2 cos( )

The gradient of the potential in the polygonDs;, = Dg, nDg' , which is all that is needed to
calculate the negative normalized gradient vector ¥ld
B.2 Component Policy Design Details

This section provides details for the policy design for second orderragste

B.2.1 Unconstrained Dynamics Control Policy
Recall from Section 4.1.2 the second order system of the form
g=u; (B.17)

whereu is unbounded. Using either the convergent or ow-through vector sedd a velocity
reference, the velocity regulation control law is

u=K (X(@ a+ X{(a; (B.18)

whereK > 0 is the “velocity regulation” gain, which acts to decrease the error and #a fe
forward term,X(q) = DgX g, accounts for the change in the vector eld as the system moves in
theqdirection [105].

Lemma B.2.1 In the absence of constraints, including those of the cell boundary, tegrai
curves of the vector el (q) are attractive to the trajectories of the closed loop system de ned by
(B.17) under the in uence of (B.18).

Proof: De ne the velocity errore = X (q) g, and consider the set

V:=1(q;q) jkek=0g:
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De ne a Lyapunov-like function of the form

1
v = éeT

= JX@ o' X@ q (8.19)

e

Evaluating the time derivative of (B.19) along the trajectories of the closqudgstem, and
substituting (B.18) yields

(X(@ ' X ¢

= (X(@ aq'
X(q K (X(@ a X{(q
= KX@ Q' X(@ q: (B.20)

ForK > 0, y < Ofor all non-zero velocity error; therefore, the &ts both attractive and
invariant. This implies that the velocity error asymptotically approaches €& .[

The orientation error, de ned as the angle between the desired vel¥dity), and the current
velocity, g, is given by
1, ATX
qaXTX
whereX = X (q) andkgk > O; if kgk = 0, then de ne# = 0.

# = cos (B.21)

Lemma B.2.2 In the absence of acceleration constraints, and for initial velocities sudtgthé >
0, there exists a lower bound d¢6 such that the orientation erro#, monotonically decreases.

Proof: First, consider the isolated case where 0. De ne # jg=0= 0, since differentially the
acceleration will be in the direction of the desired velocity and the orientaticor eiill
instantaneously remain zero. As shown below, the orientation error willinepeso for all
time.

Now, assumégk > 0, and consider the set
U:=1f(g;q) j#=0g:
De ne a Lyapunov-like function of the form

u = sin#=1 cod#
XTgXTg,

R (B.22)
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Evaluating the time derivative of (B.22) along the trajectories of the closgudgstem, and
simplifying yields

2

XTq XTg

A T T T T T T
u = (ng_XTX)Z 290 g X'X+qg g 2X'"X ziqfq_XTX X'gq+ g X
= XD o TXTX e+ 2X T g XX
(@ aXTX)?
29°'gX™X XTe+ g X (B.23)
Substituting (B.18) into (B.23) and simplifying yields
2 XxTg N
= 27 % W xTg®xTX qq xTx?
(d"axXTX)
+ dgXTg XX XX
|
+ XX XTg q'ggx : (B.24)

Now consider the case whette= 0, that isq is aligned withX (qg) so thatg" X = kgk kX k.
The leading term is a nite positive number sinkgk > 0, andkX k > 0 by construction.
All parenthetical terms inside the brackets of (B.24) are zero; to see thss$itstiek X for g
with0O<k 1and simplify. Therefore,;, = 0, which implies that the séi is invariant. In
other words, if the orientation error is zero, it remains zero.

Away from U, the leading term of (B.24) is positive and bounded, because iniaky> 0.
Assuming the system has nite initial velocity aRX (g)k is nite, it follows that the velocity
error is nite; then by Lemma B.2.1, the error magnitude decreases; ther&fgk remains
nite for all time. Rewrite the parenthetical portion of the rst parentheticairtén brackets
as

XTg®XTX g'g XTx ?

XTx xTq? g'gqg XxTx

XTX (kXkkgkcos#)> o g XTX

kX k*kak? cos# 1 : (B.25)

This term is clearly negative provideédd & 0, which means that foK > 0 the effect is to
decrease,. The second parenthetical term in brackets has an indeterminate sigg gt
since all the terms are bounded.

Therefore, forsuf ciently largeK, , can be made negative de nite@ <j#j . This
implies thatg" X remains positive, and thereforg is always negative for suf ciently large
K. Since , < 0, we conclude thatl is attractive and invariant, and th&tmonotonically
decreases under the in uence of (B.18).
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To de ne a composable policy, the policy must also guarantee that the sgptad is limited to
kX (g)k. This allows prepares tests to be conducted on adjacent policies by déogiber reference
speeds of the vector elds.

Lemma B.2.3 In the absence of acceleration constraints, and for initial velocities sudtgthé >
0 andkgk k XKk, there exists a lower bound df such that speed never exceeds the reference
speed; that ikgk remains less thakX k.

Proof: Given an initial condition wher&gk k XKk, in order to exceed the desired speed, there
will exist a time at whichkgk = kX k.

Assume thakgk = kX k, and let ¢ = %q_Tq; The change in speed is

a" (K(X g+ DgXaq)
= K d'X d'g+abgXq
= K kakkX kcos# k gk? + gDgX g

s Jkgk= kX k

= K kXk?(cos# 1)+ gDgXq: (B.26)

The rst term is clearly negative foK > 0. For the general vector eld, the terqDqX g
is of indeterminate sign, but is nite. Therefore, feuf ciently large K, ¢ can be made
negative ifg & X. If g = X, the termgDgyX g encodes the change kX k, and the system
follows the desired speed pro le.

Intuitively, makingK suf ciently large ensures that the control policy is correcting more quickly
than the vector eld is changing. Formally, the suf ciently larieis determined such that

2 3
qg'g XTg XTX XTX+XTX XTg d'qgqgx

DgX
K > max4max © max MS :
i g (XTX)® XTX (d'X)? gakak=kxk q'q g'X
(B.27)

This is a worst case limit based on the vector eld derivative. Note that tremumerator and
denominator of the rstterm approach zerotas 0Qorkgk ! O; therefore, determining a proper
upper bound foK is dif cult. In this work, K has been chosen by sampling the state space over
the cell for points withkgk < kX k; a reasonable limit exists.

Lemma B.2.4 [Lemma 4.1.2 in Section 4.1.2n the absence of acceleration constraints, with
suf ciently large K and initial velocities such thatgk = 0, or kgk k Xk andg' X > 0, the
trajectories of the closed loop system de ned by (B.17) under the inei@h¢B.18), converge to
the integral curves of the vector eld (g) in such a way that the trajectory never exits the cell
except by the outlet zone atkdk k Xk while the system remains in the policy domain. For
ow-through vector elds, the system trajectory exits the cell in nite time.

Proof: If kak k XKk initially, by Lemma B.2.3 one concludes the reference speed is never ex-
ceeded.

For initial velocities such thai’ X > 0, we know the orientation error is initially less than
By Lemma B.2.2, for suf ciently larg&k the orientation error is monotonically decreasing.
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Assume the trajectory exits the cell in timet zone, thereby violating the conditional invari-
ance requirement. At the point of departugéX < 0 given the inward pointing vector eld
orthogonal to the cell boundary. This implies that -, requiring that the orientation error
increased along its trajectory. This contradicts Lemma B.2.2.

For ow-through policies, the vector eldX (q) is nowhere zero over the cell; the system
cannot come to rest and remain stationary, because the system exgeia@nacceleration
along the vector eld. Therefore, the trajectory must leave the cell via thietazone under

the in uence of (B.18) for the given conditions. The speed is non-zémwst everywhere;
therefore, the system exits the cell in nite time.

Likewise, for convergent policies the vector eKli(q) is non-zero everywhere except at the
goal, and the system converges to a neighborhood of the goal in nite time.

The utility of lemmas B.2.2 and B.2.4 is limited by two factors. First, a large valu& faan
lead to an overly aggressive policy over the cell that may prove troutblegor implementation.
Secondly, and most importantly, all real world systems have acceleration limhitsh may very

well be violated by the feed-forward term of (B.18), regardless of tiaesofK and the velocity
error.

B.3 Details of Hybrid Control Policies
for Constrained Idealized Dynamical Systems
This appendix provides details of the hybrid control policies introducecentién 4.1.2. For the
model
f=u, (B.28)
consider the following dynamic constraints,

kak, Vimax ; (B.29)
kuk, = kek, Amax : (B.30)
The approach presented in Chapter 4 used a velocity reference saadiritybrid control policies

de ned over individual cells to guarantee convergence without violatiegconstraints.
From Section 4.1.2, the reference vector eldigq) = s(q) X (q), where

0 1

s(g) = min @— St VA (B.31)
DX +
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m m
withs and de ned as constants. The spectral nord q>€ encodes “slow down while turning.”

The vector eld derivative is- = DX g, with

DgX = s(@) DgX + Dgs(@) X(d)
S s Dq DX
= IhQ—IhQ—Dq)Q m—miz%(q)
0 i in 1
S Dq DX X(9)
= i @X M A
DX + DX +

Consider the limiting case whete= DX gandkgk < kX (q)k, then

3 0 i i 1 3
S Dq DX X(9 S
kuk < &i—mh—@D,X n—n A m—wg
DX + DX + DgX +
B0 m )?m 2 123
2 Dy D ()]
< m—mi(s ) 5 g@oq% %—Mq : A
Thus, being somewhat conservative, let
p i in
Amax DgX +
S mcgn = : (B.32)
XD (DX b
DX B

The system can then follow the reference vector eld without exceedia@dticeleration bound so
S
long as the speed gtdoes not exceegaw.

A hybrid control strategy is used to expand the policy domain; de ge A, and T, where
the subscripts S, A, and T refer to “Save,” “Align,” and “Track” resfively. The control policies
obey the prepares relationship

S A T

B.3.1 Save Control Policy

Consider the case where the best the system can do, using all availeddkration, is prevent colli-
sion with the cell boundary. The Save control policy, is used to apply all available acceleration
in way that prevents collision with the cell boundariei is at all possible The exact form of the
Save control policy is dependent on the structure of the cell. The workt®ths focused on the
use of arbitrary convex polytopes. For a convex polytdpethe Save control policy developed
by Rizzi [105] has maximal domain. This section presents this Save polidydewvelops a new
expression for the savable set de ning the domain of the policy. First,dhieyds presented in its
basic form; then the switched dynamics induced by the policy are discussed.

The Save control policy, s, applies all acceleration normal to the boundary at the projected
collision point, in order to slow the system and prevent collision if at all péessibhe goal of the
policy is to bring the system to rest within a given cell without violating the califataries. De ne
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Figure B.3: Collision projection based on current velocity. The acceleratomponents of the
Save control policy always act to slow the overall speed and push j{bettrey away from the point
of imminent collision to a local maximum of the distance to collision. At the local maximuen, th
collision normal is aligned with the current velocity.

g as thecollision pointon the cell boundary along the direction of the current velocity; that is
the point of boundary intersection if no control input is applied (see Ei§u8). Letn. denote the
outward pointing boundary normal at the collision point; this is termedctiésion normal For
now, under the general position assumption, assume the collision pointt&@raxhin one face of
the polytope. That is, the collision does not occur at the intersection of twooe faces of the
polytope. De ne the Save control policy,s, as

U= Amaxne: (B.33)

The effect of the Save control policy is to accelerate maximally away fronprbjected collision
point.

The effect of g can be decomposed into a component along the current velocity, and a-comp
nent orthogonal to the current velocity, as shown in Figure B.3. Inyesa&se, the component along
the current velocity acts to slow the system down, while the orthogonal canpants to steer the
trajectory away from the closest boundary.

Note that the control policy always acts to maximally decrease the compoheelooity to-
wards the shortest collision distance. This pushes the trajectory awaythie point of imminent
collision, and locally increases the time to impact. The acceleration away fropoihieof rstim-
pact will continue until the velocity vector is oriented toward the intersectiamofor more faces
of the polytope, as shown in Figure B.3. Thus, as the system is acceleastagfrom the point
of imminent collision, it is accelerating towards another face, until the syswatity is oriented
toward the intersection of two polytope faces. In this case, accelerating idirtction of either
face's surface normal would decrease the time to impact of at least d¢he fafces. This introduces
a discrete change in the required acceleration direction.

When the collision point is on the intersection of two or more faces, rede eectilision
normal to be in the positive linear space of the normals of intersecting fdwdhe planar case,
where the current velocity is directed toward a vertex, the collision normaligeaed along the
negative direction of the current velocity. In the general case, theioolli®rmal is oriented so that
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nq 1"
Triangular region defines
co-dimension ( n-m) hyperplane
ln Negative linear span
3 of face normals

Figure B.4: Collision with the intersection of two faces using the Save polige Eas transparent.
With m = 2 andn = 3, the velocity is contained in a co-dimension 1 plane.

it and the current velocity vector form a co-dimens{ion m) hyper-plane normal to the surface
formed by the intersection of the polytope faces, wheris the dimension of the con guration
space andh is the number of faces intersecting at the collision point. Figure B.4 showsaanpbe
of this for 3-dimensional con guration space. The acceleration computoc@ntained in this co-
dimension(n m) hyper-plane is by de nition normal to the surface formed by the intersedtion
the polytope faces. The acceleration pushes the trajectory along theatitenssurface towards a
“corner”, formed by intersection with third face. The process continmgisthe intersection surface
is a point, and the collision normal is oriented directly opposite the currentityglevhich drives
the system to rest.

Lemma B.3.1 [Rizzi [105]] The Save control policy, s, is capable of bringing to rest any condi-
tion in T P that can be brought to rest without violating the given constraints.

Proof: Based on [105].

Assume g cannot prevent collision with the boundary for some initial state, and furthe
assume the existence of another control poli@/that can prevent collision.

Any boundary violation under the in uence ofs involves collision with the “nearest” bound-
ary component, that is the boundary component with the shortest time to impawever,
s acts to maximally increase the time to impact of the nearest boundary compohent. |
26 g, then 2 mustnot act to maximally increase the shortest time to impact. Bug if
cannot prevent the collision, then neither c@
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Given the proof of correctness, we seek an expression for de thiagavable set for convex
polytopes. The distancéy, to thecollision plane de ned by the collision point and the collision
normal is given by

de= ng(ad P

wheren. is the collision normal, ang, is a point on the face. De ne the collision speed as
— nTq-
Sc = Ncd;

wheres; is the velocity component along the normal to the collision point. The collisiondspee
encodes how fast the system is approaching the boundary.

The time required to bring the collision speed to zero, using maximum acceleiratios con-
stant direction of the collision normal, is

_ Sc

Amax

tp

The distance covered during the braking maneuver is

1
2

.
2Amax '

dp = Sctp Amaxtp =

Using these de nitions, de ne the collision avoidance ratio with the initial collidiace, 1, as

b
1= e

Note, that if 1 < 1 then collision with the rst face can be avoided, whilg > 1 implies that
collision is inevitable.

Now, consider the change in as time evolves. From the initial point, both the braking distance
dp and the collision distancg, decrease by the distance traveled over some differential time period.
Write ; as a function of time, obtaining

Rt
db F\D (Sc Amax ) d
dc (;(Sc Amax ) d
db Sct + %Amax t2 .

- : B.34
de Sct+ FAmaxt? (B-34)

1(t)

Here we assume that the cell is a convex polytope, with the collision normatasdrover some
nite range, Taking the time derivative of (B.34),

SC + A max t db Sct + %Amax t2
1 1 5 2 ( Sc*Amaxt)
dC SCt + jAmaX t dC Sct + éAmax t

2 (dp do)(sc Amaxt) .
de Set+ LAmaxt?’

(1)

(B.35)

In the time period before the collisios; Amaxt > Oandd; sct+ %Amax t2 > 0, there-
fore, the sign of1 depends on the relative valuesdyfandd,. If dc. > dy, then the derivative of the
collision ratio is negative, and the collision ratio never increases beyonshihevalue signifying
imminent collision. Intuitively, the remaining braking distance goes to zerorédfee collision
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distance, and; ! 0. On the other hand, il, > d, 4 is positive, signifying no recovery. In this
case, the collision distance goes to zero before the braking distanctheacallision ratio “blows
up.” While this proves that the system will not collide with the initial collision faté&ils to prove
that there will not be a collision with any face on the polytope.

A discrete change in collision normal occurs when the velocity is orientedrd®athe inter-
section of two polytope faces. This discrete change requires a modi catitdmetoollision ratio
calculation, as the acceleration is no longer orthogonal to either faceefohe although the Save
policy may be able to avoid a rst collision face in isolation, collision with the sectate may
be unavoidable. As the closed-loop dynamics in response to the constafgration are easy to
determine, it is possible to determine the collision ratio when the system velocityriedhgth the
intersection of two or more faces based on the new collision normal.

Let n; equal the original collision normal de ned by projected collision with a singleef
and letp; denote a location in the associated face. Using the Save policy de ned i8)(Bli
closed-loop dynamics are

A = 90+ GO SAmpnat?: (836

a(t) = 90) Amaxnait: (B.37)
The instantaneous time to collision for the closed loop system is

ni (ot) p1) |
njqit)

Likewise, the time to collision with the second face is

ny (qt) po) .
njqt)

where the second face is determined by checking the component of valatibgonal to the rst
face with respect to collision with other faces. Equatiggandtc,, solve for the time at which the
velocity is oriented toward the intersection of two faces, which we dezotéet d;, denote the
orthogonal distance to intersection of faces 1 and 2. With the rede niidicn normalng, de ne
the secondary collision ratio as

te, =

e, =

2
_ nedlts) ©
2Amaxdcz B

For higher dimension systems, continue these calculations beginning atd solving for the
closed-loop response given the new collision normal. The iterations centintil the intersec-
tions of additional faces results in a single vertex point. If at iteraitiadhe calculated value for
i is greater than one, collision is inevitable and the iteration halts. Given the itesatle ne the
overall collision ratio . as
c=max j:

Section 4.1.2 introduced the notion of tha@vable sets the domain of the Save control policy
for a given cell. Given the de nition of the overall collision ratig, formally de ne the savable set,
S, as

S=D( s,)=f(q;Qjg2P; < 1g:
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The goal set of the Save control polidg( s, ), is any rest condition within the cell, or more
formally

G( sp)=1(g;9)jg2P ; kagk=0g:

The savable set is positive invariant under the Save control policybe&ave does not increase the
collision ratio, ¢, for any state in the savable set. Because the system is always applygatiyee
acceleration relative to the current velocity, the system comes to rest intimige

Lemma B.3.2 [Lemma4.1.3in Section 4.1.For a given convex polytope and initial velocity such
that . < 1, the Save control policy never increasgsTherefore, . remains less than one, collision
is avoided, and the system remains in the savablSsetD( s,) := f(q;q)jg2P; < 1g
and eventually comes to rest.

Proof: The collision avoidance ratiq is de ned by the worst case. It = ; < 1, the calculations
associated with (B.35) show that the Save policy will decrease that . remains less than
1. If ¢ = ;< 1forsomei > 1, the calculations are repeated for the de ned collision
normal beginning at timg. Again, ¢ is shown to decrease; therefore, the system remains in
the savable set. The system will eventually come to rest, thereby avoidingasollis

B.3.2 Align Control Policy

The Align control policy applies maximum acceleration to the system in orderio&lgring the
velocity into the domain of the Track control policy whenever collision with thelmindaries is
not imminent.

The Align control policy continuously transitions from the Save control yaleca condition
where maximum acceleration is applied along the velocity error vector, weiélerates the system
and turns the velocity toward the desired velocity vecxofq). The domain of the Align control
policy, given the collision ratio de ned above, is

D( A)=f(0;Qjq2P; ¢<1g:

Let
=max O; X

where 2 (0;1)is a user de ned parameter de ning the collision avoidance margin, andale
the Align control policy as

8
1 e
< Amaca—eOw TX g
ACUTL L) s 0% gherwi (B-38)
max ki () s ()ak otherwise
whereé = %, G= k%k’ and : ! [0 1]piia transition function with (0) = 0 and

(1) = 1. Demonstrations in Chapter 4 usé¢ ) =
The Align control policy guarantees that the system remains in its domain, a®libg tran-
sitions to the Save control policy action when . Recall that under the Save control policy,
the collision ratio  is guaranteed to not increase. Therefore, the system will not exitthe
domain, once the threat of imminent collision is over. Whgn , the action of the Align policy
is “saving”, when ¢ < the action is “aligning”.
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Because the domai®,( a) S ,the worstthe Align control policy will do is bring the system
to rest. That is, the goal set of the Align control poli@( a), is

G( a)=f(0;Qja2P ;kak=0g;

which prepares the Track control policy. In the normal case, the Alignirabpolicy brings the
system velocity orientation towards the desired velocity orientation, while attime time reducing

the speed of the system. If acceleration along the unit error vector woutlltteincrease the
velocity, that is wherg" X > q' g, the system switches to accelerate against the current velocity.
In all regions, the Align control policy decreases the system speedyrargs the system to rest in
nite time.

B.3.3 Track Control Policy

The Track control policy brings the system velocity into alignment with the veetd X (g) by us-
ing maximum available acceleration and transitioning continuously to the velotatgree control
law. The domain of the Track control policy is

D( 71)= (q:Qjd X> 0;kak k X(qk

Although the Track control policy works for convergent policies, thisadigtion will focus on ow-
through style policies. For ow-through policies, the Track control poliayst guarantee that the
system trajectory does not exit the cell other than by the outlet zone. ddie@fithe Track control
policy is

G( 7)=f(d;d a2 @outer ;kak k X (q)kg;

i.e. the system exits via the outlet zone with speed no faster than the desireld spee

To accomplish this goal, the Track control policy monotonically decreasexitgtation error
between the current velocity and the desired velocity. The approachsosee of the available
acceleration to keep the orientation error constant as the trajectory gvahet uses the remainder
of the available acceleration to decrease the error.

The vector eld derivativeX-= DyX g, de nes the amount the desired veloci¥y/(q), changes
as the system moves liy Let dQ be the acceleration vector applied to the system such that the
change in orientation error is zero. Essentiall), shown in Figure B.5, is a scaled versionXof
that has been rotated by the orientation error.

Consider the plane de ned by the current velocityand the desired velocit¥ (qg), which we
term thevelocity plane Decompose the vector eld derivative vector into three components: the
component along the desired velocity, the amount orthogonal to the desloagity in the velocity
plane, and the remainder. The component along the desired velocity isfdrerwtifal speed change.
The second component encodes how the desired velocity vector difeglerotates in the velocity
plane. The remainder encodes how the velocity plane differentially rotasgmire. If the system
is accelerated such that the current velocity differentially rotates in theitejdlane the same as
the desired velocity, and rotates with the velocity plane, then the change iri¢h&ation error will
be zero. De ne the following unit vectorsy, M, NI, andP, whereg@ s the unit vector along the
current velocityM is the orthogonal to the desired velocity in the direction given by the eratore
e= X(qg g N is the unit vector orthogonal to the current velocity in the directioMafand
P is the unit vector orthogonal to the velocity plane. These vectors arersimofigure B.5. Note,
thatM andN are both in the velocity plane. If the current and desired velocities arecaljgie ne

M =N = 0.
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Figure B.5: Velocity vector relationships for the Track control policy.

Letx = XTX_andm = M TX_, and de ne
P=X xX mM;

whereX is the unit vector along the desired velocity (recél{q) = s(q) X (q)). The vectorP,
orthogonal to boti{ andM , de nes how the desired velocity vector rotates out of the velocity
plane. The scalax de nes the differential speed change, and the saalale nes how the desired
velocity vector rotates in the velocity plane. Considering the different madgstofg and X (q),

de ne

kak

X (K xq+ mK + P

dQ =

This is equivalent to scalin-, and rotating in the velocity plane by the orientation error. Given
the desired velocity scaling(q), from (B.31),kdQk  Amax becaus&kgk k X (g)kinD( 1),

and X Amax- Lettingu = dQ will hold the orientation error constant, while allowing the

speed to change proportionally. In general, beckd§€#k  Anmax, there will be some acceleration
capacity left over to decrease the orientation error. The remainder afdtiion presents a strategy
for ef ciently using the remaining capacity.

Consider the control law = dQ+ K (X (g) q), whereK is calculated to use the remaining
acceleration capacity. The speed will never exceed the desired speedthis control, because the
only component along the current velocity vector is directly proportiontiéspeed change of the
reference vector eld whekgk = kX k and the component along the error will tend to decrease
speed. Thus, this control will decrease the orientation error, or at\weep the error constant.

The available control can, however, be used more ef ciently. Congider< 0the vector eld
is changing in a way that is already decreasing the orientation error. iAlee,speed change given
by x is positive, then this component can safely be ignored; assuming that aligisreferred
over speed matching. Rede ) such that

kak
kX (Qk

dQ = min(0;x) ¢+ max(O;m) K + P ;: (B.39)

and preferentially use the available acceleration for steering, then ysemaining acceleration
for speed regulation. The Track control policy is de ned as

T ru=dQ+sN + aq; (B.40)
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where
r I

-
o T » d'a Lo a2 Kok .
s = mn KNTe: Ama T PTP +min (0 ;x) ock Max(0;m) - and
0 s 1
: T kak 2 kok .
- @K 4 e 2 aq QK . A -
a min @K & e;  Amax XTX P'P —kkaax(o,m)+ S XK min (0; x)

Thesterm is used to decrease the orientation error proportional to error, butdibyitéhe available
acceleration; tha term is used to increase the speed using a portion of the remaining accaleratio
In the limit, as the velocity error approaches zero, the Track control piigyentical to the

velocity reference control policy given in (B.18). The vector eXd(q) is de ned as in (B.31);
thus, 1 is able to follow the integral curves &f (g) without violating the constraints. Given this
de nition of the track control policy, the value &€ only needs to be greater than zero for proper
convergence, and not “suf ciently large”.

Lemma B.3.3 Under the in uence of the Track control policy, the system (B.28), witfstaints
given in (B.29) and (B.30), and initial conditidim;ag 2 D( 1, ), converges to the integral curves
of X (q), de ned in (B.31), in a way such th&tk remains less thakX k and the trajectory never
exits the cell except by the outlet zone. For ow-through vector elds,sistem trajectory exits
the cell in nite time. For convergent vector elds, the system convetgesn arbitrarily small
neighborhood of the goal in nite time.

Proof: The policy is designed so that the orientation error monotonically decresmsd$he speed
never exceeds the desired speed.

Therefore, the proof directly follows that of Lemma B.2.4.
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Appendix C

Test for Collision Free Cells

The policy design approach taken in this thesis de nes conditionally invgpialities over cells in
pose space. The cell de nes the policy domain with respect to pose.s@agen a conditionally
invariant policy, the policy isafeif and only if all poses within its associated cell are collision
free. In other words, since the system cannot leave the domain exeepigoal set by de nition

of conditional invariance, the system can only collide with an obstacle if thentersects the
boundary of the free pose spakelf the cell is completely contained in the free pose space, then
the system must depart the cell in order to collide with an obstacle, and tHatewioe assumption
of conditional invariance. Therefore, we can guarantee that theéchgbintrol policy is safe if each
cell used to de ne a policy within the hybrid control framework is safe. Tdppendix presents a
novel approach to determining whether a given cell is fully contained witharfrée pose space,
without explicitly constructing the free pose space.

Before presenting our approach, this section provides a brief ovevigwo alternate ap-
proaches that have been used by the motion planning community. This mavidetroduction to
the concept, and The second section provides the mathematical basis tectmique. A tractable
testing procedure is developed in the third section. The chapter condalitthes discussion of the
testing process.

C.1 Alternate Approaches

As with the rest of this thesis, this discussion assumes a single bodied robioignma bounded
planar workspace populated with a nite number of obstacles. Many of dhly path planning
techniques assume a point robot moving through its environment[22,f/dhdn-point robot has
xed orientation or is bounded by a circle, then the process of constguthie free pose space
can be viewed as “expanding” the workspace obstacles to accouthefanite robot size, which
allows the robot to be treated as a point for planning purposes [22T8%.approach is shown in
Figure C.1.

The process of “expanding” the obstacles is based on the planar Mskkdifference [22, 87].
LetR R? denote the set of points occupied by the robot relative to its refereriog pad
let O W denote the set of points occupied by a particular obstacle in workspaeee he
expanded obstacle as

O R=fp2W |90 mrp=2a bg;

For ow-through policies, the implicit requirement is that the goal set betained in the domain of another safe
policy




Figure C.1: The gure shows a bounded workspace with ve black afista including the
workspace boundary. Two robots, labeled "A' and "B' are shown @ltwer left; robot "A' is
circular, robot "B' is shown by the black ellipse. The reference poirgsrearked with small pluses.
The dark gray regions shows how the obstacles are expanded tonaéaothe size of robot "A.
Robot "A' can plan a path through the remaining space as if it was a poirgngecvative approach
would bound robot “B' with the large circle centered at the referendat @s shown, and then ex-
pand the obstacles as shown by the light gray regions. This results incend@tted workspace in
this example. As robot "B' is actually narrower than robot "A, and casspbetween the obstacles
at speci c orientations, this conservative approach is not complete.

whereO; R denotes the Minkowski difference between $8tsandR. For circular robots, or
objects with xed orientation, this transformation to an expanded obstacteseptation is exact,
and point-based path planning approaches are complete. There aithalgdor constructing the
boundary of the expanded planar obstacles for circles and polydgangobots with non-circular
shape and variable orientation, one approach is to expand the obstaséss dn the minimum
bounding circle whose center is the reference point attached to the r@toile this approach
guarantees safety, it is overly conservative as illustrated in Figure C.1.

Another approach is to map the workspace obstacles to obstacles in thspagse Concep-
tually, the planar workspace obstacles are expanded based on thdoalyoat a given orienta-
tion [22, 75]. These planar sets can be “stacked up” by considergfg@#&ntation as a slice of the
body pose space; Figure C.2 shows an example of this approach. Nuotteishatacking process”
results in a mapping from the planar workspace tolierepresentation of the pose space. Even
for simple shapes like polygonal robots and obstacles, the represertitimnpose space obstacle
boundary becomes a collection of curved surface patchBs ilAlthough there exist algorithms to
construct these representations for obstacles and robots de nethasigiebraic sets, the resulting
representation 06ee is quite complex. Many modern planning techniques, such as probabilistic
roadmaps and RRTs, use probabilistic techniques and collision testing tathkplioid construct-
ing the free con gurations space [78, 75].
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Figure C.2: The pose space obstacle for a triangular robot and \esthstacle in workspace.
Notice how each vertex/facet combination becomes a curved surfacedrspace. (Figure courtesy
Howie Choset [22].)

C.2 Calculation of Expanded Cell

For the hybrid control technique used in this thesis, we must verify theysafea given policy
over its entire domain. We prefer guarantees over probabilistic apmeabtt initially it appears
dif cult to test that a given cell, of arbitrary shape, is fully contained in fitee pose space. This is
because the test would apparently require constructing the pose $staeles, and then testing for
intersection between the surface patches that de ne the cell boundathe curved pose obstacle
boundary surfaces in three-dimensions. Our approach avoids tifesdtids by inverting the
problem.

Our approach expands the cell, which is used to de ne control policy d@mnand not the
obstacle; this approach allows simple intersection tests to be performed in thepaoce. This
section provides an overview of the approach, and then derivesaa &xalytic mapping from a
point on the cell boundary to the corresponding point on the exparedidabeindary. The discussion
begins with some mathematical preliminaries, then the general mapping is deAesheci c
instance of this mapping is demonstrated for an elliptical robot body. Latéoss use the general
mapping to de ne a test that lends itself to simple calculations.

To motivate our approach, consider the two-dimensional iconic examplensinoFigure C.3.
In this example, the robot has xed orientation, and the cell is represdmytéite two-dimensional
funnel. As the robot body is placed at different positions within the cellrdabet occupies different
regions of the workspace. Given a cell, robot body, and collectiobstbales, our approach veri es
that all possible poses within the cell are collision free.

Recall from Chapter 5 that our control policies are de ned over cellsémrtibot's pose space.
The cells de ne the policy domain in the pose space; that is, the set of albgd®d ; de ne the
poses for which a given policy is valid. The mappiRdg) de nes the set of points in workspace
that a robot body occupies at a given poRg(g) is a function of both position and orientation of
the robot body. For a given cell;, let

[
R(i)= R(9) : (C.1)
g2

R ( ) is the swept volume dR (g) over allg 2 ;; thatis,R( ;) is the set of all possible points
in workspace occupied by the robot for any possible pose within the cell.
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Figure C.3: Consider the iconic funnel used to represent the cell thagie policy domain, and
the dark polygonal robot body shown in the lower left. The body refeeoint is indicated by the
dot in the center. In this example the robot body is at xed orientation. Iftet body is placed
at any position within the cell, it occupies a certain region of the planar ades If the robot
body is convolved with all positions within the cell, the set of points occupiethbyobot extends
beyond the boundary of the cell, as indicated by the light gray region.

De nition: A cell is collision freg that is contained in the free pose space, if and only if

\
R( i) Ok =;:
k

For collision to occur, an obstacle must intersect the boundaR (of;), denoted@R ), or an
obstacle must be completely contained in the interid® ¢f ;). Thus, to test for collision, a mapping
R: ; G! R( i) W isneeded;Figure C.4illustrates the approach.

The expanded cell approach developed in this chapter nds tractable dsathapproximating
R ( i), and then tests this approximate set for collision in the workspace. Théeclugscribes an
approach that guarantees the approximation is safe, without being ceedgrvative.

For this approach, we rst identify the local chartR® of the body pose spad@that is used
to dene thecell j,withR®3 = W R, the planar workspace crossed with the real line. To be
formally correct, we map the cell; into this second copy dR?; in an abuse of notation, let;
denote the closure of the cell R® and letg denote the pose in this spdcalNe assume  is a
compact, connected, closed set, without holes; that is, it is homeomorphizatbia R 3. The cell
boundary is composed of piecewise differentiable surface patchéfasmna well de ned outward
pointing normal almost everywhere. These conditions are true for thedsefied in this thesis.
The obstacles are mapped from the workspad&'td Og in this same copy oR°.

2This “abuse” is recognition that the pose sp&cnd theR ® representation VR are not the same spaces, even
though they are both embeddedR.
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a) Cell in robot body pose space b)R ( i) - Extent of robot body in workspace

Figure C.4: Given a cell de ned in pose space (a), we seek a mappiRd tg) in workspace (b).
In this example, the lighter surface mesh shown in (b) represents tResg} for the cell in (a).

The approach developed in this chapter expands the cell R 3 to account for the extent of the
robot body, and then projects the expanded cell toxthlane given by f 0g. The projection
yieldsR (i), or more precisely its equivalent representation in this cogg &f Figure C.5 shows
the expanded cell representation for the mapping in Figure C.4. The @mpaiprojection, and
subsequent tests depend only on the robot body shape, the collectibatatles, and the speci c
cell shape.

Loosely speaking, the expanded cell is found by calculating the Minkiostgk of ; and
R (g). Where the Minkowski difference is used expand obstacles in orderdicaite how close
the body can approach an obstacle, and the Minkowski sum is used tatmdliow far past the
boundary of one set another extends. In this case, howR\g), is a two-dimensional set iRR?
and both ; and the expanded cell live IR3. We extend the basic Minkowski sum de nition based
on calculations performed on a planar slice of the cell. The slice is takenie¢m@ grientation
(Figure C.6-a); the Minkowski sum is calculated for the cell restricted tgslibe and the robot body
at the same orientation. We will abuse notation and used the Minkowski smimo$yo denote our
expanded cell as; R. Formally, the expanded cell is given by

82 3 2 3 9
< X 10 =

i R=_4yS+40 1Bpjfxyy; g2 jandp2 R(f0;0; g R? ; (C.2)
: 0 0 ’

whereR (f 0; 0; g) represents the set of robot body points at the origin rotated Byis extended
de nition maps the two-dimensional poimt into the three-dimensional space. This continuous
mapping is equivalent to taking the standard Minkowski sum of a planar afice at constant
orientation with the robot at the same orientation, and then “stacking the s{gasFigure C.6).
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Figure C.5: The cell boundary (dark inner surface) is expandecctmuat for the robot body shape,

and projected to yiel®R ( ;). Note, the goal set is not shown, and appears as an open face. We
assume that the goal set will be contained within the domain of another paiexpanding this

set is unnecessary.

y y
\/
X X
a) Cell cut at constant orientation b) Cell boundary slice and robot body c) Expanded cell boundary for slice

Figure C.6: The calculation of the extended surface is based on a plankowski sum. a) Con-

sider a slice of the cell at constant orientation. b) The robot body is glaloeg the boundary of
the cell for this constant orientation. The corresponding point on tharelgud surface is found by
matching normals for the planar cell boundary and the robot body. chdtedary of the extended
cell is calculated.

In another abuse of notation, Bt( i) = x (i R) W f Og R3, where xy Is the
trivial projection y (x;y; ) = (X;y; 0). This de nition is identi ed with the de nition given in
R( i)

While this set-based calculation Bf( ;) is correct, it is impractical for actual testing because
it depends on an in nite number of points in boh(g) and ;. As a step toward reducing the
complexity, consider the boundary of the expanded cell. For planar Miskicssums of two seté
andB, the boundary oA B is a subset of the convolution of the boundai@#and @ B[100,
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101, 109]. ThatisA B) @A @Bwhere
@A @B=fa+ bja2 @A @B;st:nga(a) knge(bg (C.3)

with nga(a) the boundary normal t& ata andngg(b) the boundary normal t8 atb, andk
denotes the vectors are paralleThis result says that any boundary point of the Minkowski sum
of two sets will be the sum of two points taken from boundaries of the two Betshermore, for

a given pointa 2 @A the choice of poinb 2 @Bis constrained to those points @ Bsuch that
the boundary normal dtis parallel the boundary normal at Note that the converse is not true;
the sum of some boundary points of the two sets will be on the interiér ofB and not on the
boundary.

We use this result to de ne a mapping from the boundary of the gelid a surface that covers
the boundary of the expanded cell R. Recall how the planar Minkowski sum was used to
de ne the mapping in (C.2) between a two-dimensional set and three-dinmahsiet; we de ne an
analogous mapping for the convolution-like surface between the two-diomathisobot set and the
three-dimensional cell. Given a robot pose on the cell boundaxy,fX;y; g 2 @ R3, the

corresponding outward pointing normal to the cell boundag) = ny ny n T, is projected

to a plane parallel to thre-y plane using the trivial projectiony n (g) = nx ny T Givena point

p2 @RfO0;0; @), letng (p) denote the outward pointing normal to the robot body at orientation
. Giveng 2 @ ; which de nes a positior{x;y) and orientation of the robot body, we nd the

pointsp 2 @R0; O; ) such that their normaig (p) is parallel to the projection of the cell boundary

normal 4y, n (g) (see Figure C.6-b). De ne the convolution-like surfa@e; @ Rwhich contains

the boundaryof; R RS2, as

82 3 2 3 9
< X 1 0 =
@i @R= . 4y5+40 1Bpjfxy; g2@i;p2 @Rf0;0; g) ;st: xn(g) knr (p).
. O 0 )

(C.4)

The mapping is continuous except where the cell surface normal prajastioot well de ned.
Piecewise differentiable cell surface patches map to piecewise diffdskenggpanded cell patches
almost everywhere.

Example: Elliptical Robot Body

Consider the elliptical robot body shown in Figure C.6-b. In the bodyreaiee frame,
the robot body boundary is de ned by, = (Xrp:Vin) 2 R?jf 1(p) =0 , where
the functionf (prp) = pL,Mpm 1withM a2 2 positive de nite matrix that encodes
the elliptical shape.

We use the extended convolution operator (C.4) to nd the point on thenebguhcell
boundary given a point on the cell boundary. get fx;y; g2 @; R? repre-
sent the pose of the body reference point on the cell boundary, ttitleell surface
normaln (g) be given. De ne the projected unit vectér (g) = ngggk The as
yet unknown point on the expanded cell that correspondsitop = (Xp;Yp; ) 2
@Xj @R RS Letvp = xy (p ) be the vector in the workspace frame from

g to p, wherep is a point on the robot body @t The corresponding poin;, on the

3If both setsA andB, are convex, the@A B)= @A @B Unfortunately, the planar slices of the cells are not
convex in general.
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robot body, in the body reference frame, is giverphy= Rot( )T vp with Rot( ) the
2 2rotation matrix. For pointp on the boundary of the robot gt rewrite the body

function as

f (p)= vyRot( ) M Rot( ) v, 1; (C.5)
wherevp = xy (p ) as before. The robot boundary normal in the workspace frame
is given by

nr (p) = 2Rot( ) M Rot( )T vp:

Sincep, and thusg (p), is unknown, lek represent the unknowkng (p)k. To sat-
isfy the matching normal requirement of the convolution surface, equae) =k and
N (g) and solve fowv, as follows:

Nr (P)

v (*)

2Rot( ) M Rot( )Tv, = kA (g)
Vp = g Rot( ) M Rot( )" ‘ (9)
Vp = ;Rot( YM tRot( ) A (g):

Substitutev, into (C.5), and solvé (p) = 0 for

2
k=g X
A (9" Rot( )M IRot( )" h (g)

Substitutingk into the solution fow,, yields

2 3
10

p = g+40 Pv, 2 @Ry @
0O 0

2 3 2 3 21 3
X 1 T

4y5 + 40 15 g Rot( ) M “Rot( )" n (g)

0 0 N (g Rot( )M LRot( )" h (g

N
<
o
ol
|

Thus, the poing = fx;y; gonthe cell boundary is mapped to the pgirt fXp;yp; o
on the convolution surface that contains the expanded cell boundary.

For elliptical body representations, (C.4) gives a one-to-one mappamg the cell
boundary to a point on the expanded cell boundary.

The mapping(@; @R(g) determines a point-by-point mapping for any point on the cell
boundary to a set of points either on the boundary;of R or, on its interior. Thatis@; @R
@;! @; @R Formore general body representations, such as polygons, (C.4esdyin a
one-to-many mapping at certain points. For example, if the projected ceflahonatches a body
polygon edge normal, the mapping would give the line segment de ning thanebgal surface,
and not a point. For the moment, we will assume the surfaces provide a-@me-tocontinuous
mapping; that is only one point d@R0; 0; ) matches, and the surface normal is continuous over
the boundary of . Analysis of the surface continuity and one-to-many point ideas are rexplo
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later in this chapter. While the convolution surface may de ne some points omtigor of the
expanded cell, the convolution surface will contain the expanded cefidaoy surface given a
continuous surface normal ove@ ;.

The set of workspace point®,( i), occupied by the robot over the cell is found by projecting
the convolution surface t&/ f Og, which is identi ed withW; thatisR( )= x (@i @R.

Lemma C.2.1
R(i) = w(i R)
= (@ i R) (C.6)
= Xy (@i @R

Proof: The rstline,R( i)= xy( i R),istrue by de nition when we identifyv f Og and
W. Functionally,R ( ;) is the union of the projections of each slice in R, where each
slice is the Minkowski sum of the robot body an all points in the cell at thantation.

Since jisaclosedset,x (@ i R)) R( i).

To see thaR ( ) x (@ i R)),and henceR( i) = x (@ i R)), consider
passing a line from = 1 through and orthogonal t&/ f Og. For any point on the
interior of( ; R), the line passes through two boundary points; both boundary points and
the associated interior point project to the same poiiinf 0g. Thus, we conclude that

w(@ i R)= xw(i R)=R(j):

The convolution surface contains the expanded cell boundary, t@tis R) @i @R
thus ,y (@ i R)) xy (@i @R[100, 101, 109].

Any points in@; @Rnot contained i@ ; R) are in the interior of ; R by de ni-
tion of the Minkowski sum; interior points projecttgy (@ i R)) from the proof of the
second line. Thus,xy (@i @R x (@ i R)) andwe conclude

xy(@i @R= xy(@( i R)):
Thus, we conclude that

w(@i @R= w(@ i R)= x(i R)=R(i):

By projecting(@; @RintoW f 0g, we determineR( i) = 4 (@i @R, and hence,
the maximal extent of the robot body for any pose in the cell. There asragwoblems with this
de nition and is application to cells with discontinuous surface normals. Firstythpping in (C.4)
does not guarantee a continuous cove@df; R). For each parameterized differentiable surface
patch on the cell boundar@; @ Rde nes an exact parametric representation of a patch on the
cell/robot convolution surface. The surface patches are not redgssontinuous if the normals
along the patch boundaries are not continuous. Second, this test siile®qn in nity of points
to be tested. The next section addresses these issues, and usesdené)yabe a tractable collision
test.
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C.3 Collision Testing Using Expanded Cells

This section presents a tractable approach to testing for collision basetismmete sampling of the
cell surface and the mapping de ned in (C.4). This section discussesltidations, and methods
to address the continuity issues introduced above.

C.3.1 Mesh De nition

The collision tests are a combination of exact and approximate tests. Wevaneagimesh repre-

sentation of the parameterized surface patches that de ne the cell&guiithat is, we are given a

nite collection of sample points spread around the surface, and a colleztiedges that connect

adjacent points to form a surface mesh representation. Triangulafedesunesh representations
are commonly used. This thesis does not address the “best” way to airzstnesh representation
for a given cell, or techniques for adaptively re ning the mesh. We mssthat each facet in the

initial mesh is contained within a single differentiable surface patch.

Given the collection of mesh vertices on the cell boundary surface, ttieesare mapped to
a point on the convolution surface of the expanded cell. This mapping & ard analytic. Using
the same mesh connections as the cell surface representation gives eepreskntation of the
convolution surface patches of the expanded cell.

There are two problems with this approach: disconnected facets aricefgansion. Discon-
nected facets require that the mesh be “stitched together”. Facet expegtguires that the mesh be
re ned to meet resolution requirements. Our simple techniques for re niagrtesh as necessary,
and stitching the disconnected patches together, are discussed beldihe Fooment, assume that
these issues are addressed, and the expanded cell has a “coritsuréace mesh representation of
suf cient resolution. The next sub-section presents the approachktingdor collision; afterwards,
the following sub-section returns to discuss how these two issues aesaddr

There are guidelines for de ning the initial cell mesh. Since the expandédscde ned for
slices of constant orientation, and the mapp@g @ Rdoes not change the orientation, the cell
mesh should initially be sampled at a suf ciently ne resolution in orientation. timeo words,
there should not be relatively large gaps in orientation between any twe @airertices in the
mesh. As a rule of thumb, consider the minimum bounding radius of the rolaiyt lhaundary,
and the desired sampling resolution in workspace based on obstacle sipgietiitation sampling
should be less than desired sampling resolution divided by bounding r&ispecting this at the
outset can reduce the burden on the re nement process. Secorwhtitisious normals will lead to
discontinuous maps; thus, itis prudent to nely sample along the bounddriedl surface patches.

C.3.2 Collision Testing

The collision test is based on mapping the surface mesh of the convolutfanests the workspace

to give an approximation & ( j). The expanded cell mesh vertices are projected to the workspace
using xy; using the same mesh connections between vertices gives a collectionriaippieg
facets in workspace. These projected facets approxiRdtg) since each vertex is contained in

R ( i) by Lemma C.2.1. Figure C.5-b shows the result of this projection.

Given the planar mesh approximation Rf( ), each obstacle is tested for collision. First,
the projected vertices of the expanded cell mesh are tested for inclusian téhcollection of
obstacles. This test is exact based on the point-wise analytic mapping; itex V& contained
within an obstacle, then the cell is unsafe and must be modi ed. Assuming@udygbstacles, or
simple elliptical obstacles, these inclusion tests are trivial.
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To guard against a small obstacle being contained wih(in;), the obstacles are tested against
the collection of facets in the projected expanded cell mesh. Assuming aopalygpresentation
of the obstacles, the vertices of each obstacle are tested for inclusioy a toe projected facets.
This is an approximate test based on the projected facets. If any obséats® is contained in
the interior of any projected facet, the cell is assumed to be unsafe. Tpriexapation may be
conservative if the boundary & ( ;) is highly curved, and the facets are relatively large. Obstacle
A in Figure C.7 shows an example where this test is overly conservaRezlucing the maxim
facet diameter by increasing the mesh resolution will reduce these falsiegms

If these two tests fail to nd an intersection, then the cell is assumed to be J&fere are,
however, at least two false negatives that must be guarded agaiestesittan fail in the presence
of long thin obstacles and relatively large facets as shown by obstacla Bgure C.7; thus, the
sampling resolution should be less than the minimum dimension over the set aflebstenother
approach, is to add test points scattered over the obstacle interior in additioa vertices; this
approach also works for non-polygonal obstacles. A third approadealing with skinny obsta-
cles is to test for line intersections between the obstacle boundaries anwjineqr facet edges;
however, this increases the computational cost signi cantly.

Another failure, shown by obstacle "C' in Figure C.7, occurs when thmdary ofR ( ;) ex-
tends past the approximation. To avoid this failure, the obstacles shoulddoeg by a distance
based on the maximum error between the actual boundaR/(of) and the projected mesh ap-
proximation. Given the analytic mapping, and the piecewise differentiabfacgupatches, it is
possible to bound the error, either through sample-based estimation oticailyor some mesh
strategies [99]. These calculations depend on the mesh generation teghanigl are beyond the
scope of this thesis.

Figure C.7: Collision tests on the approximatiorRf ;) using overlapping facets. The light gray
region denotes a representationRo{ ;). The grid and facets shows the approximation based on
the projection of expanded cell surface mesh. The dark gray obstatihe teft labeled "A' does not
intersectR ( ;); however, the approach classi es the cell as unsafe based on #tdrigersection
near point ‘A Obstacle 'B' intersecB®( ;), but the approximate tests misses the fact as no vertices
in "B' are contained in a facet, and no facet vertices are contained infH& obstacle labeled "C'

on the right does interseBt( i), but the approximation misses this collision.
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C.3.3 Patch Stitching and Mesh Re nement

This mesh-based approach to testing cell safety depends on the pragep@aded cell mesh
accurately approximatin® ( ;). Regardless of the accuracy of mesh approximation of the cell
boundary surface, the true measure is how well the mesh mapping appres@a @R Thus,
patch stitching and mesh re nement must be addressed.

While the differentiable surface patches on the cell are connected, iheptnecessarily con-
nected when mapped to the expanded cell. The most likely cause is discaostinoionals along
the patch boundaries; in this case a single pose does not have a wedddeonmal. For a mesh
vertex along patch boundaries, there may be multiple surface normals pattegparticular pose;
in this case, the pose is duplicated with multiple vertices each associated witticalpasurface
patch, and therefore a particular surface normal.

One strategy for stitching the surface patches together is to de ne faegtsetihese distinct
vertices together. Along a common patch boundary, two adjacent pasefre patch are joined
with a vertex that matches one of the poses but is assigned to the adjoirfaxgequaitch. Doing this
for all common edges results in a line of degenerate triangles along the celliény, that likely
map to non-degenerate triangular facets in the expanded cell surfguee E.8 shows a schematic
example of this stitching process. One notes the obvious effect of fqgahsion in this example.

To control the accuracy of the expanded cell approximation, and héecaccuracy of the
R ( ;) approximation, the mesh representation of the expanded cell is posspedcand re ned
as necessary. As stated earlier, the vertices in the expanded cell mesbjacted to the workspace
using yy to give a collection of overlapping facets that approxinfie ;). Larger facets will tend
to have larger error, so the length of facet edges is limited based on iheddesrkspace sampling
resolution. Although there are approaches for adaptively adjustinged number of vertices to
create similar sized facets [99], this thesis implements a simple approach. t@évartial mesh,
the re nement process iteratively adds vertices and splits large facetsnintiple facets based on
workspace measurements.

Figure C.8: Two continuous cell surface patches "A and "B' are mdppeliscontinuous patches
on the expanded cell. By adding facets that contain vertices from bothgsa#tong the common
boundary, the discontinuous patches can be stitched together.
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The re nement process described here is based on systematicallyislimglfacets that are too
large. The Euclidean distance between projected facet vertices is tethufdhe distance exceeds
the de ned sample resolution, then the facet is split. In the basic case, san@x is added along
the long edge connecting the two vertices, and a vertex is added at theid¢efthe two facets that
share the edge. Each triangular facet is split into four triangles; the wetsféhat share the split
edge are split into eight triangles. Normally, the sample points are added irathm@ter space
that de nes the cell boundary. The cell surface patch associated véthew vertex is identi ed,
and the appropriate normal is calculated. The new vertices are mappedexptneded cell, and
projected to the workspace. The basic re nement process contintiesach edge in the projected
mesh is less than the workspace sample resolution, or the parameter quaetice is less than
some minimal threshold. There are a few special cases to consider.

One set of special cases to consider is where a vertex is to be addeddet dhfat connects
two different surface patches along the shared boundary betweecetivgurface patches. If the
edge to be split has two vertices from one patch, then two new verticesldeel,aone for each
patch and surface normal. The proper “stitching” facets are added tlisthaf facets. If the
split is along an edge connecting two different surface patches, thegla sertex along the edge
and a vertex at the centroid is added with interpolated normals. The norreailstenpolated as
illustrated by Figure C.9. In this case, the pose is the same; the only diféei®incthe interpolated
normal. The decision to add a vertex is based on the distance betweertgaag@panded cell
vertices and the difference between interpolated normals, as the pamspetee difference is zero.
If the new vertex is added to an edge containing an existing interpolated véreenew vertex
should interpolate its normal based on the interpolated normal of its neighbos, new vertices
at the same pose are introduced to address the discontinuous normatstchritie surface patches
together with an approximately continuous mapping.

Another special case relates to robot bodies de ned by piecewisedtiffable functions such as
polygons. For elliptical robot bodies, the convolution surface mappingésto-one; there are only
two points where the normals are parallel, and one is eliminated because iaisaivthe interior.
For more general body shapes, the mapping may be many-to-one. Haengider the case of
polygonal body shapes; consider the case illustrated in Figure C.10m®&%tr cases, assuming
general position, a one-to-one mapping is preserved as the requirefraatching normals will
choose a polygon vertex such that the cell normal is in the positive spplaa afljacent edge normals.
If the cell normal matches an edge normal on a polygon, the point on thieazgidary will map to

Figure C.9: A the junction of two cell boundary patches with discontinuousiabvectors, blend
the normal vectors while holding pose constant to provide a continuousi@egacell boundary
surface. Similar techniques are used with robot bodies de ned by pisedalifferentiable curves.
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Figure C.10: With polygonal robot bodies, the expanded cell mappingrexges discontinuous
jumps between body vertices. This gure shows an arc of the cell boyradal its mapping to the
expanded cell for a rectangular robot body. In this case, the cell megtdx 1 and 3 map to single
points on the expanded cell, but the points correspond to different e®ic the body rectangle.
Cell vertex 2 is mapped to a line segment corresponding to the edge that stitele!l normal.
To preserve a one-to-one mapping, a particular point along the edgdoencisbsen.

a line segment. To preserve a one-to-one mapping, one point in the linergegong be chosen.
There are several “reasonable” choices.

If all the normals of the other facet vertices in the facets connected to thiedex would lead
to a particular body vertex being chosen, it is reasonable to chose thatedex for calculation of
p(g). If the other facets disagree on which body vertex to choose, then é&ssmable to interpolate
between the body edge vertices. A more common situation is re ning a fagetwldere one facet
vertex is associate with one body vertex, and the other facet verte>oisaes! with the other body
vertex. In this case, it is reasonable to add an interpolated value in calgytgt. The vertex
should track the interpolation value to use in later re nements. Thus, the toaoiye mapping is
accommodated by iteratively adding vertices and facets during re nement.

The nal special case, that is checked after the re nement processniglete, is when the three
projected normals of a facet spRY, or two projections are equal and the other sg&nsn these
cases, at some point in the region of the approximated surface patchofbeted normal is null.
That is, the cell surface normal is orthogonal to the projection plane.idrcfse, the a collection
of vertices and facets are added to the mesh that represent a mesreawedratbody at the pose of
the facet centroid. As the cell is compact with a well de ned surface nhrimese added vertices
always project to the interior &® ( ).

C.4 Testing Process

These collision tests outlined above represent a brute force appraedch tiot appropriate for real-
time calculations; however, it is easy to implement and is suitable for cell validdtiong policy
instantiation. The resulting mesh has a nite number of vertices and nite numibiicets based
on the sampling resolutions used to guide re nement and enforce termind@tieraccuracy of the
technique is determined by the accuracy of the expanded cell surfate smaller facets on the
expanded cell surface mesh implies better accuracy. By carefully iclgoib® mesh resolution, and
slightly padding the obstacles based on the maximum error bound, the elpmaabe guarantee
the safety of a cell without being overly conservative.
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During manual speci cation of policies, a coarse sampling of the expaceléd used to check
for the inclusion of the projected vertices in the obstacles. In the earlysstdgere nement steps
are skipped, and only the exact collision tests of projected vertex in dbstacsed to rapidly elim-
inate invalid cells. A visual inspection as in Figure C.5-b can also guide thetieeleof policy
parameters during manual instantiation. Once reasonable choices for palaameters are deter-
mined, the re ned mesh is used for nal validation.

For automated instantiation using the policy cache and reference pointgdddsno Chapter 5,
these collision tests are automated and incorporated into the instantiationgpr&ces resolution
mesh is calculated and re ned once for each policy in the cache. Theegtged in the approxi-
mation ofR ( ) are stored with the policy cache. During instantiation, the vertices are dramsd
relative to the reference point and then tested for collision using the coltisst® described above.
If collision occurs, that policy from the cache is not instantiated at theerée point. The rigid
body transformation is fast relative to the mesh generation and re nemeecggs, which only needs
to run once for each policy in the cache.

The complexity of the collision testing has two distinct components. The rst compois
directly linked to the complexity of the mesh generation and re nement pracssd, and is not
explored here. Given a expanded cell mesh Withvertices andN¢ facets, andN o obstacles with
Nop Vvertices and other test points, the complexity of the collision testis, O\ o) inclusion tests
for vertices in obstacles and ®( Nop) tests for obstacle vertices in a facet.
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Appendix D

"PF' Style Control Policies

This appendix provides a detailed derivation of the "PF' style control jgsliosed in this thesis.
The policies are based on a variable structure control approgadthofollowing hence the name
"PF' [4]. While the approach is inspired by [4], the control techniqueiffeiént. Furthermore, in
keeping with the sequential composition approach advocated in this pappalities have explicit
de nitions for the domains of attraction allowing reasoning about their safeftyee pose space.

This section begins by presenting the structure of the de ned policiestrampresents an
overview of the basic control approach for kinematic systems. The faieralations for speci c
models are delayed until the end of the appendix. The appendix contintiea wiscussion of
the speci c curves — line segments and circular arcs — used in this theses.seldlion presents
veri cation that the policies satisfy the composability requirements given iti@e8.3. Given the
general overview of the cell and control approach, the formal cblaws for each system model
are derived. Finally, the section concludes with a discussion of the limitatidives and circular
arcs, and the challenges of extending the technique to arbitrary curves.

D.1 Policy Structure

Throughout this thesis, the control policies are de ned over local reyid body pose space, which
are termed cells. The cells are de ned in a loBal representation of thiex; y; g pose space The
cells are de ned to be compact connected regions without holes. Thence#ishave continuous
boundaries, so the  -dimension in body pose space is NOT identi ed for the cell de nition.
For PF style policies, the cells are de ned relative to a two-dimensional pteference curve
that s lifted to body pose space. IfEts) = (X (s) ; ¥ (s)) 2 R? de ne a planar curve in workspace,
wheres 2 [0; 1]. We designate (0) as the(x;y) position that corresponds to the goal set center;
thus, the control policy is designed to move the system along the curvedsreni tos = 0.
Let “(s) = atan2( 9°(s); R9(s))+2k ,where( R(s); 9°(s)) is the tangent vector in the
direction of travel; this maps the two-dimensional workspace curve into a-ttimensional body
pose space cung(s) = 2(s);9(s);"(s) . By choice of the appropriate integer value kothe

solution to” (s) is restricted to be continuous along the curve parameterized?bl; 4] with *(0)
as the anchor point. The cell goal center reference pombis= 2 (0);¥(0); ) .
To enable policy de nition, each reference curve is further restricteiibows:

(i) 6(s) 2 CX, the space of functions witk continuous derivatives fde > 1,

1See Appendix A for a discussion of body pose space.



(ii) the reference path's minimum radius of curvature is larger than minimum abtwehicle
turning radius,

(i) the path has a unique closest point for all planar points within a spe@peh neighborhood.

Condition(i) ensures that the proper derivatives are available for our confpobaph. Conditiorii)
guarantees that the curve will have a full dimensional region of attragfiondition(iii) guarantees
that for a suf ciently small neighborhood of the path, the policy is uniquelyndd; this constrains
the de nition of the cell boundaries.

Given a robot posg = ( X;y; ) in a neighborhood of thg(s) curve, lets(g) 2 [0; 1] specify
the unique nearest point on the planar cufveThat is,k(x;y) p(s)k > k(x;y) p(s)k for
all s 6 s[4]. At §(s), de ne alocal frameF as shown in Figure D.1. Ld% . denote the three
dimensional tangent vector to tlecurve in the direction of travel and parallel to the-plane. Let
F - be parallel to the -axis of the body pose space and in the same directionF kefborm a right
handed coordinate system wkh, andF . Given a continuous cungg(s), the frame continuously
varies along the path. Note, this convention differs from a conventiaealdt frame as it does not
ip orientation based on the path curvature and tirey; F yg-axes are parallel to they-plane [4].
As described in Section 5.3, the goal set orientation de ned by the kftakis at the goal set
corresponds to the loc&l x-axis atg (0).

The robot body pose is expressed in the Iécdrame along the curve a4g) = x(g) ;y(9); ~(9) .

Sinces(Q) is the closest point on the curve, and thg-axis is tangent to the curve,(g) = 0 by
de nition. The control problem is to drive the lateral offsefg) and the heading error(g) to zero
as the vehicle moves along the path while monotonically decreagimg Hence, the natural error

coordinates are(g) = s(9);y(9); ~(g9) [4].

D.2 General Control Approach

The control approach for PF policies is based on a form of variabletateicontrol called sliding
mode, control [4, 31]. Sliding mode control works by using a surfacestneda switching control

policy. If the vehicle pose is “above” the sliding surface, then the systeamats to steer the vehi-
cle pose onto the sliding surface by maximally decreaSit@) as the vehicle moves; for forward

p(0)

F (s %
P(s)

v
Figure D.1: Reference path with de ned coordinates.
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motion, this corresponds to turning right. If the vehicle pose is “below” thénglidurface, then the
system attempts to steer the vehicle con guration onto the sliding surface bynaléxincreasing
~(g) as the vehicle moves; this corresponds to turning left while moving forwardheory, the
control instantaneously switches as it crosses the sliding surface; iidirgssurface is well de-
signed, the “averageFilipov equivalent control causes the system to “slide along the surface” to
the goal [31]. In practice, we de ne a “blending zone” on either sidthefsliding surface.

To derive a sliding surface in the body pose space, consider the motiomdliicle as it moves
along a circular arc of radius, as shown in Figure D.2. The lateral offsgt,is a function of the

heading change;, for a given radius. From Figure D.2ps™ = @ or~=cos ! 1 j%j .
Clearly, ~must be larger than the minimum turning radius of the vehicle.

Figure D.2: Moving around a circular arc generates a lateral displadethemelationship between
lateral displacement and orientation change de nes the sliding surface.

N

B

|

NI

- 1 05 yLO 05 1
(@) (b)

Figure D.3: PF control surface: a) Sliding control surface in the I6calF - plane de ned by
(D.1). b) Sliding control surface in body pose space formed by extgutiie local curve along the
g(s) curve.
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Using the above intuition, we de ne : R2 ! R as scalar function over the locBly-F -
plane. For the initial discussion, let

8 .
< T sign(Pcost 1 P gy~
Yo = _ . ; (D.1)
sign(yy) + % 1  otherwise
n o]
where ~is a free parameter. The 1(0) curve, thatis *1(0) = v 3 v~ =0 ,is

shown in Figure D.3-a. The sliding surface in body pose space is formeatbuding the local
1(0)-curve along they(s) curve, as shown in Figure D.5-b; denote the extruded surface as

1(0) where ( g) = ¥(9); ~(g) . Stated more precisely, sliding mode control attempts to

drive the error coordinates(g) = s(g);y(g); ~(g) tothe 1(0) sliding surface, and then

along the 1 (0) surface toware(g) = (0;0;0) = 0.

Pure sliding mode control works, but suffers from several drakdbacpractice. Sliding mode
control requires an instantaneous change in velocity, which is unrel@iaalreal systems. Finite
control update times make a sliding mode control system prone to chatter. Totenitigae effects,
we de ne a blending region on either side of the sliding surface. If theegyss outside the blending
region, then the control performs maximal steering towards the slidingcgurfiaside the blending
region, the control interpolates between maximal steering and a neutmahgtpelicy that moves
the system along the sliding surface.

The neutral steering policy should be a continuous policy over the slidifgcgu Unfortu-
nately, the simple curve given by (D.1) has an unde ned derivatiye=aD. Thus, we rede ne the
local frame sliding surface as

8
3 7 sign(Pcost 1 BTy jy ~+y,
o= B iy ) (D.2)
T osign@y) 5+ M 1 otherwise

Nl

N}

IN|

N

Figure D.4: The smoothed sliding surface de ned in (D.2).
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wherey, is the symmetric offset between two erfaces of&he type de ned in (D.1¥) is function

that providesC? continuity on (D.2) at the points y»; T . For this thesisf - is a cubic polyno-

mial whose coef cients ang, are determined such that the sliding surface derivative is continuous
aty = ¥y,. Figure D.4 shows the new sliding surface inthg F - plane.
Figure D.5-a shows the blending region to either side of the sliding surféeeblending region

is delineated by offsetting the sliding surface in thdirection . Figure D.5-b shows the
interpolating function used to providg? continuity of the steering policy. The blending function is
8 s
o NP ' N U
B(@=B y(9;7(9 = T L ' (D.3)

s S

1 ¥ > B

where T3 is the height of the blending zone relative to the sliding surface. The daftoot can
be smoothed by increasing eithers or the width of the linear offseg,, at the cost of slowing
convergence to the reference path.

D.3 Cell De nitions

The cell boundary, which de nes the neighborhood)@f) where it is safe to invoke the steering
policy, is based on the curves de ned above. Although the contrologapris general, this thesis is
restricted to two curve types — straight line segments and circular arcs.

D.3.1 Line-segment Based Cell

For the moment, assume thfe(s) is line segment so that(§ (s)) = goar @ndF (s(g)) only varies
in position along the curve. Given the local frafRe(0) at the goal set centdy(0), and given a

robot posey = (X;y; ), the local pose errag(g) = s(g);y(g); ~(9) is specied. The value

NI

B
Hard Right

B

A

N

D)

(b) ®

Figure D.5: a) Sliding control surface with blending ranges shown. )Blénding function used
to interpolate between maximal and sliding control.
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)
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s(g) = M, wherelL is the length of the cell anB  (0) is thex-axis pointing out of the
cell. The lateral offsetig(g) = F(0) (g §(0)). The orientation relative to the local frame is
“@= ")

If the direction of travel is oriented with a positive projection along the paskraxis, the in-
stantaneous motion induced by the sliding-mode based policy will decseByecareful de nition
of the cell, that is the local neighborhood arou), a control policy that satis es the objective

of moving along the path while converging teg-(g) ; “(g) = 0 may be de ned for a variety of
systems. For the systems of concern in this thesis, the instantaneous velabitgys along the
body axis in thexy-plane. Therefore, for forward motion, we cap the range@f) < -, which

guarantees that invoking the steering policy will make monotonic progresg #ie planar curve.
The sliding surface should split the cell to prevent the control fromimtyithe system out of the
bounded~range. That is the sliding surface should not excegdwithin the cell boundary. For
a given~, this constrains the cell width to the box shown in Figure D.6-a; for a givieithwthis
constrains~

To further de ne the cell boundaries, consider the six labeled regioowis in Figure D.6-a. On
the sliding surface separating the regions, the neutral steering cordihiad to drive the system
along the sliding surface toward tigé€s) curve; therefore the induced velocity is not transverse to
the sliding surface. As the actions are symmetric about the origin, we willatestr discussion
to the regions (A,B,C) above the curve. Further, assume the vehicle isirtigpf@ward; similar
arguments apply equally to reverse motion with minor changes to region lalbdlse $ystem's

y¥(9); ~(g) coordinates are in bounded region A, the control action will induce moticomseh

instantaneous motion moves the system towards the sliding surface ortherassnmon face with
region B. The velocity will not exit the upper bound so long as the slidinéasaris less than the
upper bound. In region C, the system is naturally oriented toward the sidifigce and away from
the other bounding regions. Thus, once inside, the system will remainionr€guntil it converges
to the sliding surface. Region B is the problematic region, and must be fuxhstrained.

For poses in region B, the system is oriented away from the sliding suf&bée the system
will not cross the given upper bound in region B due to the control theéslthe system toward

2 20
A
4 E B 4 A u =
- -~ =~ B Uw
0 0 Lo -
L E c _ U,
C -
D
2 . . ; . . 7 L= . ; e .
1 0:5 yO 05 1 1 0:5 yO 05 1

(@) (b)

Figure D.6: PF cell: a) Bounding box and control regions de ned reddiivthe sliding surface. b)
Limiting surfaces de ned in the loc& frame.
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the sliding surface, the control may cross the right side bounding widtlgiand3. To circumvent
this problem, the™ orientation at the extreme width must be less than zero, so that the vehicle is
oriented into the cell. Furthermore, the region B bound must be such thaidtesrscan turn fast
enough to stay in region B until it enters region C. For this upper boundetuen to (D.1) and

dene y(y) =cos * 1 y% “u, » Where turning radius parametey > min Where

min 1S the minimum turning radius induced by the maximal steering poligy, < ~is the cell
width, and™y, is a offset buffer that guarantees the system is oriented inwards artbedndary.
The lower bounding surface is de ned analogously; note that the wpmklower bounding surfaces
and widths are not necessarily symmetric. The values are constrairtenffdsisome freedom in
de ning the cell provided the upper bounding and sliding surfaces dacrass or touch in the
¥ 2 [ ww; uw] range. Figure D.6-b shows the resulting limiting surfaces for the cell. Nate, th
de nition of 7y also constrains region A and C.

The policy must guarantee that the steering along the upper (lower) aoesdavill keep the
velocity inward pointing with respect to the cell boundary. The simplest téstface~y >  min,
and guarantee that the blending zone does not intersect the boundiagesu That isyy =
ulow) (0 B >0and™mL = T( w)*t jl:JLw (0)+ "B > 0. Likewise,

Lw

BL = 1LW 0) B 1L, >0andBu ="u, + L (0 B >0

Figure D.7-a shows the cell boundary and blending surfaces. Thelemngell, formed by
extruding the cell boundaries along tés) curve, is shown in Figure D.7-b. For any con guration
within this cell, the smoothed sliding mode based policy will keep the vehicle boadygamtion
within the cell and moving toward thig(0) point.

The cell pictured in Figure D.7-b is functional, but is not conducive to fsatig a prepares
relationship. While a small cell, that is a narrow “tube” aboutdf{e) curve, can prepare a larger
cell, this does not generalize the funnel metaphor discussed earlieis Enth we add a constraint

based on a Lyapunov-like function de ned in our error coordin&éyp = s(g);y(9); (g -
Let
_ _ sta) - (@) .
V(@=V(e(@)=exp = y(@ ~(9 W ~@ (D.4)

(b)

Figure D.7: PF cell: a) Limiting and blending surfaces de ned in the I&cgrame. b) Cell formed
by extruding the sliding and limit surfaces along a straight line.
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wheres, is the length scaling and/ is a positive de nite weighting matrix. A level set &f at a
givens is an ellipse in the locdF y-F - frame; the elliptical diameters expand along the length of
the cell. Apply the restriction that (g) < Ve to our cell, we restrict the cell de nition as shown
in Figure D.8. Care must be taken to verify that the induced velocity is inwairttipg along the
portion of the cell bounded by = V.. As the level set is a smooth functiongyfand the policy is
piecewise smooth over the cell surface, the conditional invariance cegribed as described later.

For convenience, the free parameters for the line-segment basedl Pinckiding those of the
example shown in Figure D.8 — are listed here:

Table D.1: Line-segment based PF cell parameters

| Variable | Description | Range | FigureD.8 |
S Arc length parameter [0; 1] N/A
Ogoal Con guration of goal set center 2 Giree (0;0;0)
L Length along negative x (0)-axis 0;1) 1:51m
~ Radius of curvature for limited by U 2:45m
Yo Smoothing offset 0;1) 0:025m
Yo Smoothing width Calculated 0:0501m
s Smoothing height Calculated 0:143m
B Blending offset 0; 5 B
f u,; L,9 | Cellwidth O;y0+~) | f0:1250:12
nf u L9, | Celllimit surface “curvature” ( mn;1) f2:45; 2:459
Uy o Lo Cell limit surface offset (0; =2) 5
Veell Funnel level set value 0;1) 0.5

Figure D.8: PF cell: Funnel shaped cell formed by extruding the limit sesfatong the€j (s) path
and cut by the Lyapunov-lik¥ (€) = Ve level-set. The goal set boundary is shown as a thick
light colored ellipse.
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D.3.2 Circular Arc Based Cell

The approach to de ning the circular arc based cells is exactly the sanoe bisef segment based
cells. In this case, however, the frame derivatives along the path arearo; therefore, the simple
invariance analysis based eg > iy is insuf cient to guarantee safety.

The cells are de ned in the local pose error coordinatéy) = s(9);y(g9); ~(g) given a

robot posey = (X;y; ), goal locatiorg(0), and goal framé& (0). Letr (g) denote the vector from
the center of curvature ¢f(s) in workspace to the robdk;y) position, and the angle between
P (0) and the robot position. This is shown in Figure D.9. The vect@) intersects the de ned
pathp(s) atp(s), wheres(g) = ' (g) =~and'~de nes the “length” of the cell; that is'~ de nes
the arc length ofj(s) for s 2 [0; 1] where is the radius of the arg(s). The curvature of the arc
may be positive or negative, and is determined by the sign ¢f '~< 0 the rotation is clockwise
as shown in Figure D.9 angd(g) = k r (g)k; if > 0 the rotation is counter-clockwise from
the goal andr(g) = kr (g)k . The orientation error i§(g) = "(0) s~+2k ,wherethe
integerk is chosen to yield a continuous function over the cell.

A necessary condition for a valid cell, that is one whose domain of attractioongpasses a
non-zero volume of pose space, is that the radius of the circular,dscgreater than the minimum
turning radius min. Furthermore, the size of the boundgd™ slice will be smaller than for the
largest linear cell of the same system. This due to to impact of the frame tiles;aSection D.4
presents the formal calculations for the system models used in this thesis.

For tight turns, the ability to de ne signi cant funnel-like restrictions via (pig limited due
to the necessity of maintaining conditional invariance andrRheerivatives. For this reason, the
approach taken in this thesis is to use small tubes around arcs to pregardudes around either
line segment or arc based cells, and use the funnel-like line-segmernt telteto prepare the
smaller arc based cells.

Figure D.9: Layout of the circular arc based cells.
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Figure D.10 shows an example cell; the relevant parameters are showblénDli@. The only

changes relative to Table D.1 are the arc angénd the radius.

Table D.2: Schedule

| Variable | Description \ Range | Figure D.10]|
S arc length parameter [0; 1] N/A
Ogoal Con guration of goal set center 2 Giree f0;0; 0g
Radius of curvature ( min;1) 0:7m
' Arc length of curve (radians) «C ;) 1.015
L Length along patip (s) Calculated '~ | 0:35 m
~ Radius of curvature for 0;1) 2:45m
Yo Smoothing offset 0;1) 0:025m
¥ Smoothing width Calculated 0:0501m
B Smoothing height Calculated 0:143m
B Blending offset 0; 5 i
f u,; L,9 | Cellwidth O; %0+ ~) 0:11m
nf us L9, | Celllimit surface “curvature” ( min;1) 2:45m
Uy Lo Cell limit surface offset 0; =2) 5

As with the line segment based cell, the arc based cell can satisfy the raguoieof Sec-
tion 3.3. The test for inclusion is essentially the same; only the mapping into the legaF -

Figure D.10: PF arc-based cell formed by extruding the limit surfacegdl@¥ (s) path.
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frame varies. The expanded cell used to verify safety is likewise wehed The cell is limited in
a way that guarantees instantaneous progress along the curve, stintis guaranteed provided
conditional invariance is veri ed. The test to verify conditional invarians slightly more com-
plicated due to the derivatives associated with the moving frame, but is nathetractable. The
remainder of this appendix presents the speci ¢ calculations for eatbnsyaodel required for a
circular arc based cell.

D.4 Policy Designs

This subsection presents the equations used in the control policy calcsjdkiempolicies determine
valid inputs from the bounded input ddt Recall from Chapter 5 and Appendix A, that the global
body pose velocity is given bg = A (g)r. In the remaining discussion, we assume a rst-order
kinematic system withi_= u, which impliesg = A (g) u. This section begins by providing an
overview of the calculations that apply to all of the robot models consider¢tis thesis. The
calculations and control strategies used for each model are then de ned

The variable structure control approach depends on a neutral stgmicy that causes the
system to follow the sliding surface. Since the mappiny) is invariant under rigid body pose
transformations, and the control surfaces are de ned in the local flamee derive the controls
in the local frame. Fog = »x(g);y(g); ~(9) ,letge= F (g) g; thatis,gis the pose velocity
expressed in the local frame. For the neutral steering policy to keep gtensyn the sliding
surface, the general constrainDg, (~g) ¢=0 forallg= 0;y(g); ~(g) 2 1(0). Letting
' = Dg (~9(9)) A(e) whereg= (9;r),! de nes an equality constraint on the base velocities.
In other words, for a given pose on the sliding surface, to remain onlithiegssurface the base
velocities must lie on the line through the base tangent space origin de nedBy the chain rule,
Dg (~9(9)) = De Dge. The rstterm,De ( gt)= O Dy (¥) 1 is piecewise smooth. The
latter term, 3

Dxs Dys D-s

Dge= 4Dxy Dyy Dy ;

Dx™ Dy~ D -7
whereD denotes the derivative alortgy is calculated from the mappings given above. For the
line-segment based policy, 2 3

L
Dge=40 1 b;
0O 01
while for the arc-based policy 2 3
1s 00
i
Dge=4 0 1 Qg ;
1 01

The change in™ as the robot moves along , tangent to thej(s) curve means that the robot
must steer just to maintain its current error. While the line-segment baseg paticeason about
invariance based only on geometric considerations of the cell bounddrthamminimum turning
radius, the arc-based policy must consider the kinematic model over theTtedl.thesis uses a
variety of kinematic systems, each with differing control inputs, therefach system model must
be discussed separately.
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D.4.1 Unicycle System / Vertical Rolling Disk / Differentid-drive system

For the kinematic systems considered in this thesis, wipereA (g) u, the mappind (g) is differs
only by a constant wheel radius factor for the kinematic unicycle systehvartical rolling disk
models de ned in Appendix A. The mapping (q) for the differential-drive system differs from
these two only by a constant change of coordinates. In each case,ppémanly depends on the
body orientation; to make this point clear, we abuse notation an&(ef = A (q).

The neutral steering policy de nes a line through the input space ofligig) = Dg (~9(9))

A 7(g) . Anyinputchosen frond along! (g) uinduces motion that holds the value ¢fg(g))

constant. Depending on the sign ¢+g(g)), one half of the input space divided by(g) u=20

will decrease the magnitude ofby moving the system pose toward the sliding surface. We modify
the sign of! such that the negative half-space moves the system pose toward the slidicg.
Let! im (g) de ne a constraint within thé  half-space that de nes an aggressive steering set of
inputs in the direction that decreageé-g(g))j. Thatis,! i, species hard left or hard right as
appropriate. De ne the control constraint as

Pe(@)="'im (@) B(g(@)+ ! (9) (1 B(g(9)) :

These constraints are shown in Figure D.11.d.et d; (g(g)) de ne adistance along the negative
of the! ¢ vector, and de ne another constraint surfacke. parallel to! . at a distancel, along the

! vector. As the pose approaches the sliding surfBce, 0 and the control constraitt, ! !
andd, ! , where > 0is a small numbét In this case, the control becomes less aggressive,

2As d. approaches the limiting small number, the constraint moves=2 in the positive! . direction so that the
optimization lies on the origindl constraint surface

uz

ui

Figure D.11: For the bounded steering unicycle and differential-dggeems, the control policy
constrains the input set based on the neutral steering policy and blefindictgpn B. Any input
taken from the dark gray region labg} will move the system toward the sliding surface.
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and set of valid control inputs is constrained to lie along the line de netddoguch that the system
follows the sliding surface. As the pose departs the blending zone aaaytfre sliding surface,
B! 1,and'.! !, andd, increases to a distance equal to the diameté&r.of

The control input is chosen frolde U betweerl ¢ (g) and ! ¢(g), as shown in Figure D.11.
For the case wherb is a convex polygon, the regidd. is also a convex polygon. This lends
itself to simple convex optimization techniques [10]. Each edge in the boursdé&dis treated as
a half-space constraint along with (g) and ! . (g). The costs associated with approaching each
constraint are weighted. Most constraints have costs that increddy rap the input approaches
a constraint, but are negligible away from the constraint. A consttaitg) that is orthogonal to
! ¢ (g) is added to the input constraints as shown in Figure D.11; this constrairgdsiated with
a linear cost function that acts to push the input away from the origin. i$hag (g) acts to prefer
rapid motion. A quadratic term is added that weights changing the input fropmetsous value,
which provides a measure of smoothing to the approach. Additional terneasilg added to the
optimization cost function. As long as the input is taken frog this control policy induces the
correct behavior over the cell.

D.4.2 Ackermann Steered Car-like system

The mappind () for the Ackermann Steered car-like system depends on the steeringshagle
variable. This is a fundamental difference with the models for unicycle #fetehtial-drive sys-
tems. In the case of the Ackermann steered car, the neutral steering igsofjoyerned by the
steering angle, and is not directly tied to the inputs.

For the Ackermann steered car, the sliding surface is used to de nerenee steering angle

over the cell. De ne the neutral steering angle, that is the angle that hgtd$é )) constant as the

system moves as,.f (§) = tan ! )%(; whereg(g) = 0;y(g); ~(g) , X%= D~|_(~g) andY®=

Dx (-g)cos ~(g) Dy (-g)sin 7(g) . Let ;m (¢) denote the absolute steering limit for the

given vehicle, with the sign chosen based on whether the vehicle shoetdigtat or left based on
its direction of travel and relationship to the sliding surface. J& (8)j > | iimj, then (e (g) =
sign ( ref (8)) ) 1im ()] Thisis necessary because the reference limit can be exceeded ifiitle ve
is on the inside of a sharp turn; limiting the reference in this case will allow theéogaove to the
arc, where the steering is within bounds. De ngs(8) = ref (§) (1 B (8)+ 1im (8) B (g) to
be desired steering angle over the cell. Steering accordingtothemappitg i ! [ iim;: 1im]
will cause the system to move toward the sliding surface and &dsgtoward the goal set.
In the case where the current steering angle does not match the ddseedgsangle, the

control policy must steer the vehicle in such a way that the vehicle corséogithe goal set and

des Without exiting the cell. Over the boundary of the cell, de ng;; (§) as the steering angle at
which the system would exit the cell; that is, the policy would violate conditionalriance. De ne
the steering margin,

margin — QIE'((SIJ exit (§(9)) des(8(9))] :

De ne the steering error, ¢ (9;1) = des(§(Q)) for the shape variables = ( ; ). If

j err (9:1)] < margin, then the system can safely move. Our control policy design is therefore a
switched policy. Ifj e (9;1)] >  margin , the system stops and steers untiy (9;1)j < margin -

Ifj e (9:1)] < margin, then the control policy speci es inputs such that the vehicle steers fast
enough that ¢ (g; r)j monotonically deceases as the vehicle moves through the cell.
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Following the constrained optimization approach!l€t) de ne a line through the input space
origin such that any input along this line will hold the steering error considrg.error time deriva-

tive e (9;1) = —des(g(9)) —=0, with —des(s(g)) = Psg des(8(9)) &(9) = Dg des(8(9))
A(euwitheg=(g;r)andu= - —;thus,! (g) = Dg des(8(9) A(e) O 1.One half-

space de ned by (g) will decrease the error magnitude; the other half-space will increasertire e
magnitude. It  decreases the error magnitude, thet let ! , otherwiselet . (g) = ! (g), so
that the negative half-space decreases the steering error. G{ggrde ned appropriately, de ne

1 ¢(g), and! s(g) as in Figure D.11. The distandg(g) between the control constraintd ¢ is a
function of the steering error; that is, the constraints approach oribexras the steering error goes
to zero.

Unlike the shape variables for the differential-drive and unicycle motledssteering angle is
bounded. The bounds include absolute mechanical bounds ag jrwe also allow safety bounds
that require slower speeds for hard turns. To guarantee that thimgtaegle constraints are not vi-
olated, the steering constraints are mapped to velocity constraints givemahoontrol time step,

t. Assume the steering angle constraints are represented by a collectialft gfidce constraints

each de ned by a poinps = s; s and normahg = (n ;n ). The steering rate constraints

aregivenby ( )= ;= andnormahs( )= n—t; n . These constraints guarantee that

the steering angle will not exceed the steering limit during the next time step. Vdisie thdded
constraints, the input optimization chooses an input from the valid set; thewnipspecify a for-
ward speed and steering rate such that the steering error monotonicaiiasies and the system
converges to the sliding surface while moving al@{g) towards the goal set.

D.5 Policy Validation

Implicit in the constrained optimization approaches de ned above is the egestafra valid input;
that is, the set of valid input&), is not empty. During the policy instantiation, the policy must be
validated to insure that such an input exists for all poses over the celtaifip\ge assume that the

-terms used to bound the cells and de ne the sliding surface is larger thamnimaum de ned by
the input constraints.

D.5.1 Collision Free

For a cell to be valid, it must be collision free; that is, it must be contained ifréf@epose space.
This thesis uses the cell boundary normal to de ne a mapping from cetldary to expanded
cell boundary based on the body shape. As the cell boundary is pgecemooth with well-de ned
surfaces, the expanded cell used to verify safety is well de ned. S&dton presents the calculation
of the boundary normal used for policy validation; for details on the collisésts see Appendix C.

As the cell is a tube around the cur§€s), this suggests a cylindrical parameterization of the
cell boundary surface. Lat2 [0; 1] be the length along the cell de ned as before, armk an angle
around the locaF x-axis measured relative to the lo¢al. axis. Letr-(s; ) denote the three-vector
specifying the cell boundary in the local frame; by de nitiog,(s; ) = 0. See Figure D.12 for
details. In the local frame, the boundary paitfs; ) is determined for the piecewise differentiable
curves that de ne the cell boundary. The boundary point in the ppaeesis given by (s; ) =
g(s)+ F (s) r(s; ). Forsome of the limiting surfaces, for example the Lyapunov-like level set,
the width boundary, and the upper bound af, ~is available in closed form givemand ; for the

~u andT, ~is determined numerically. Giventhe derivatives are determined in closed form.
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Figure D.12: PF cell boundary de nitions for de ning parameterized-espntation.

The normal of the parameterized surface representation is givefiday(s; )) = Dsgc D ..
The derivatives in terms of and are calculated according to the product rule; the derivatives of
each component are well de ned almost everywhere. Note haE = 0 andD § = 0 by
de nition,sothatD g.= F D r(s; ). Theterm®dgandDsF are de ned by the planar curve
used to specify the cell. At the interface between limiting surfaces, theatiggld r and hence
the normal, is not well de ned. The tersris zero along the cell boundary surface not limited
by the Lyapunov-like function; along the surface limited by the Lyapunog-iknction it is well
de ned. Thus, the normal can be calculated across the surface patelmed by individual curves.
The parameterized representation yields a parameterized represergatios éxpanded cell used
for collision testing.

D.5.2 Finite-time Convergence

The policies de ned above guarantee convergence to the goal seitétime. The inpuu = 0 is

not allowed in the constrained input &t Thus, the kinematic systems are always moving. In the
case of an Ackermann steered car with signi cant steering error, tfie steering rate will bring
the system into the valid control zof€rj < margin IN nite time. For all the systems described
above, the pose velocities are such that O for all valid inputs. This is due to the pose limitation

of = < 5 and the non-zero control input. Thus, the system will regch 0 in nite time.
n "o

Note, the steering policy does not guarantee convergencg;to = f0;0g ats = 0; only that the
system is guaranteed to cross Ehg-F - plane that de nes the cell goal set. Conditional invariance

guarantees that the policy stays within the cell, and is therefore within thesgblabundary.
D.5.3 Conditional Invariance

Invoking the steering control policy over the cell induces motion that mdeegjdheq (s) curve to-
wards = 0; to show that the system enters the goal set and safely remains in the cetinthtonal
invariance requirement must be satis ed on the cell boundary.
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This property is dependent on the cell parameters chosen. Genaratlyefbasic line-segment
based cells shown in Figure D.7 can be veri ed geometrically provigded,; ~ are properly de-
ned. The Lyapunov-like limiting surface, as do arc-based cells in gg@dnese numerical validation
using the steering policy.

Verifying the conditional invariance requires knowledge of the surfamenal across the cell
boundary; the normal is calculated as described in Section D.5.1. Tha@@rized representation
allows the boundary poses and normals to be checked for conditionakimg@ using the policies
de ned below. Since the parameters are piecewise smooth, then suafecasenable to numeric
validation.

For the cell to be conditionally positive invariant, the induced velocity alongétidooundary,
excluding the goal set, must be inward pointing. That is,ritfg) g < 0 wheren(g) is the
outward pointing normal de ned for the ceL|-boundary. Thus, the conaliticnvariance requirement
is restated as a input constraintg) A (g) U &4 . In other words, along the cell boundary, the
control policy design must chose2 n(g) A(q) U.

Given the cell boundary parameterized bgind , conditional invariance requires that

n(@(; NTA((; )iru<o (D.5)

for all and over the cell boundary. Let , (g;r) denote the action of the policies designed
above suchthat=  (g;r). De ne

L(; )=n( ) AWGC; )itdes)  (@(; )iTdes) ; (D.6)

wherer ges represents the shape variable speci ed by the control policies. FoerAwnn-steered
systemslges = I'des(9) = ( ; des(Q)) With meaning that is arbitrary. For car-like/differential-
drive systemsges = ( ; ).

L is the result of the “best” input choice at a particular pose; the more negag value ot
the more inward pointing the pose velocity is along the boundary. Althoughinear, the function
L (; ) is piecewise smooth and generally “well-behaved” for the mappirig). A valid cell
satis es the constraint

maxL (; )< O: (D.7)

Once the policy free parameters are chosen so that (D.7) is satis ed®veell boundary, the
policy satis es composability requiremert(i§ andiii .

For Ackermann steered cars, the steering margiggin (9) is calculated during the conditional
invariance tests.

D.5.4 Simple Inclusion Tests

The cells have simple inclusion tests, and thus satisfy composability requirdiviedescribed
in Section 3.3. A given robot posgis mapped to the local pose error coordinates using simple
calculations for the line-segment and arc-based cells. Recall, that tirecenrdinates are given

bye(9) = s(9);y(9);(9) . Therobotposeisinthecelld s<1, |, <y< uy,,

1< < U andV sy~ <V

Since the cell is de ned in alR? chart of SE(2), we must also test for inclusion based on
g=fx;y; +2n gwheren2f 1;0;1g.

The policies can use a more conservative inclusion test during policy sugtbly decreasing
the policy width parameters , and y,, , which shrinks the “tube’ around the cur§és).
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D.6 Conclusion

PF policies satisfy the composability requirements, and are therefore cdolgpasaur hybrid
control framework. The policies encode basic behaviors for robagaton: turning in arcs and
moving straight. The policies admit tractable validation tests for instantiating policies

The path following approach that these policies are based on is moreabémean just line-
segments and circular arcs de ned here. A natural extension wouldedine policies for cycloids
and continuous curvature arcs [95]. These would allow smoother trarslietween policies; the
dif culty comes in determining thes for a given pose. The line-segments and arcs can do this in
closed form; continuous curvature arcs would require polynomial roding techniques.
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Appendix E

"SQ' Style Control Policies

This section develops a class of generic policies based on a parametefeesentation of the cell
boundary. First, the basic cell de nitions are presented. Given thaleaiition, the chapter next
discusses how the four composability requirements from Section 3.3 will thedze These are
discussed before the speci c control design in order to de ne some teser$in the control design.
The chapter concludes with a speci ¢ control design for these cells.

E.1 Cell De nition

This policy de nes cells such that they fan out from the goal set usingreelization of a su-
perquadric surface [51]; hence, the name "SQ'. The cell is de ptative to a frame attached to the
goal set center as described in Section 5.3.

We de ne the generic cell boundary in local coordinates with smooth two-surfaces embed-
ded inR3. The intersection of the cell boundary with a plane orthogonal to the ¢entisiis a
simple closed curve that may be parameterized by the orientation arouxn®iakis. This suggests
a cylindrical parameterization for the generic cell boundary. Le¢ a scalar encoding the “depth”
of the cell along the negative-axis, and let be a scalar encoding the angle about the IzEaixis.
De ne a generic cell boundary point, in these local coordinates as

2 3

p(; )=4 (; ) (cos cos csin sin )52 R3: (E.1)
(; ) (sin cos + ccos sin )

The equations in parenthesis encode an ellipse with eccen®igitg < 1 rotated by about the
central €9 axis relative to the positivg%axis, as shown in Figure E.1-a. With< ¢ < 1, the
conditional invariance velocity constraint(g) ¢ < Orequires that < < 0. The function

('; ) governs the radius in the local cylindrical coordinate system as the systeas by along
the negativex® axis, as shown in Figure E.1-b. This representation is an extension to tuzasta
superquadric representation becausmay be a function of both and [51]. The goal set is
denedat = 0. Apointp(; ) on the cell boundary in the local frame is mapped to the pose
spaceag(; )= g(p(; )) usingthe generic cell transformation (5.2) from Section 5.3.

There is freedom in de ning (; ) provided the velocity constraint(g) g < 0 can be

satis ed for all points on the surface. We choose fainction that uses two continuous, piecewise-
smooth segments that correspond to the two surface patches — a futhimet@n — de ning the cell
boundary. The segments are shown in Figure E.1-b. In the portiorspomding to the funnel, let

¢ (; ) be amonotonically increasing function inthat governs cell growth asincreases away



a) Elliptical Parameters b) Parameters

Figure E.1: Schematic representations of the generic SQ cell. Some of the impartameters are
labeled.

from the policy goal set; = ¢ in this portion. The portion of (; ) corresponding to the cap
section monotonically decreases from the maximal valug db zero at the maximal extent of
Formally, de ne the complete function as

(
P () 0< L
()= f(L;)pw 0 e, (E-2)

The dependency ins allows radial asymmetry to be built into the cells, provideds monotonic
in . This paper de nes three basic cell shapes by de ning three differefunctions; typical cell
shapes for the three functions are shown in Figure E.2.

The rst cell shape, as de ned by; = ¢, results in the simple symmetric funnel shapes
shown in Figure E.2-a. Let

f,(; )= Ro*+ Re coshR— 1 ;
r

whereR, is one-half the length of the major axis of the goal set ellipse, Ra@nd R, govern
the rate of expansion. Thmoshfunction gives good results, but other monotonic functions could
be used. For this choice, the cell size and shape is governed by thregtars of ¢,, which are
Ro, Re, andR,, along with the parameters of the ellipsand , the length of the cell_ and y,
and the location and orientation of the goal set giverghy. At = 0, the goal set is an ellipse
like that shown in Figure E.1-a. The composability requirements from SecitBowiB dictate how
much the cell can grow, and its shape by limiting the parameter values.

The second cell shape, as de ned Qy= ¢,, is used to generate a one-sided asymmetric cell,
as shown in Figure E.2-b. Let

1+
f(; ) = Ro+*Re cosh — 1 cos( a);
R 2
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3D View 3D View 3D View

a) Cell using b) Cell using 1, c) Cellusing f,

Figure E.2: Example cells for each showing 3D and-y views.

whereR,, Re, andR; are as de ned above, and is used to localize the asymmetry relative to the
angle about the central axis. As with the rst function, the goal set=0 is an ellipse.

The third cell shape, as de ned by = ¢, is used to generate a two-sided asymmetric cell,
as shown in Figure E.2-c. This cell is designed to generate a more aggitesa than the rst two
cells allow for a given input set. Let

f,(5 ) = Ro+ Re cosh a 1
' !
12
1+ Kg, exp (cos w) b
g1 "
!
+ Ky, €Xp (cos( @) 1) ;

92

whereR,, Re, andR, are as de ned abovés ¢, andK g, specify the relative size for the two wings
ofthe cell, ¢, and g, specify the width of the wings, ang, and ¢, localize the wings relative to
the angle about the central axis. Unlike the rst two functions, the gdadfse , is not an ellipse.

E.2 Policy Validation

Given the classes of generic cells de ned by the threéunctions, it must be shown that particular
instantiations of the cells satisfy the composability requirements given in Sec8on 3
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E.2.1 Collision Free

We verify that the cell is contained in the free pose space, and is thersdte, using the expanded
cell approach described in Appendix C. The test is for a speci ¢ catigia particular choice of cell
parameter value$Ro; Re; Rr;C; 3 L, mgandoptionallyf agorfKg,; ¢ ¢iKg: ¢ g0
Using the parameterized representation of the cell boundary given iy {Belapproach described
in Appendix C generates a representatiofRdf ;). The seR ( ;) is tested for intersection with
any obstacle. If intersection occurs, the cell parameter values must bedod

The surface normal required for the expanded cell calculations is wealed over the para-
metric surface patches that de ne the cell boundary. The normal islatécufor the given set

cell parameter values as( ; ) = %. Bothg(; )andn(; ) are piecewise smooth

functions. Given the implicit representation of the robot body boundiaeycell boundary point is
analytically mapped to a point iR (), which allows the collision tests outline in Appendix C.

E.2.2 Conditional Invariance Test

During instantiation, the cell parameter values must be selected so that tha sgstem can gener-
ate velocities that enforce conditional positive invariance as descril&etiion 3.3 and Section 5.4.

For the cell to be conditionally positive invariant, the induced velocity alongétidooundary,
excluding the goal set, must be inward pointing. That is, rtilfg) g < 0 wheren (g) is the
outward pointing normal de ned for the ceL|-boundary. Thus, the conaitinvariance requirement
is restated as a input constraint(g) A(q) U 6T; . In other words, along the cell boundary, the
control policy design must chose2 n(g) A(q U.

Given the cell boundary parameterized bgnd , conditional invariance requires that

n(g(; NTAG(; )iru<o (E-3)
forall and overthe cell boundary, argi= (g;r). Let , (g;r) denote the action of the as yet
unde ned control policy such that= , (g;r). De ne

L )=n( )TAWIC Dirdes)  (9(5 )iTdes) s (E.4)

wherer 4es represents the shape variable speci ed by the control policies.

L is the result of the “best” input choice at a particular pose; the more negag value ot
the more inward pointing the pose velocity is along the boundary. Althoughinear, the function
L (; ) is piecewise smooth and generally “well-behaved” for the mappirfg). A valid cell
satis es the constraint

maxL (; )< O: (E.5)

Although non-linear, the functioh ( ; ) is piecewise smooth and generally “well-behaved”
for the mappingA(Q); therefore, it is feasible to verify that (E.5) is satis ed for a given detel
parameter values. Figure E.3 shows a typical constraint surface foellrghown in Figure 5.9-a.
The ridges shown in the gure are due to switching behavior in the minimizatidrodw@rs when
the cell boundary normal is parallel to they plane; that is the component in theirection is zero.

Once the policy free parameters are chosen so that (E.5) is satis edyrid@ional invariance
requirement is satis ed. The companion requirement of nite time convergeés discussed with
the speci ¢ policy designs.
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Figure E.3: Constraint surface for( ; ) from (E.4).

E.2.3 Simple Inclusion Tests

Given a cell, the system must check if the current robot position andtatieng 2 G is inside the
cell. The inclusion test makes use of the cylindrical representation of th&deenq= fg;rg2 Q
and a selected cell, represgnin the local cylindrical coordinate frame of the cellfag; g, g9,
where g is the distance frongye, along the central axis 4 is the angle relative to the ellipse major
axis, and 4 is the radial distance from the cell's central axis. Since the cell is de nediR® chart
of SE(2), we must also test for inclusion basedgn fx;y; +2n gwheren2f 1;0;1g.

The inclusion test uses two steps. The rststep tests@hat g < v ;if ¢ 0or ¢
then the point is outside the cell. If the point passes the rst test, then ndelidoundary point,

Figure E.4: Corresponding boundary points. Given a pgiditermine its local cylindrical coordi-
natesf 4; g; g9, and ndthe corresponding poim, = f 4; g, pgon the cell boundary.
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pp = f g5 ¢ bgthat correspondstg = f 4; 4; 40, where g and 4 are the same and, is
the radius of the boundary point along the vector de ned pwand 4. These points are shown in
Figure E.4. From (E.1), the value of is given as

(g5 g) (cos cos g csin sin g)
(g 98 (sin cos g+ ccos sin g)
1+c¢® (2 1)cos(2yg)

= (q; q) Pé

b( g g)

(E.6)

If 4< pand0< 4< wm,the con guration is within the cell.

E.3 Policy Design

This chapter discusses two potential control designs for these SQ cedlgidé€d the conditional
invariance properties are satis ed, it is possible to de ne a sliding sarfaond use the variable
structure control approach of Section D.4. In this section, we focusdiffierent technique based
on level set control. At present this approach is limited to systems where fy@mga\ (q) does not
depend on the shape variables; to stress this point, this section abugsesreotd writesA(g) =

A (0).

To de ne the control law, we use a family of level sets based on the cefideny parameteriza-
tion given in (E.1). This family of level sets is used to de ne a control veatlat that ows to the
policy goal set. Fog 2 ;, the corresponding level set that passes thraugtust be determined,;
represeny in the local cylindrical representation of by g(g) = f ¢; ¢; ¢9.

Recast the cell de nition equations givenin (E.1) and (E.2) in term#}loand 8 to differentiate
the control level sets from the cell boundary. These parameters tumrelative length and size
of the internal level set. Ag 2 i, the values will have the following relationship E 9

,?,I m . The family of level sets used for control are de ned by (E.1) withg;, ¢)= L ( g; ¢)
where q

0 . 0. 2 0. 2
0. M s L’ 9 L’

L(g o= 1 g (E.7)

wio L
That is, the control level set is governed the by (E.2), wit{ 2; 4) using the same parameter
values as those de ning the cell boundary.

First consider the case) ;= 0 and ;= 0, the level setde nedbyg =0 and 42 ( ; ]
corresponds to the policy goal set. Increasiﬂg while xing [ =0, generates a family of level
setsfor0 4 that grow out from the goal; these are termeditireer level sets, as shown
in Figure E.5. By xing  atits maximum value,) = w, and increasing?, theouter family
of level sets grows; these are also shown in Figure E.5. Thus, gif@~ f 4, ¢, g0, the values
for ,?,l and f’ must be determined such that the level set passes thigugbr this to be the case,

L (g g)= g thusvaluesford and ? that satisfy

q

0
L
f0 g o0 q=0 (E.8)

o
<o

must be found.
For con gurations within the inner family of level sets? = 0 and J can be determined
in closed-form from (E.8). If the con guration is within the outer family of &sets, as shown in
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Figure E.5: Level set de nition for control

Figure E.5, then,?,I = wm and we must determine the value @fthat satis es (E.8). Unfortunately,
E cannot be found in closed form. Fortunately, (E.8) is a monotonic funcﬁoﬁ,(which admits
a simple numeric root nding procedure.
Given the values of and 2, the level set normal is used to de ne a constrained optimization
over the input space. The level set normdl 4; ) is de ned as in Section E.2.1 using (E.1) and
(E.7). The simplest constrained optimization is

u =ar%2muin [N(g g A@Cg ghu] st:in( g ¢g) A(Q(g ghu<O: (E.9)

For a convex polygonal input set, the solution to this optimization will lie at the verticesdf To
smoothu , the cost functionjn ( ¢; g) A(9( g; g)) ul, can be augmented by a simple quadratic

term. Let , (g) denote the control policy using this strategy; thatis , (g) = u , whereu
is de ned by (E.9).
Usingu = , () as the control input drives the system from the outer level sets to the inner

level sets, and then continuously on to the goal. We force all the innerwadlevel sets to satisfy
the conditional invariance requirements for (E.5) at every point in thewhklth guarantees that a
solution to (E.9) exists. The body velocity= A(Q) . (9) will bring the system con guration
to a “more inward” level set; thus, the system moves a nite distance closeetgdal. Although
a formal analytic proof is lacking, experience shows that if the outermest$et corresponding to
the cell boundary satis es conditional invariance undey (g), all interior level sets will also satisfy
conditional invariance. This can be checked for various valueg adind | during deployment.

E.4 Conclusion

SQ policies satisfy the composability requirements, and are therefore cabipasour hybrid con-
trol framework. The policies are naturally shaped like funnels; howdirerconditional invariance
constraints limit the size and shape of the cells. Thus, they can be limited, fiadledo de ne as
tight a turning radius when compared to the PF policies.
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Appendix F

Robots Used in Demonstrations

The hybrid control approach advocated in this thesis, which is desdrisglthpter 3 and Chapter 5,
has been validated on several robot systems in different environmattsugh the techniques
apply to any single-bodied purely-kinematic system, this thesis uses thitéerijgairobot models.
Two are real differential-drive robots that vary in size and shapehiheis a simulated conventional
Akermann-steered rear-wheel drive car-like system. This appenaliides details on the particular
robots by discussing the body size and shape, the control limitations, arelingpassumptions.

F.1 "Deminer' Differential-drive Robot

The rst tests use the standard differential-drive robot shown in Eigut, which has a convex,
roughly elliptical body shape. This is called the ‘Deminer' robot. To simplific@ations of
R ( i), the composite set of points occupied by the robot body over all positimhergentations in
the cell, the robot body and wheels are tightly approximated by an analyticeetigogtered in the
body coordinate frame; this is shown in Figure F.2. The length of the majomamal axes of the
bounding ellipse aré&:12 and0:68 meters respectively.

The robot is driven by the larger front wheels. The wheels are indatig controlled using PID
velocity loops that send commands to individual H-bridge ampli ers. Therobloop runs at 100
Hz, with velocity feedback given by encoders attached to the motors. yBbens assumes that the
velocity control is fast relative to the system dynamics.

Figure F.1: "Deminer' laboratory robot
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Figure F.2: "Deminer" laboratory robot bounding ellipse

The hybrid control policies use the simpli ed kinematic unicycle model for auntfhe con-

nection is given by 2 3
cos O
A(q) = 4sin 09
0 1

Theinputsu= v ! T are forward velocityy, in meters per second, and turning ratein radians
per second. Given a speci ed input, the desired wheel velocities aeemli@ed. The policies could
have used the differential-drive model as the models are interchand®ablesimple change of
coordinates; the kinematic unicycle model was initially chosen because ofrtdw dnalogy to

body velocities.
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Figure F.3: Four sets of bounded steering inputs used in Deminer exp&imen
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The inputs, which induce the body pose velodaty= A (g) u, are chosen from one of four
bounded input sets shown in Figure F.3. The system changes directimitiohing between “For-
ward” and “Reverse” input sets; each having an “Aggressive” ‘@ualtious” set of values. The
numerical values are based on the velocity limits of the motors, and scalefbaekitious modes
and the reverse input sets. Each policy is associated with a speci ¢ chibioput set, which al-
lows the system to account for local conditions. Although the robot iskdad zero-radius turns,
the input bounds are chosen to model a conventional car-like system outidbd steering. The
input bounds are convex polygons; this restriction is for computatiomalezoence and allows the
convex optimization technique discussed in Appendices D and E. The tiestiti@ polygons is not
fundamental.

The robot sensors consist of optical encoders attached to the drieesrand a single forward-
facing camera. The encoders are used to provide velocity feedb&eth v turn provides the
inputs for a dead-reckoning pose estimation. An existing vision based latafizscheme was
tested on the system, but the accuracy was insuf cient to allow for indaeigation in cluttered
environments. For this reason, the early experiments used pure deadirey for localization.

The robot software executive is coded in C++ within the modular RHexlalméwork [119].
The system includes modules for velocity calculations and localization, assviéédP1D velocity
control modules. The executive itself is coded as a RHexLib module. On irgii@liz, the module
reads a set of con guration les that specify the input bounds, the pal&nitions, the initial pose
of the robot, and the desired goal policy. The executive then uses amaptiation of the mini-
max D*-lite algorithm to order the policies [81]. During execution, the exeeuthooses the active
policy and calculates the desired inputand! . These are converted to individual wheel velocity
commands that are passed to the PID velocity control modules. The entiensyss at a 100 Hz
update rate on a Pentium-based PC-104 computer operating under theg@hiXireg system.
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F.2 "LAGR' Differential-drive Robot

The LAGR robot, shown in Figure F.4, is used in the majority of actual expatsrshown in this
thesis. An extended Kalman Iter based localization system uses encadedlvelocity measure-
ments to predict the system pose based on dead-reckoning, and ughgapese estimate based
estimates of range and bearing to known landmarks [22]. The updatelsteysas a pose change
estimate based on an inertial measurement unit. The positions of the landedatike ito the robot
are estimated by a custom set of four stereo camera pairs. The stereaganeemounted at 90 de-
grees from one another, which provides a near 360 degree eld wf \iiee robot sensing package
also includes the Global Positioning System (GPS) antenna shown in Figyr@ S signals are
not used for indoor localization.

This localization approach provides reasonably accurate pose estiroatd® fexperiments.
During execution, the pose estimate does experience jumps of sevéralaters as new landmarks
are detected and old ones disappear from view. These jumps are disesha the control system.
The system does not have ground truth comparisons, so the effests/enqualitatively judged by
the long runs shown in the experiments of Chapter 6. The overall penfmeria consistent across
multiple loops around the hallways.

The robot mechanical system is a standard differential-drive systentwatdrive wheels and
two smaller rear caster wheels. Figure F.5 shows the system with the bowodirex polygon used
for estimatingR ( ;). The system is approximately 1.23 meters by 0.79 meters with approximately
1 meter of extension behind the drive wheels. The area swept by thiedwtirag turns is signi cant;
the collision tests developed in this thesis allow policies to be deployed thatgeasafety.

The robot is driven by two 24 volt motors attached to the large pneumatic tirge ifront.
These tires provide motive force to the system. Two rear caster whegld@stability, but also act
as a signi cant disturbance as discussed later in this section. The 40@&m@volution encoders,
which are used to provide velocity estimates, are attached directly to thevdnzel axles. This

Figure F.4. The LAGR robot uses four stereo cameras to perform Viead localization while
navigating. Three color-coded landmarks, which are used by the visisgddocalization system,
are visible in the image.
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Figure F.5: The "LAGR' robot with bounding polygon shown. The bdagdyolygon is used to
guarantee the safety of a policy without being overly conservative.

provides signi cantly less velocity resolution than if the encoders were leth¢o the motor and
had the advantage of the added gear ratio. Velocity estimates are noisyeatsjmseds.

The velocity estimates are based on the difference between encodés ciwided by the
elapsed time between encoder count samples. To smooth the estimates, tlai@adcuse an
adaptive windowing technique. The velocity calculations are made at 10Bdd=zver, if the sys-
tem is moving slowly the encoder count difference may be taken with repantencoder sample
taken up to 0.05 seconds previously. The window size is based on the nah#aepsed encoder
counts; at least 50 counts uses a 0.01 second window, at least 38 aeas a 0.02 second window,
at least 20 counts/0.03 seconds, and 10 counts/0.04 seconds, to a ma{ithQfhsecond window.
This windowing technique smoothes the data somewhat, but introduces stayevidk respect to
the true velocity.

The motor control hardware is customized. The standard LAGR motor dientiolimited in
resolution to 7-bits and a maximum update rate of approximately 62 Hz. Thistabtlity proved
insuf cient for two reasons. First, the noisy velocity signals limited the cdrgains that could be
applied. Second, the caster wheel drag acts as a signi cant dist@rldamiog turns. These factors
resulted in signi cant overshoot when turning, and prevented thetiiobim operating according to
the kinematic assumption used in the policy design. To improve the controlnssptihe original
motor control ampli er was replaced with a microprocessor and two H-braaggli ers. This allow
the control signal resolution to be increased to 10-bits, and the updat® fia¢eincreased to 100
Hz.

With the customized motor controller, the motor velocities are governed via a \eh#dD
control loop for each wheel. The PID loop runs at 100 Hz, and spe@ WM duty-cycle to
the H-bridges connected to each motor. The velocity control used a Riagh with additional
feed-forward terms. Due to the relatively noisy velocity signals, a gaiediding approach was
used based on the desired wheel velocities.

While this customized control has better response than the standard LA@&®I¢@rdware, the
LAGR robot still did not provide accurate velocity tracking. Figure F.6vehthe wheel velocities
and body velocities for the rst 10 seconds of the experiment shown iargi§.15-d. The velocity
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Figure F.6: The velocity response for the rst 10 seconds of an aninadf our hybrid control policy
as shown in Figure 6.15-d. The smoother light colored lines represecvthmanded velocity, the
noisier darker lines show the velocity estimates based on encoder f&edbac

tracking errors can be traced to noisy velocity estimates, limited PID contired,gand signi cant
disturbances during turns due to the caster wheels and wide pneumatieMiniés the robot is a ro-
bust mechanical platform for its intended purpose of outdoor navigaticuih terrain, the system
is not well suited for precision high-speed navigation in con ned envitents. Although the sys-
tem violates the assumptions of our kinematic control policies, the mostly stidoggseriments
of Chapter 6 show the robustness of the hybrid control approactcathain this thesis.

The control approach is the same as for the Deminer robot. The hybritbtpalicies use the
kinematic unicycle model with forward velocity and turning rate as inputs, agl ¢alculates the
desired individual wheel speeds that are passed to the PID contpasl. [dbe hybrid control polices
chose from one of twelve bounded input sets and one "Halt' policy. Eigut shows the collection
of input setsU; used for the simulations; for the experiments the forward velocities areefurth
reduced by 50 percent due to the control dif culties highlighted abowe Btraight' input sets are
used for PF policies based on straight line segments; these input sate thdwaggressiveness of
steering to avoid oscillations caused by the caster wheel drag duringssgg turns. The "Turn'
input sets allow more aggressive turns and reduce forward speedatidivs the system to encode
“slow down while turning” for policies that do aggressive turns.
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Figure F.7: Twelve sets of bounded steering inputs

The robot computing is divided between four separate computers dednga hardwired net-
work connections. The low-level control is governed by a processing on one computer. This
controller process handles velocity estimate calculations, accepts velatityaads, and calculates
the voltage duty cycle using the local PID loops. The duty cycle is communitatée micropro-
cessor via a serial link; the microprocessor governs the pulse width ntiodutd the H-bridges.
Two computers are responsible for running the four vision processedor each stereo pair, that
detect landmarks and estimate range and bearing. The bearing, ramgegarnce estimates, and
associated landmark ID are passed to the localization process running fmuith computer. The
localization process uses velocity updates from the controller processdipthe robot motion.
The landmark information from the vision processes maps to a known locatiahes landmark
ID; this information along with data from the IMU is used in a correction step @ihlman lter
based pose estimation. The estimated pose is passed to the robot sofecard/exprocess run-
ning on the same computer. Upon receipt of a new pose estimate, the saksarive determines
the appropriate local policy, calculates a new control input command, assgp the desired wheel
velocity to the control process.

The robot software executive process, which is coded in C++, rith&nwthe standard LAGR
process manager. The executive coordinates reading the con gurkgf initializing the robot
pose, and coordinating policy switching. The same executive is useaflorooder-based execu-
tion using D*-lite and automata-based execution using a synthesized autorib®automata are
synthesized before execution, and read in from a con guration le.

The simulations of the LAGR robot shown in Chapter 6 are run with the sanueixe code.
Instead of using the vision based localization and PID control, the velocitymands are passed
to a function that does numerical integration to provide localization. Thdifumsimulates delays
between the desired velocity calculation and the actual velocity, and simutdtgs dbetween the
actual pose and the estimate passed to the executive functions. This simallties1the actual
robot code to be tested prior to execution on the robot, and also allows simslafiche policies
with ideal kinematics. The simulations assume a 50 Hz control update, with aicahietegration
of con guration velocities at a 0.001 second time step. A delay betweendiargiculation and
velocity response of 0.02 seconds was modeled.

¢ 2007 David C. Conner 213



F.3 Ackermann Steered Car-like Robot

The parking and traf ¢ simulations in Chapter 6 use a model of an Ackerrsteered car. This is
one of the more complex kinematic models for single bodied nonholonomic sysiénsssection
provides an overview of the speci ¢ model used.

The vehicle simulations take place in an environment shown in Figure 6.2 #o@teay lanes
and parking spaces in these two urban blocks are sized using “graeticpt standards$, which
result in narrower roadways than standard highways. The parkmcpsparé:86 2:44 meters.
The roadway lanes af®49 meters from centerline to curb, leaving just un8e¥5 meters for the
driving lane. To make the parking problem more challenging, the robeérsys modeled on a
“mini-van”, which is a relatively large vehicle as shown in Figure F.8. The @zapproximately
5.1 meters by 1.85 meters.

The system model is that of a kinematic Ackermann-steered car as deldarifygpendix A.4.3.
This rear-wheel drive model assumes the reference point is attaclieel tenter of the rear axle.
The mappindA (q) : U ! TyGis given by

Rcos O
A(g=4Rsin 05; (F.1)
Rtan 0

whereR = 0:406 met(%rs is the drive wheel radius ahd= 3:00 meters is the wheelbase. The
inputs areu = _ _  where —is the rear drive wheel speed andhe rate of change of the
steering angle. Note the dependenc@df)) on the steering angle.

The steering angle is limited, which limits the turning rate of the vehicle. The vehicienty
circle, de ned as the circle traced by the wheel farthest from the cefterning, is approximately
11:2 meters in diameter. This translates to a steering angle limit of 0.66 radians oregjre®d. The

http://www.nahbre.org/greenguidelines/usergusite innovative.html

Figure F.8: The body plan of the Ackermann steered mini-van. The inpaitt@drive speed of the
rear wheels and the rate of steering angle change. The robot bodyriddsbby a polygon, which
is used in the estimates Bf( j). The extension of the tires beyond the robot body is ignored.
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steering angle is further limited at higher speeds to enforce a safety fhat@ncodes “slow down
while turning.” Figure F.9 shows four different bounded sets that sse@ated with four different
input sets.

The system uses four different input sets for the local control poliaeshown in Figure F.10.
During execution, the hybrid control policies chose a drive speedtaediisg rate that is applied to
the system. To enforce the steering limits shown in Figure F.9, the input setherfeonstrained
during execution. The steering angle bounds are converted to rate limitsthsiiormula 4 =
i—t, where 4 is a vertex of the new rate bounds, is a vertex on the steering angle bounds
from Figure F.9, and t is the nominal control update rate. The resulting vertices are converted to
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Figure F.9: The steering angle is limited as a function of forward velocitydtatg.
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Figure F.10: The steering rate as a function of forward speed.
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half-space constraints and added to the input constraints for the coptiolization. These added
velocity constraints guarantee that steering angle limit is not exceeded) doeimext time step.

The Chapter 6 simulations are executed using code written in M&tlabhe simulations as-
sume the pose is fully known, and the control is exact without delay. The diondassume a 100
Hz control update, with a numerical integration of con guration velocitiea 8t001 second time
step.
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